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INTRODUCTION 


This volume is of particular interest be- 
cause it records many facets of mathe- 
matics that have attracted the attention 
of scholars throughout the ages. Much of 
mathematics originated from practical 
considerations; in the beginning, of 
course, many of these practical consider- 
ations were quite primitive. Examples are 
the need to enumerate or count, and the 
need to measure land areas. As civiliza- 
tion developed, the practical problems 
that gave birth to mathematical theories 
became more and more sophisticated. 
On the other hand, much mathematical 
theory that at its inception was not even 
remotely connected with practical appli- 
cations eventually proved to be the nec- 
essary catalytic agent for the solution of 
highly practical problems. In addition, 
many professional mathematicians, as 
well as a significant number of amateurs, 
have made interesting contributions 
through the medium of what might be 
called recreational mathematics, 
Mathematics is popularly thought to 
be an extremely technical subject matter 
area, and indeed this is true. The vocab- 
ulary as well as the symbolism is highly 
technical. Fortunately, however, the ter- 
minology and the symbols have been 
carefully chosen to offer the maximum 
possible insight into the ideas and con- 
cepts they portray. Because of the high 
degree of technicality even in most ele- 
mentary mathematical concepts, it is 
often difficult to communicate these con- 
cepts to a person without mathematical 
training. The articles in this book are of 
special interest because in one compact 
volume a layman in the field of mathe- 
matics has at his disposal an unusually 
broad spectrum of mathematical knowl- 
edge in an easily comprehensible form. 
The articles cover the major branches 
of mathematics. Several articles cover 
such fundamental notions as numeration 
systems, the operations of multiplication 
and division with some devices for short- 


of Numbers | 
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cuts in the arithmetical oj 

tional numbers, the conce; nfinity, 
and the extremely imports cept of 
a function. Elementary alge! nd trig- 
onometric concepts will b | here, 

In recent years there has | ! resur- 
gence of interest in geometry there- 
fore appropriate that many les are 
devoted to a wide variety « metric 
concepts. Such topics as two three- 
dimensional Euclidean geor . both 
analytic and synthetic, are fo in sev- 
eral articles. 

Calculus and some of its a ations 
are the subject matter of still 'r arti- 
cles. Although they do not tain a 
complete course in calculus basic 
notions are presented in a | that 
should be understandable to : e who 
makes the effort to do the rea 

A more recent field that h me to 
the forefront of mathematica! vity is 
known as topology. In additio a de- 
scription of topology that can inder- 
stood by the nonprofessional, ime 13 
contains articles that will sti». ate the 
imagination with some interc g clas- 
sical problems and examples. 

A final major subject-matter area is 
probability and its applications. These 


will certainly be of interest to readers, 
whether they have a gambling instinct 
or are serious businessmen. 

No subject is really known until some- 
thing of its history is understood. Some 
of the history of the development of the 
great ideas in mathematics is a common 
thread that weaves its way through 
these articles. Not to go unnoticed is the 
opportunity to become acquainted with 
the names-of some of the giants in the 
development of mathematics such as 
Gauss, Euler, Newton, Leibniz, and 
Descartes. 


RareH L, SmıveLy, Ph.D. 

Chairman, Department of 
Mathematics, 

Lake Forest College 

Lake Forest, Illinois 


NUMERATION SYSTEMS 


| Most people, in first learning division at 
| school, probably found it difficult, even 
though it is a relatively simple arithmet- 
ical operation. Compared to addition, 
subtraction, and multiplication, division 
requires the most concentration and ef- 
fort. However, the difficulties of division 
are small compared with what they were 
2,000 years ago when the Roman system 
of numeration was in use. The Roman 
system of numbers makes division ex- 
tremely complex. The number of Ro- 
mans who knew how to perform division 
was certainly less than the number of 

people today who know how to extract a 

square root. 
In the modern world, a numeration 
system of Arabic numerals with a base 
o! 10 is used. A base-10 system is the 
cimal system. This system not only 
mplifies division, but all four opera- 
ns. The introduction of Arabic num- 
1: was an important step in promoting 
ad of mathematics, and its adop- 

| was a cornerstone in the history of 
iathematics. 

it may seem unlikely that after the de- 
lopment of the base-10 system, another 

‘eration system might be put into 

However, for several decades, another 
ration system, the binary system— 
ich each whole number is repre- 

l with a base of 2 instead of 10— 

en gaining in importance. This 

ystem is not intended to be used in sim- 
ple applications such as in monetary sys- 
tems; it is used for the numerical opera- 
tions of electronic computers. 

What exactly is meant by a numeration 
system? Perhaps the best way of under- 
standing this meaning is to imagine the 
time when numbers were first discovered 
and applied to practical situations. 


he spr 


THE NEED FOR NUMBERS 


The prehistoric shepherd looking at his 
flock needed something to help him think 
about the “numerousness,” or the size, of 
his flock. For each animal, he needed 
only to imagine a small dot, perhaps of 
the same color as the sheep’s wool. The 
dot was the first abstraction toward the 
concept of number. 


The second step was that of arranging 
the dots in a row, unlike the sheep, which 
were scattered at random in the field. The 
length of the row of dots then provided 


la 
HOW THE CONCEPT OF NUMBER WAS BORN 
—ln counting the number of sheep in a flock 


lb 
ABSTRACTION LEADS TO THE CONCEPT OF 
NUMBER-—In place of each sheep, a dot can 


le 

THE SAME NUMBER OF DOTS ARRANGED IN 
A ROW—The dots can now be imagined as 
arranged in a row (Illustration 1c). The length 
of the row is proportional to the number of 


from counting sheep to 
electronic computation 


a measure of how large the flock was. 
With this second abstraction, the concept 
of number was born. The size of the 
flock was represented by the length of 


(Illustration 1a), the details of their shape or 
color may be ignored. 


be imagined; the number of dots (Illustration 
1b) is equal to the number of sheep. 


sheep. It can be thus deduced that each 
group of sheep in a flock corresponds to some 
length of the row of dots. 
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sented in graphical terms 
tions between numbers c: 
out. Also, simple numb: 
names had to be adopted 
The ancient Greeks at 
numbers with parallel c 
wanted to represent any n 
ever, they wrote as many į 
as were needed to show h: 
a number contained. Usin 
representation, they had 
number a different name so 
be distinguished from othe» 
A system of this kind re 
series of written symbols 
time to write them down. | 
tion and subtraction were « 
out by simply adding or : 
dashes, the system certainly < 
itself to more complicated 
such as multiplication and d 
need for more complicate 
and the need to represent lar: 
in a small space and in a sh 
to the counting of objects ait 
been represented in an appr: 
Some primitive peoples wor! 
quinary numeration system, w 
objects in fives—a system : 
based on the fingers of onc 
natural counting unit, Eve: 
course, the idea of grouping 
in tens appeared. 


THE ROW OF 55 DOTS SUBDIVIDED INTO 
GROUPS OF 10—lilustration 2a shows that 
the decimal system groups numbers by 10s. 
In Illustration 2b each small cube represents 
a unit, or 1; 10 cubes in a row form an edge 
of the large cube; 10 rows of cubes (that is, 
100 cubes) form a square one cube thick; 
10 squares (that is, 1,000' cubes) each form 
the large cube, which contains 1,000 smaller 
Cubes. In the decimal system, 4 digits can be 
used to represent numbers up to 9,999. In the 
base-one system, were it ever to be used, 
yards of digits would be needed, each equal 
to 1, to represent the same number. If each 
figure is 1/10 in. from the one next to it, the 
number 9,999 would be almost 85 ft long. 


THE DECIMAL SYSTEM 


Returning to the example of the row of 
dots, the row can be broken up into sec- 
tions each containing 10 dots, and these 
rows can themselves be arranged in 
groups of rows. With the dots represent- 
ing the sheep in the flock, one can make 
five groups of 10 each, plus a certain 
number of units—ones—that are too few 
to make up another group of 10. Figures 
and the names of numbers, both for 10s 


mal system by saying that the number 
is made up of five 10s; that is, five rows 
of 10; and 5 units; that is, the five ones. 
Once the symbol representing each figure 
has been decided on (the Arabic numer- 
als, for example—0, 1, 2, 3, 4, 5, 6, 7, 8 
and 9), the sheep will be represented 


the row of dots that gave a schematic THE BIRTH OF 


representation of the sheep. The dots NUMERATION SYSTEMS 
represent units, or ones—each dot is one 


and units, can thus be defined in the deci- | 


sheep—and the rows of dots represent 
the number of units. 


In order to make numbers useful, a way 
had to exist for numbers to be repre- 


by 5 10s and 5 ones, or (5x 10) plus | 
(5x 1), or 55. 
Where the number to be represented 


wuch larger—for example, 10 times 

‘grouping in 10s would produce a 

series of rows. However, 10s them- 

; could be segregated into groups 

j, thus forming groups of hundreds; 

maining 10s could be grouped to- 

ther; and the remaining ones could be 
ped together. 

lo write the number in decimal form 

sponding to the large number, the 

ver of 100s the large number con- 
ould be written. The number of re- 

g 10s would be counted, and its 

er recorded to the right of the digit 

^ 100s. Then the remaining dots, the 
would be counted and their num- 
recorded to the right of the digit for 

ne 10s. 

These steps are necessary because, in 
the decimal system, one in any column is 
worth 10 units in the column immedi- 
ately to the right of it. For example, the 
number 853 means: 


8 hundreds + 5 tens +3 units 
The number 853 can also be written: 


8x 100+5x10+3 x1, or 
8 x 10?+5 x 10+3. 


The latter form shows that any number 
in the decimal system can be written as a 
power of 10 because 100 is 10* (ten to 
the second power, or ten squared); 10 is 
10! (ten to the first power); and 1 is 10° 
(ten to the zeroth power). 


THE BINARY SYSTEM 


To form the decimal representation of a 
number, the largest groups, say the 100s, 
are considered first, then the 10s, and 
then the units. This is because the deci- 
mal system places units in groups of 10. 
If instead of the powers of 10, the pow- 
ers of 2 (1, 2, 4, 8, 16, 32, 64, . . . because 
2=1, 2=2, 292? —4, 23 —8, 2'—16, 
25 = 32, 2° = 64, . . .) were chosen, the 
binary repesentation of the number 
would appear. It is called binary because 
it is based on only 2 digits, 1 and 0. A 
comparison of the sequence of powers in 
the two systems will clarify the point: 


Decimal numeration 


10* 10° 10? 10' 10° 
10,000 1,000 100 10 1 
Binary numeration 

Pu 93 92 21 Qo 


10:8. 4. 290] 


To convert a decimal representation of a 
number to its binary representation, the 
procedure, for example, for the number 
55 is as follows: 


THREE WAYS TO INDICATE Bi- 
NARY FIGURES—A hole in a card 
can be taken to mean 1; the lack 
of a hole means 0 (Illustration 3a). 
In this way, the digits can be writ- 
ten on cards or punched tapes, 
which may then be used to pass 
the numbers on to computers. 

A light (Illustration 3b) that is 
either on or not on can be used to 
stand for 1 or 0. This system is 
used for rapid reading of binary 
figures written on cards or punched 
tape as in Illustration 4. 

+ An open switch allows no cur- 
rent to flow between the two wires; 
the absence of current stands for 
0. When the switch is closed, the 
current flow stands for 1. This sys- 
tem is used in modern computers. 


Collecting the quotients in order pro- 
duced by the divisions of decreasing 
powers of 2, results in 110111. The deci- 
mal number 55 thus takes the binary 
form 110111. Binary 110111 means: 


(1x 25) + (1x 24) + (0x 28) + 

(1x 22) +( 1x 2) + (1x29) = 

(1x25) + (1x24) + (1x 2?) + 
(1x21) 41. 


APPLICATIONS OF THE 
BINARY SYSTEM 


In the binary system, certain operations 
are extremely easy because it is so sim- 
ple to carry numbers. Were decimal 
numbers not written with a much smaller 
number of digits than the corresponding 
binary number, and metric systems sub- 
divided according to the decimal system, 
arithmetical operations could well be 
carried out in the binary system. Because 
of these limitations the binary system has 
found universal use in electronic com- 
puters. 

On the next page are the elementary 
rules for addition in the binary system. 


32, or 2°, is contained in 55 once, the quotient is 1, and 23 is carried 
16, or 2*, is contained in 23 once; the quotient is 1, and 7 is carried 
8, or 2°, is contained in 7 zero times; the quotient is 0, and 7 is carried 
4, or 2°, is contained in 7 once; the quotient is 1, and 3 is carried 
2, or 2", is contained in 3 once; the quotient is 1, and 1 is carried 
1, or 2°, is contained in 1 once; the quotient is 1, and 0 is carried 
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4 
eS ee € 
NUMBERS WRITTEN ON PUNCHED TAPE IN computers. The holes in the upper part of this 
BINARY FIGURES—The binary code has been piece of punched tape represent the numbers 
established as the most convenient to use in from 1 to 16 in the binary system. 
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0+0=0 

0+1=1 

1+0=1 

1+1=0 with 1 car 

1+1+1=1with | ‘d, 
With these rules, the resul the addi 


tion can easily be checked 


110 (decimal 
+111 (decimal 


1101 (decimal 


OTHER NUMERATION $> TEMS 


Besides the decimal and bi systems, 
there are other numeration ms with 
bases different from 10 ar Among 
these, the system used to n ire time 
and the size of angles is pa larly im- 
portant; this system has th: e of 60. 
The degree (of arc) is divi into 60 
minutes (of arc), and the mi» into 60. 
seconds (of arc). The hour divided 
into 60 minutes, and the m: into 60 
seconds. Another system i: sed on 
dozens and grosses (dozens lozens); 
it arose because the base of t^. numera- 
tion system can be divided  venly in 


many ways: 12 can, in fact, be divided 
by 2, 3, 4, and 6. 

The decimal numeration system has the 
base ten, and ten digits, 0, 1, 2, 3, 4, 5, 
6, 7, 8, 9, are required to express any | 
number when using this system. Simi- |. 
larly, the binary system has the base two, 
and two digits, 0 and 1, are sufficient to. 
express any number. 

From the above, one may intuitively 
come to realize that certain rules are ap- _ 
plicable to any numeration system. The 
pattern shows that the base of the sys- 
tem—in the above examples two and ten 
—controls the number of digits required 
to make the system operable. If a system 
with the base twelve were used, all of the 
symbols of the base-ten digits could be 
used but two more symbols would have 
to be invented to represent eleven and 
twelve. 


SHORTCUTS 


ARITHMETICAL OPERATIONS 


41D MULTIPLICATION WITH PENCIL AND 
PAPER—Multiplication is an operation that is 
simple in concept, but that requires great con- 
centration when carried out according to the 
sual rules for the operation. If it is carried 
ut on numbers with a large number of digits, 
e cannot stop in the middle of the procedure 
cause one would forget what was to be car- 
'o the next column and would thus be 
to start all over again. A good alterna- 
; grid multiplication, a method described 
book on arithmetic by Luca Pacioli, an 

lan mathematician of the Renaissance. 
"he diagram shows how 987 can be multi- 
ied by 236 using this method. First, the two 
umbers to be multiplied together, the factors, 
^ written along the sides of a square in the 
rection shown by the two unbroken arrows. 
ye two factors do not have the same num- 
of digits, a rectangle is required rather 
a square. In this case, however, divide 
ides of the square into as many parts 
re are digits in the adjacent factor. Each 
has three digits, so each side is divided 
'hree parts. From each of these division 
draw lines parallel to the sides of the 
*. dividing it into nine smaller squares. 
^ each small square, draw a diagonal. 


WITH 


To start the multiplication, one multiplies a 
digit of one factor by a digit of the other and 
writes the product in the square that is in line 
with the two numbers. In the square at the 
upper left-hand corner, for example, 54, the 
product of 9 and 6, is written so that the 5 
is to the left of the diagonal and the 4 is to the 
right. In the square immediately below, 3 and 
9 are multiplied, and the product 27 is written 
in. Each of these products can be worked out 
independently without any particular order. 

The final step is to add up the numbers con- 
tained between the parallel slanted lines made 
up of the diagonals. Start with the diagonal 
in the top right-hand corner and write its sum, 
2. Then follow the broken arrow, adding 8, 4, 
and 1, carrying forward whatever is necessary 
to the next sum. The sum of 8, 4, and 1 is 13, 
so the 3 is written and the 1 is carried. The 
next sum is 4 -- 4 -- 4 -- 2 -- 4 - the 1 car- 
ried, or 19. The 9 is written and the 1 is car- 
ried, and so forth. The figures that are then 
to the right and below the large square are 
the result of the multiplication; 2 represents 
the units, 3 the tens, 9 the hundreds, 2 the 
thousands, 3 the ten thousands, and 2 the hun- 
dred thousands. The result is 232,932, which 
was found with relatively little effort. 


simple techniques 
of calculation 


1 


"LICATION BY BREAKING DOWN THE 
S—Another way of simplifying multi- 
n is to break down the factors into 
made up of numbers that are easier to 
than the factors themselves. Suppose 
umbers a and b are to be multiplied and 


1.000 0,006 


: 0.003 
MERE 


the calculation is a difficult one. It may be 
easier to calculate the product if each factor 
is represented as the sum of two numbers. In- 
stead of multiplying a by b, suppose (A + A’) 
were to be multiplied by (B + B’), in which 
case (A+ A’) is chosen to equal a, and 
(B + B’) is chosen to equal b. Representing 
the factors in this way appears to make the 
product far more complex because the product 
becomes 
a X b= AB + AB’ + A'B + A'B'. 

If, however, numbers are substituted for A, 
A’, B, and B' and if the numbers are chosen 
properly, the operation is considerably sim- 
plified. For example, when a = 1.006, and b = 
1.003, the factors can be written as a — 1.000 
+ 0.006 (which means that A = 1.000, and 
A’ = 0.006) and b = 1.000 + 0.003 (which 
means that B — 1.000, and B' — 0.003). Using 
the equation above, the product can then be 
written: 

a- b = (1.000 x 1.000) +(1.000 x 0.003) 

+ (0.006 x 1.000) + (0.006 x 0.003) 
= 1.000 + 0.003 + 0.006 + 0.000018 
.000 + 0.009 + 0.000018 

= 1.009018 
The result is found by relatively simple op- 


erations. If one is not interested in great pre- 
cision, this operation can be further simplified. 
Each of the two factors is a number only 
slightly greater than 1. When expressed as 
sums, each pair of numbers contains a 1 plus 
another number that is the difference between 
the original number and 1. The product of the 
differences (0.006 x 0.003 — 0.000018) is a 
very small number, which is negligible with 
respect to the product; 1.000018 is not much 
larger than 1.000000. Omitting the 0.000018, 
therefore, does not produce a large percent- 
age error in the product. 

This tiny error can be explained simply with 
a diagram. Multiplying the two numbers a and 
b together is the same thing as calculating the 
area of a rectangle whose dimensions are a 
and b. The rectangle can be constructed, sep- 
arating the part that is in excess of the product 
1 X 1. In the diagram, the areas, correspond- 
ing to the parts into which the product is 
broken down, are identified. The product of 
0.006 x 0.003, which accounts for a negligible 
portion of the product, is shown as the small 
dark rectangle. In certain calculations, there- 
fore, one can often neglect this part of the 
product. 


DOUBLE PRECISION AND THE SLIDE RULE— 
One drawback to using a slide rule is that cal- 
culations cannot be made to more than three, 
four, or, in some cases, five decimal places, 
depending on the length of the instrument. A 
trick does exist, however, with which results 
can be found that are accurate to more deci- 
mal places than the slide rule allows. 
Suppose the problem is to multiply 456 by 
828 on a slide rule and obtain a result in 
which all of the digits in the product are exact. 
The usual result on a standard 12-inch slide 
rule would be 375,XXX, meaning that the 375 


is read from the rule, but the last three digits 
can only be approximated. One reads such a 
number as the rounded-off value of 375,000. 

To determine exactly the value of the last 
three digits, express the factors into easily 
managed sums: 

456 x 823 = (400 + 56) x (800 + 23) 
Using the formula shown in Illustration 2: 
456 x 823 = (400 x 800) + (400 x 23) 

+ (800 x 56) + (56 x 23) 
= 320,000 + 9,200 + 44,800 
+ 1,288 
= 375,288 


3 400 X, 23 = 9,200 


400 x 800 = 320,000 


800 x 56 = 44,800 


23 x 56 = 1,288 


12 


Many people find arithmetical calculation 
irksome because of the intense concentra- 
tion required. A moment of distraction 
may produce a result that is far removed 
from the correct one. There are, how- 
ever, some shortcuts to calculation that 
reduce the effort and concentration usu- 


_ eee — — — 


number of decimal places involved can be the product. One can sir 


DOUBLE PRECISION FOR DESK-TOP CAL- 
CULATING MACHINES—In many mathemat- 
ical calculations, a high degree of accuracy is 
needed where it is necessary to deal frequently 
with numbers having more digits than can be 
entered into a simple electric desk-top calcu- 
lating machine. This is the case, for example, 
in the multiplication shown here. 

The same procedure used for a slide rule 
can be used for a desk calculator, but the 
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As 14116 69522 81325 50452 00000 00000 00000 
31290 75681 
38812 67159 81372 50213 00000 


ABS 


AB’ + A'B 


ped 14116 69523 40138 17612 
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THE INVERSE (OR RECIPROCAL) OF A NUM- 
BER—The multiplicative inverse of a number is 
1 divided by the number. 1/a is the inverse of 
a, 1/(a + b) is the inverse of (a + b), and so 
forth. In finding the inverse of a number, how- 
ever, sometimes the division involved is a 
lengthy procedure. For such a calculation, 
rather than a single division, one can instead 
perform a multiplication and a subtraction, or 
sometimes these two and a simple division. A 
particularly simple case of obtaining the in- 
verse of a number occurs when the number 
differs only slightly from 1; in this case, certain 
geometric series are used to calculate the in- 
verse: 


1 E 2 
dux diem I eet Rom 
Tax UR x xP xp S. 


Suppose a problem requires the inverse of 
1.0026; this means the value of 1/1.0026 is 


ally needed and that minimize chances 
of error through carelessness. 

Among the examples shown here are 
methods that simplify "pencil-and-paper" 
multiplication. Others provide techniques 
for use with a slide rule and a calculat- 
ing machine to carry out operations on 


substantially greater. As an example, suppose 
one is required to multiply a and b, 
where a = 20243 97459 71664 32102, 
and b = 69732 82428 43662 95023. 
The only equipment available is a desk-top 
calculating machine that can take 10-digit 
numbers as factors and produce 20-digit num- 
bers as the result. In the example, however, 
there are 20 digits in the factors and 40 in 


needed. If 1/1.0026 is rewritten as: 


1 
1 + 0.0026 


the 0.0026 can replace the x in the first for- 
mula above. The inverse therefore has the 
value 1 — 0.0026 + 0.0026?— . . . If the third 
term (x?, or 0.0026?) and all following terms of 
the formula are neglected, the result is a sim- 
ple subtraction, and the result is accurate to 
at least four decimal places. The inverse of a 
number close to 1, therefore, is obtained by 
subtracting from or adding to 1 the amount 
by which the number differs from 1 before in- 
version. In the example, the original number 
is the sum of 0.0026 and 1. Its inverse is there- 
fore 1 — 0.0026 = 0.9974. 

When inversion is required of a number that 
is not significantly greater than 1, a device can 
be used that will reduce the Problem to finding 
the inverse of a number close to 1. Suppose 
that the inverse of the number 2,505 is re- 


12663 25894 96300 


numbers that are large: 
mally handled by such . 
ble-precision calculation 
shown by which value 
mulas can be determin: 
ple way and with a re: 
gree of accuracy. 


factors by splitting the nui: 
(20243 97459 x 10'° + 
(69732 82428 x 10'° + 
The calculating machine is 
to deal with the partial pro 
shows how one arranges 


into sums: 


of the calculation in order al them 
thus obtain the final result : 18 not aval 
able directly from the calcu machine, 


1000 
96300 


quired; that is, the value of 1/: s required. | 
It is found, first, by rewriting 5 as: 
1 EE M En 
200-5 2500 14 500" | 
1/2,500 is found to be 0.0004 at 5/2,500 
is 5 times that, or 0.002. These s are then | 
Substituted in the above equa which be- | 
comes: | 
1 
0.0004 x —  — 
T+ 0.002 | 
= 0.0004 x (1 = © 02 + ..)] 


0.0004 x 0.998 
= 0.0003992. 

Even though these operations look rather | 
complicated, with practice they are quite sim- 
ple. They can even be carried out without writ- 
ing them down, and are less of an effort than 
performing the division directly, as is usually 
done. | 

In graphic terms, finding the inverse of a | 
number near 1 means finding the intersection 
of an equilateral hyperbola with straight lines 
parallel to an x and y axis. In Illustration 5a à 
portion of an equilateral hyperbola is shown. 
If lines are drawn at x = 1 parallel to the Y 
axis and at y — 1 parallel to the x axis, the 
lines will intersect on the hyperbolic curve. TO 
the right of this point on the x axis is a point 
(1 + x), corresponding to any number slightly 
larger than 1. Just below the point on the Y 
axis is a point (1 — x), corresponding to any 
number slightly less than 1. The hyperbola 
"contains" the inverses of the numbers on the 
axes. 

Illustration 5b shows that the approximation 
determined by the series used above is not à 
precise calculation. In fact, if one uses only 
the first two terms of the series, it is as though 
one used the tangent to the equilateral hyper- 
bola at x — 1, rather than finding the intersec- 
tion with the hyperbola directly. 

This example of the use of a series shows 
how easy it is to make certain calculations 
that would otherwise require much effort. The 
usefulness of these formulas of approximation 
increases with practice in applying them. 


MULTIPLICATION 
AND DIVISION | repeated addition and subtraction 


t historical civilizations. Modern stu- 
nts 


1 


r primitive man first formed the con- 
of number, he discovered the possi- 

of performing the elementary oper- 

s of addition and subtraction. The 

cpt of negative number never en- 
! the minds of primitive mathemati- 
s who lived in epochs before the 


understand that subtraction is the 
rse of addition and that the opera- 
of subtraction requires. numbers 
than the positive whole numbers. 
tive numbers made subtraction, the 
se of addition, possible in all cases. 
operation of multiplication arises 
ver there is repeated addition of 
numbers. When many objects are 
up in rows and columns, there are 
s methods by which they can be 

M 1; 


hey can be arranged in a line and 
»unted one by one. 
hey can be arranged in rows con- 


taining equal numbers of objects, in 
which case, the counting operation 
becomes much simpler. All that has 
to be done is to add together the 
number contained in each row. 


The operation becomes very compli- 
cated if each row contains tens or hun- 
dreds of objects, and if there are also 
many rows. If each of 8 rows contains 120 
objects, the total could be found by the 
process of addition, thus: 190 + 120 + 
120 + 120 + 120 + 120 + 120 + 120. Such 
a time-consuming operation can be much 
simplified by counting only the number 
of times the specified number of objects 
is to be added: 120 is to be added 8 
times. The process could be written: 
120 x 8, or 120: 8. Both the laborious 
process of adding 120 to itself 8 times 
and the much simpler process of “multi- 
plying” 120 by 8 give the same sum or 
product: 960. 

Whereas, the result of the operation 


THE BIRTH OF MULTIPLICATION—A number 
of small cubes could be placed in a line and 
counted one by one (Illustration 1a). Illustra- 
tion 1b shows an easier method. The cubes are 
arranged in rows with the same number of 
cubes per row. If there are 7 rows of 8 cubes 
each, the total number of cubes can be found 
by adding 8 seven times for the total of 56. 
For ease and convenience, abbreviated sym- 
bolism has been adopted, showing “multipli- 
cation” of the number 8 by the number 7 
(number of times the summing operation is 
carried out). The numbers 7 and 8 are “fac- 
tors” of the multiplication; the result is the 
“product.” 


of addition is called the sum, the result 
of the multiplication process is called the 
product. The sum of 120 plus 120 eight 
times is the same as the product of mul- 
tiplying the factor 120 by the factor 8. 


PROPERTIES OF 
MULTIPLICATION 


Just as the sum of two numbers is not 
affected by the order in which the num- 
bers are added, so the product of two 
factors is the same regardless of the order 
in which the factors are written. Thus, 
8 x 7=7 x8. This illustrates that multi- 
plication, like addition, is commutative. 

Also, multiplication is distributive with 
respect to addition; the product is dis- 
tributive with regard to the sums. Multi- 
plying a number by the sum of another 
two numbers gives the same result as 
adding the products of the first number 
multiplied by each of the other two sep- 
arately: 3x7+5x7=(3+5)x7= 
8x7. 

One fact of importance is that express- 
ing the result of a multiplication does not 
require the introduction of numbers other 
than those used for the factors. For ex- 
ample, if the factors used in multiplica- 
tion are integers, the result will be an 
integer. The operation of subtraction 
necessitated the introduction of nega- 
tive integers. But, whatever the set of 
numbers on which the operation of mul- 
tiplication is applied, the result is a num- 
ber that belongs to the same set; that is, 
multiplication is a binary operation. 


DIVISION 


The operation of division arises from a 
problem that is conceptually more com- 
plex than addition, subtraction, or mul- 
tiplication. Nowadays, mathematicians 
content themselves with saying that di- 
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THE DISTRIBUTIVE PROPERTY OF THE 
PRODUCT—With respect to addition, two sets 
of cubes are shown, each containing 7 rows 
of cubes. The first set has 3 cubes per row and 


x, that gives b when multiplied by a? 
The unknown number must satisfy the 
relation: a* x — b, and x can be found 
by dividing b by a. 


itive man. For example, the highly civi- 
lized Romans used such a complicated 


the second 5. How many cubes are there? It 
does not matter whether 7 is multiplied by 3 
and then by 5 and the results added, or 
whether a single set of cubes is formed with. 


numeration system that only a very few 
educated persons were able to perform 
the operation. Division for them required 
laborious caleulations that were rather 
more complex than the extraction of a 
root with the modern decimal system. 


A NEW TYPE OF NUMBER 


In adding integers, (whether positive or 
negative), the result, or sum, can be ex- 
pressed with a number belonging to the 
same class, another integer, possibly neg- 
ative. The same is true in subtraction or 
multiplication. However, in the opera- 
tion called division, the integers are no 
longer sufficient, 

Trying to divide four objects among 
three people will show the difficulty. One 
object can be given to each person, which 
will leave one that has to be cut up so 


8 cubes per row 
and 7 is multipli 
7X8. 


seen at the righl) 
x 3) + (7 x 5) 


t his share, Ead 
ius ome part ( 


that each perso: 
will get one ob 
third) of an obje: 
ical entities that a 
tions of an inte 
integers; are they numbers at all? 
Before fracti n be designated a 
numbers, they 
with all the ari 
fractional number: l 
subtraction, multiplication, and division? 
Properties such as commuting the order 
of the factors in a multiplication, or 
product's distributivity with respect 
the sums, must apply to fractional num: 
bers as they do to integers. 
A long demonstration (not gone int 
here) would prove that the numbers r 
sulting from division have the right to be 
called numbers and can indeed be used 
in all the arithmetical operations. 


IRRATIONAL NUMBERS 


The story goes that a student attending 
the school of Pythagoras, the Greek phi- 
losopher and mathematician, was ex- 
elled, or even killed, for a grave crime 
inst the doctrine preached by the 
areat Pythagoras. The student was ac- 
sed of having discovered a new kind 
number—a number whose properties 
ere very different from those of rational 

| whole numbers. His discovery was 

! to have been the irrational numbers. 
rational numbers are necessary in 

r to perform operations other than 


the elementary ones of addition, subtrac- 
tion, multiplication, and division. The 
operation for which irrational numbers 
are required is the extraction of a root— 
the opposite of raising a number to a 
power, when the number is repeatedly 
multiplied by itself. A more sophisticated 
and necessary reason for introducing ir- 
rational numbers is so that all Cauchy se- 
quences will have a limit. In this sense 
the irrational numbers complete the real 
number system. 

The name irrational number seems to 


their graphical 
representation and properties 


suggest the idea of numbers that defy 
reason. This idea is misleading, since the 
name actually means that these numbers 
cannot be obtained with ratios of in- 
tegers. A geometrical property of irra- 
tional numbers is that they cannot always 
be interpreted as the length of a line seg- 
ment constructed by a ruler and com- 
pass. If a point of origin is marked on a 
straight line and a segment of the line 
is taken as the unit of measurement, seg- 
ments can be constructed whose length 
is represented by any whole number or 


ONSTRUCTING" NUMBERS—To approach 
properties of irrational numbers, a brief re- 
w of the construction of numbers with ruler 
d compasses is helpful. Given a segment of 
line of unit length, use ruler and compasses 
uct another segment that measures, 
spect to the given segment, a chosen 
"her. The solution of the problem varies in 
culty according to the nature of the number 
constructed. 

stration 1a shows a straight line on which 
ə point of origin, and U one extreme of 
ament OU, the chosen unit of measure- 


construct another segment with the 
of 3 (three times the length of the 

n unit of measurement), one point of a 
! compasses is placed at O and the other 

t at U (Illustration 1b). The compasses are 
pivoted around U and the point P is 
vd. The operation from P is repeated to 


mark the joint P'. In this way, the segment 
OP', whose length is three times that of OU, is 
constructed. This is the simplest of number 
constructions. 

The construction of a rational number is 
slightly more complicated and requires the 
use of Thales' theorem, which deals with the 
properties of a sheaf of parallel lines. First, 
the usual straight line is drawn, and then the 
point of origin O and the unit of measurement 
OU are marked. 

The problem is to construct a segment 
measuring x — 4/3 with respect to the unit of 
measurement OU. The equation can be written 
in proportional form as x:1 — 4:3, or 


ahead 
qus: 
A second straight line is now drawn from the 


same point of origin O, and on it are marked 
two successive segments, OA and AB, respec- 


A ——— 


uU 


tively 3 and 4 units in length (Illustration 1c). 
A is then joined to U, and a line parallel to AU 
is drawn from B to intersect the horizontal 
straight line at a point, X. Then, AB:OA = 
UX:OU, or, in numerical terms, 4:3 = x:1; that 
is, x = 4/3. UX is therefore the desired seg- 
ment. 

Any segment whose length can be expressed 
as a rational number may be constructed by 
this method in terms of the ratio of the whole 
numbers making it up. 

Although not all irrational numbers can be 
constructed with ruler and compasses, it is 
possible for the square roots of whole or 
rational numbers. The following example illus- 
trates the construction of the square root of 
the number a, provided it is a whole number 
or a rational number: 

To find the segment of length x such that 
Vx = a, this relation is first rewritten: 

X-x2a8:1. 

The segment x is, therefore, the proportional 
mean of a and 1, and it can be constructed 
using Euclid's theorem. A line is drawn from 
origin O, and the segment OU of length 1 
(Illustration 1d) is marked. Then the segment 
OA of length a is marked. (Illustrations 1a and 
1b show this construction for whole and ra- 
tional numbers.) From the midpoint of the seg- 
ment OA, the semicircle that has OA as its 
diameter is drawn. From U, a line perpendic- 
ular to OA is drawn, meeting the semicircle at 
the point X. By Euclid's theorem, the segment 
UX is the length originally sought: the square 
root of a. 


c 


HOW MANY IRRATIONAL NUMBERS? — A 
straight line is drawn, a unit of measurement 
OU is marked, and then all the whole numbers 
are marked on the line as represented by the 
ends of the segments that are whole multiples 


REPRESENTATION AND ARITHMETIC OF IR- 
RATIONAL NUMBERS—The illustration shows 
the number that is equivalent to the square 
root of 2. A point has been marked to stand 
for the value of the root, which can be ex- 
pressed by V2 (an ideal symbol for the number 
in question), or by a decimal approximation: 
1, 1.4, 1.41, 1.414, 1.4142, and so forth. This 
sequence gives a lower approximation to the 
true value. The points corresponding to this 
approximation all lie to the left of the exact 
value of V2 on a number scale. Other ap- 
proximations of the values of V2 are 2, 1.5, 
1.42, 1.415, 1.4143, and so forth, which values, 
correspond to points lying to the right of the 
exact value of the root of 2 on a number scale. 

It does not matter which of the two se- 
quences of approximations of an irrational 


of the unit of measurement (Illustration 2a). 
Many points can be placed on the line, but 
each point would still be separated by a seg- 
ment: the length of the unit of measurement. 

If the points representing rational numbers 


number is chosen, but the lower approximation 
is more convenient because the addition of a 
further decimal digit does require correcting 
the last digit before it. But no set of rational 
values, whether from below or above, can ever 
give the exact value of the root. 

The two sequences of approximations form 
contiguous classes of rational numbers, in 
which the lower approximations are numbers 
that are all smaller than any number in the 
upper class of approximations. The lower class 
contains no largest number, and the upper 
class no smallest number. Moreover, the lower 
class contains numbers as close to the num- 
bers of the upper as desired. These two classes 
of rational numbers are separated by only one 
number—an irrational number. (Contiguous 
classes of rational numbers may also define 


are then marked, the line will seem to bi 
covered by these points (Illustration 2b). Still 
there will be gaps, even if infinitesimal, bi 
tween each pair of points. This situation coul 
be described as follows: if any point on th 
line is marked, there will always be at lea: 
one other point representing a rational numbe 
in any interval, however small, that contains il 
This does not mean that the point marked cor. 
responds to a rational number. There are lanl 
spaces on the line since the points represent. 
ing the irrational numbers are missing. The 
line looks continuous, but an infinite nimbe 
of points are missing. 

A line marked with all the points for whole, 
rational, and irrational numbers will, however, 
be continuous (Illustration 2c). In other words, 
a number corresponds to each point. The total 
of all whole, rational, and irrational numbers 
forms the class of real numbers. Although irr 
tional numbers are needed for the extraction 
of a root, they are not sufficient to make ex- 
traction possible for all values of the radicand, 

This means that the set of “all real numbers” 
is not the largest numerical set required to per- 
form all four elementary arithmetical opera 
tions and root extraction and still preserve tht 
formal properties usually associated with these 
operations. 


rational fraction integers.) 

While the arithmetic of rational numbers ii 
slightly more complex than that of intcgel 
and must be defined by means of pars ol 
numbers whose ratio forms the rational 
bers themselves, the case of irrationa 
bers is more complex because their ari! 
may be constructed by using pairs of < 
uous classes, each containing an infir 
of rational numbers. 

By introducing the irrational numb 
real number corresponds to each point 
line; conversely, each point on the line c 
sponds to a real number. If the extraction 
root is always possible, the numbers musi 
extended until the whole line forms « 
tinuum; that is, until the line is, in a sı 
“filled in.” 
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any rational number. For such a con- 
struction, irrational numbers cannot al- 
ways be used. 

The most interesting arithmetical 
property of irrational numbers is that 
their decimal representation requires an 
infinite, nonrepeating pattern. Unlike 
whole numbers and rational numbers, an 
irrational number cannot be expressed 
with a finite repeating pattern in its deci- 
mal representation. Although whole and 
rational numbers may also require an 
unlimited number of digits, the digits re- 
peat themselves periodically. For exam- 


ple, the rational number % can be repre- 
sented in decimal form as 0.666666666 
...3 the succession of 6's after the deci- 
mal point is unlimited. But the digits are 
all the same, and only the first need be 
written down to represent complete 
knowledge of the number. 

The square root of 2, on the other 
hand, is 1.4142 . . , ; that is, an infinite 
set of decimal digits, which can be repre- 
sented by performing the impossible task 
of writing them all down, or by writing 
the root-extraction sign over the numeral 


2, or V2. This sign indicates an opera- 


tion whose successive repetition yields 
as many decimal digits as may be re- 
quired for the representation of the 
square root of 2. 

Certain irrational numbers, such as the 
ratio of the length of a circle’s diameter 
and its circumference, cannot be calcu- 
lated with elementary methods. These 
irrational numbers form a particular class 
and are called “transcendental” numbers. 
The captions for the illustrations outline 
the main geometrical properties of irra- 
tional numbers, and how their arithmetic 
can be constructed. 


LOGARITHMS 


ut two thousand years ago, the 
mathematician Archimedes an- 
iced that he knew how to construct 
hers enabling him to count the 
: of sand on a beach, a task previ- 
onsidered impossible. Archimedes 
scovered that powers of numbers 
operties that could be used to 
certain calculations in some of 
ithmetic operations. Archimedes 
ken the first step that led, cen- 
ioter, to the discovery of logarithms. 
imedes’ time, mathematics was 
cward to formulate a general def- 
£ the concept. Logarithms were 
-overed in the early seventeenth 
by the Scottish mathematician 
pier. 
thms form an important family 
ions with a very important role 
i ematical analysis. The concept of 
t ithm is also the basis for a very 
istrument, the slide rule. 


WERS OF TEN 
ımbers between 0 and 9 inclu- 


written with a single digit, all 
tl ween 10 and 99 inclusive with 


ty those between 100 and 999 in- 
ch with three, and so forth. The 
nu) 10, 100, 1,000, 10,000, and so 
fort an, therefore, be considered as 


ste ı the decimal system of numera- 
tio :e they separate groups of num- 
bers written with the same number of 
digit 

1 is very important that all these num- 
bers can be derived from 10 multiplied 
by itself a certain number of times. For 
example, the sequence of numbers writ- 
ten above could just as well be written 
10, 10 x 10, 10 x 10 x 10, 10 x 10 x 10 x 
10, .. . A number is raised to the power 
of another number when it is multiplied 
by itself as many times as there are units 
in the second number. In this case, 10 can 
be raised to a series of powers: these can 
be expressed as 101, 10, 10°, 10‘, equal 
to 10, 100, 1,000, and 10,000, respectively. 
In this way large numbers can be ex- 
pressed with small exponents. For ex- 
ample, 10° is 1,000,000,000. The exponent 
determines the number of zeros. 


functions as devices 
for calculation 


1 


THE LOGARITHMIC SCALE—Illustration 1a is 
a logarithmic scale—a line divided into inter- 
vals of equal length. The end of each interval 
corresponds to a power of 10. The number is 
written on the left; on the right is the exponent 
that gives that number when applied to 10. 
Thus 2 corresponds to 100, 6 to 1,000,000, and 
so forth. 

Illustration 1b magnifies one interval to show 
how the logarithms that are not whole powers 


of 10 are arranged within it. The interval goes 
from 10 to 100, the corresponding logarithms 
from 1 to 2. As they approach 100, the loga- 
rithms grow closer and closer together. The 
number 20 is about one-third of the distance 
between 10 and 100, 30 is about halfway up, 
and 50 is about one-third of the distance be- 
tween 100 and 10. The logarithmic scale is 
not linear. The numbers grow in arithmetical 
progression, the logarithms more slowly. 
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Elementary arithmetic implies some of 
the elementary properties of powers. For 
example, 100 x 10,000 = 1,000,000. Writ- 
ten with powers of 10, this becomes 
10? x 10! = 10°. It is immediately clear 
that 22-4 — 6. This gives the rule for 
multiplying two powers with the same 
base, in this case 10. The answer is 109, 
Which is the same base expressed as a 
power equal to the sum of the exponents 
of the powers being multiplied. 

The rule for division is similar and 
equally simple. The number 1,000,000,000 
divided by 10,000,000 is 100. Using the 
powers of 10, the calculation is written 
10° + 107 = 10°. This time, the exponents 
have been subtracted. 

Division, the opposite of multiplica- 
tion, is carried out by subtraction of ex- 

ponents—the opposite of addition, Addi- 
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THE LOGARITHMIC FUNCTION—The illustra- 
tion shows the logarithmic function; that is, the 
value of the logarithms of the numbers as a 
function of the numbers themselves. Only a 
small part of the function is shown, covering 
the range from 0 to 10. To understand the 
curve’s shape, it should be interpreted from 
the right. For a value of 10 on the horizontal 
axis, the curve gives a value of 1 on the verti- 
cal axis and, in fact, the logarithm of 10 is 1. 
Why does the curve cut the horizontal axis 
at the value of 1? The logarithm of 1 is 0. 
(Any number raised to the power of 0 gives 1.) 
To understand this point, consider the ratio 
of two equal numbers: 100/100 = 102/10? = 
10*? = 10°. Since 100/100 = 1, 10? = 1. It, 
therefore, follows that the logarithm of 1 is 0. 

Finally, the logarithms of numbers lying be- 
tween 0 and 1 are negative. Taking the exam- 
ple of 0.1 and calculating its logarithm, 
0.1 = 1/10 = 109/10! = 109^ = 10". To get 
0.1, 10 must be given the exponent — 1. 


tion of exponents or powers is used to 
multiply powers, and subtraction is used 
to divide them. It is clear that large num- 
bers are more conveniently expressed by 
the exponents of powers of 10 than by 
writing them out in full. The quantities 
involved are smaller, and complex opera- 
tions like division and multiplication can 
be reduced to the much simpler processes 
of addition and subtraction. 

At this point, the transition to loga- 
rithms is simple. The exponents of the 
powers of 10, which were used to sim- 
plify numbers and calculations by reduc- 
ing their complexity, are the logarithms 
of the numbers. Thus, 9 is the logarithm 
of 1,000,000,000, 4 is the logarithm of 
10,000, and so forth. The base whose 
exponents are used to obtain the larger 
numbers must be stated—in this case, it 


is 10. Raising 10 to the 9th, 4th, an 3rd 
powers results in 1,000,000,000, 1. 900, 


and 1,000, respectively. The logs thm 
to base 10 of a number is, therefor. the 
exponent that must be given to  ) to 
yield the given number. 

Any number other than 10 can b: ised 


as a base for logarithms. In mathen. ‘ical 
analysis, for example, a base that ap- 
proximately equivalent to 2.78 is ften 
used. 


LOGARITHMS 


The definitions of logarithms given : ove 
is fairly exact, but the examples ar- in- 
complete, because only those number for 
which the calculation of the logar hm 
is obvious—in this case the powers of |0— 
have been considered. 

General arithmetic shows that it is pos- 
sible, and in some cases simple, to r: ise 
10 to a power that is not a whole n im- 
ber and still get a result. For examp >, if 
the logarithm of 10 is 1, and if the ! ga- 
rithm of 100 is 2, then the logarith: s of 
all the numbers between 10 and 10( will 


lie between 1 and 2. The logarit! 1 of 
20 is thus about 1.30, of 30 about 1. 5, of 
40 about 1.60, and so forth. 

If it is known that the logarit! : of 


30 is 1.48, and that the logarithm « 100 
is 2, then the logarithm of 3,000 is 3.48. 
Similarly, it is possible to calcula: the 
logarithm of 30,000,000,000, which i: 30", 
as 10.48. 

Since the logarithm of the prod: t of 
two numbers is equal to the sum «^ the 
logarithms of the factors, a table sh: ving 
the logarithms of many numbers ine!:ided 
between two successive powers of 10 en- i 
ables multiplications to be carried out by 
adding the logarithms of the factors. The 
sum is the logarithm of the product. | 

In much the same way, division can be m 
carried out, numbers can be raised to a A` 
power, or roots extracted. Logarithms 
are, therefore, very useful for operations ) 
involving a large number of digits. For 
example, the multiplication of two five- D 
digit numbers is reduced to simple addi- m" 
tion. 

A table of logarithms is all that aly 
needed for carrying out quite complex 
calculations without much effort, and — 
without the aid of a computer. Moreover, 
there are many different types of such 
tables from which to choose. 
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LOGARITHMS AND PHYSIOLOGICAL SENSA- numbers on the yellow scale) that correspond 
TION—An important Physiological law states to the logarithm of the light source. The dark- 
that sensations have an intensity proportional ening of a photographic emulsion is also pro- 
to the logarithm of the stimuli causing them. portional to the logarithm of the intensity of 


A 1M TABLE—A logarithm is in gen- | | For example, a person in a room with a light the light source; a photographic emulsion, 
er cendental number with an infinite | | of Some given intensity (the Stimulus) has a therefore, reacts to light like the human eye. 
nu onperiodic decimal representation. | | certain experience of light (sensation). If the Sensations of sound also have an intensity 
Thi ^! logarithms is used to carry out Intensity of the light is increased, the sensa- Proportional to the logarithm of the source 
arit! alculations. Types of logarithm | | tion does not increase proportionally, but only that produces them. The decibel unit scale 
tab! on the basis of the precision re- | | in proportion to the logarithm of the increase of the intensity of a sound is divided logarith- 
quir precision of the table depends on | | in the stimulus. This is why the scale on an mically so that its values correspond to the 
the of decimal places that it shows. exposure meter is graduated in units (the — intensity of the acoustic Sensation experienced. 


THE s mechanical device traction, raising a number to a power, and use of logarithms. Several types of slide rules 
perm) multiplication, division, root ex- some trigonometrical calculations—all by the are available, to be used for different purposes. 
5 
o 1 
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EQUALITIES AND 


EQUATIONS 


EQUALITIES AND IDENTITIES 


The word mathematics frequently brings 
to mind a chalkboard or a page full of 
numbers, letters, and other symbols ar- 
ranged into formulas. The numbers and 
letters are connected by the signs for the 
four basic arithmetic operations, or some- 
times the sign for the extraction of a root 
is used. Mathematics requires other signs 
for more complex operations, but they 
serve no purpose in a study of the basic 
concepts. 


problems translated 
into symbols 


There are many kinds of formulas; one 
kind is that in which the volume of a 
cone is expressed in terms of r, the radius 
of the cone's base, and h, the cone's 
height. Its volume V is given by the for- 
mula: 


A d 
VERI h. 


This kind of formula is valid for com- 
puting the volume of any cone, if its 
height and the radius of the circle form- 
ing its base are known. The volume of 


————————————————O 


THE EQUATION ALWAYS HOLDS—Whatever 
the dimensions of a cone, the equation ex- 
pressing its volume is always true, provided 
that the dimensions of the radius of its base 
and its height are substituted for r and h, 
respectively, into the equation: 


1 
V = Lnarh. 
gan 


any cone, whether large or sm. sli 
and long, or short and fat, is det 

with this formula. If these c 

known, the volume calculated w 
formula and the volume that co 
measured by direct, nonformula 
ods would be identical A forr 
this kind is said to be an identity. 

There are, however, other ki; 
identities. Here is a simpler exo aple: 
a -- a o a — 3a. As does the previous one, 
this formula expresses an equality be- 
tween numbers. Because no specific value 
for the quantity involved is indicated, a 
letter, in this case a, representing any 
number whatsoever, is used. Whatever 
the value of one number substituted! fi 
one of the a's, however, the same nume 
ber must be substituted for the other a's, 

The meaning of this equality can be 
expressed as follows: the sum of any 
three equal numbers is equal to the 
product formed by multiplying one oj 
them by three. Understanding this prase 
requires a certain effort, whereas tl + for- 
mula provides a quicker grasp of th con- 
cept. 

The equality indicated by this : 
matical expression is always valid 
ever the numerical value substitut 
a. Replace a with the number 1 a» 1 the 
equality is valid; replace a with the num- 
ber 2 and the equality is valid; repiace a 
with any large number, such as the num- 
ber of centimeters separating the sum 
from the Earth, and the equality is still 
valid. 


IDENTITY EXPRESSES A THEORY 


A formula expressing an equality has to 
be proved to be true in order for it to be 
generally accepted. The equality a +a = 
2a seems obvious because intuitively it 
is true, although a proof might be stated 
by showing that on the basis of the defi- 
nition of a product, the second half of 
the equality is equal to the first. 
In the case of the formula for the vol- 
ume of a cone, the proof of its validity is 
equivalent to deriving the formula. It is 
of no interest at the moment just how 
formula of this kind may be derived, or 
how identities are constructed. The im- 


tained in it. 


‘here are, however, equalities that are 
no’ entities, equalities for which only 
cvs values are valid. Such equalities 

t sight—might seem to be totally 
: meaning. 


LITIES THAT ARE 
iT ALWAYS WRONG 


r an equality such as a +a -- a— 
in be asked whether this equality 
i ys true, whether the left member 
r equal to the right member when 
í laced by any number whatsoever. 
S ^ 473; the equality does not 
h cause 3--3--3—9 is different 
f 36. The same thing happens 
if other numbers are substituted 
f fact, at first glance, an equality 
( ind seems to be a typographical 
e something composed incorrectly 
ot e, Neither of these suppositions 
is ;owever; the equality is not al- 
A number for which the 
e s true is 0, because in fact, three 
t equal to twice 0. Thus, this 
e s almost always wrong. 
r example: The equality, 3/b 
is not true for any integer of b. 
lt valid, for example, for 10, be- 
ca ) is different from 270. But, if 
! ubstituted for b, the equality is 


W ise, 


tru 1/3) = 27 (+1/3), or +9 = 
+9 equality is also true if b is equal 
to 


Do «qualities that are not identities, 
and that are almost always false except 


for the case of only one or two numbers, 
have any practical or theoretical applica- 
tions? They do, in fact, occur often in 
both general mathematics and in science. 
EQUATIONS 


Once it has been established that an 
equality is valid only in a limited num- 
ber of instances, instead of using the first 
letters of the alphabet, the letters x, or y, 
or some other letters near the end of the 
alphabet are used in equalities that are 
not equations. Such a symbol indicates a 
question about the general validity of the 
equality, and frequently indicates that 
the values of x, or y, or whatever, are un- 
known. An equality of this kind is simply 
a conditional equation. A conditional 
equation, therefore, is an equality that is 
Valid for only certain values of the un- 

Own. In some cases, the equality is 
valid for only one value of x, in others 
for more than one value. 

The validity of an equation does not 


need to be proved; equations are prob- 
lems translated into symbols. They are 
enormously useful because it is much 
easier to solve a problem by converting 
the data of the problem into an equation 
or a set of equations than to examine the 
data in the words used to express it. 

Here is a simple problem for which an 
equation is extremely useful: Find a num- 
ber such that when it is decreased by 
2% and divided by 23 times its sum plus 
2, that quotient is equal to 1 divided 
by 46 times the same number increased 
by 2. The number is 3. However, if the 
problem had to be solved in terms of 
verbal reasoning alone, hours would be 
needed to get a result, to say nothing of 
the complexity of reasoning required. If 
the data of the problem are translated 
into a formula, however, the solution is 
much more readily found. 

To solve the problem, call the un- 
known number x. The relations satisfy- 
ing the conditions of the problem are: 


x—25 1 


23 (x+2)~ 46 (x+2) 


The problem thus becomes an equality 
that, as can easily be established, is not 
satisfied by just any number. If x, for ex- 
ample, is replaced by 10, the equality 
is not true. The interesting point is that 
the value satisfying the equality can be 
found with little effort by following quite 
simple rules. The rules, in general, pro- 
vide for transforming this equality into 
other, simpler ones that are satisfied by 
the same number that satisfies the orig- 
inal equality. 

When the solution to the preceding 
equation has been found, this number is 
written in place of x, and the equation 
becomes an identity in which the ex- 
pression to the left of the equal sign 
equals the expression to the right of the 
equal sign. 


THE SOLUTION OF EQUATIONS 


Both parts of the equality can be multi- 
plied or divided by the same number 
without altering their equality. This is a 
fundamental rule of mathematics: If two 
numbers are equal, halving both of them 
or doubling both of them, or the like, 
gives two numbers that are still equal. 
Similarly, multiplying both numbers by 
three, or four, or one-third, or one-fourth, 
or by any other number does not change 
the equality of the two numbers. This 
property can be applied to the right- and 
left-hand members of the equation above. 


In this case, if both parts of the equa- 
tion are multiplied by 23(x--2) the 
equation becomes: 


Bat) gir ) 
ix CU arr Fa] 
or 


x-25-1,orr—25-05 


To solve the problem at this point, the 
x must be isolated to one or the other 
side of the equal sign. This can be done 
by using another fundamental rule of 
mathematics: The same quantity can be 
added to both parts of an equality, or 
subtracted from both parts of an equality, 
without altering their original equality. 
In this equation, it is convenient to add 
2.5 to both parts of the equality: 


x—25+25=0.5+ 2.5 
and the equation becomes: 
x=3, 


The equality, therefore, is valid when 
x-3. 

In conclusion, to obtain the solution of 
an equation, certain simple rules must be 
applied, and, of course, accuracy is re- 
quired for any resulting calculations. 


THE DEGREE OF EQUATIONS 


Equations may be classified according to 
the highest power in which the unknown 
appears. For example, the equation re- 
solved above contained expressions with 
x alone; thus it is an equation of the first 
degree. The equation x* — 3x = 22 is an 
equation of the third degree because the 
unknown is raised to the power of 3. The 
equation 6x° + x = x — 11 is of the fifth 
degree because 5 is the highest power to 
which the unknown x appears. 

In general, the difficulty of solving an 
equation increases as its degree increases 
—that is, as the kind and number of oper- 
ations required to isolate the unknown 
increases. Moreover, there are no algebra- 
ical operations for isolating the unknown 
in equations of a degree equal to, or 
higher than, the fifth. This does not mean 
that equations of degrees higher than the 
fourth cannot be solved, however. Meth- 
ods other than algebraic ones can be used 
to solve equations of any degree whatso- 
ever. These methods are sometimes used 
for equations of a lower degree, where 
algebraic methods are inconvenient. 
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THE CARTESIAN PLANE | 


Most people have studied plane geometry 
and are familiar with simple geometric 
figures, such as the right triangle (a tri- 
angle having a right angle). Generally 
speaking, geometry books are generously 
illustrated with diagrams that help the 
reader understand the text. The diagrams 
usually show plane figures; that is, the 
figures lie in the plane of the page, and 
as such the figures have no “thickness.” 
Usually the position of the figure in the 


THE CARTESIAN COORDINATES — Two 
straight lines perpendicular to each other can 
be constructed with a ruler and square. Call 
the point of intersection of the lines the origin, 
or O, and show their orientation away from 
the origin with two arrows, as shown in Illus- 
tration 1a. Call the horizontal line the x axis 
and the vertical one the y axis, and label them 
X and Y, respectively. In this way, reference 
lines are constructed that can be used to iden- 
tify the position of any geometrical entity in 
the plane of the paper. 

First, fix the position of one point in the 
plane. Choose a point at random in the plane 
and mark it A. Immediately its position can be 


la 


plane is not important. 

Suppose one looks at a map of the 
United States, and sees that Montana ap- 
proximates the shape of a rectangle. To 
draw the approximate shape of Mon- 
tana, a simple rectangle could be ruled 
off. If the rest of the United States were 
drawn on the same piece of paper, how- 
ever, the rectangle representing Montana 
would have to be carefully positioned 
relative to the other states. In this case, 


determined with respect to the x and y axes 
by constructing perpendiculars from the point 
to the axes. The perpendiculars intersect the 
axes at a on the x axis and b on the y axis. 
These two lines and portions of the axes com- 
plete a rectangle with one corner at the origin 
of the axes, one corner at the point A, and the 
other two corners at a and b. Two adjacent 
Sides of the rectangle measure A's distance 
from the two axes, that is, its coordinate a is 
measured by the distance from O to a, and its 
coordinate b is measured by the distance from 
O to b. Oa measured along X measures A's 
distance from the y axis and is the abscissa of 
the point. Ob measured along Y measures A's 
distance from the x axis and is the ordinate of 
the point. The location of any number of other 
points in the plane can be found by using the 
Same method to measure their distance from 
the same axes. The locations of these points 
can be stated with pairs of numbers express- 
ing their distance from the two coordinate 
axes. For example, instead of saying point A, 
one could say point (a,b) with the understand- 
ing that the a measures the distance from the 
y axis and the b the distance from the x axis. 

Illustration 1b shows a quick way of find- 
ing the coordinates of points in a plane. Graph 
paper is marked off in convenient units, say, to 
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geometric figures 
converted into numbe 


both position and geometrical 
important. 

One particular branch of 
emphasizes the location of 
figures both in a plane and in 
i someti: 


pe are 


analytic geometry. 
into plane analytic geometry 
(spatial) analytic geometry 
To fix a geometrical figu 
position in a plane, an appr 
erence system in the plane n 


first be 


a 1/10-inch or a millimeter sc: 
points have been marked in, the 
be counted off as tenths of an | 
meters separating each point fro 
thus quickly finding their coordir 
A plane divided up by this sy 
dinates is similar to the surface 
divided up by meridians and p: 
Illustration 1c. The location of a 
expressed by its distance from 
ferences (not straight lines) d 
globe. One of these circumfer: 
Equator and the other is the prim 
the meridian passing through t! 
observatory. The distances on t 
the Earth, however, are not a: 


ce the di 
res can 
or milli- 
e axes, 


(f coor- 
e globe 
, as in 
can be 
circum- 
on the 
is the 
idian— 
enwich 
face of 
ly mea- 


sured as in a plane. On the E surface, 
distances are measured as angu tances, 
the center of the angle being the r of the 
Earth. 

The first application of coord to the 
location of points and the solutic jeomet- 
rical problems was made by the h math- 
ematician René Descartes, Carte n Latin. 
This is why the coordinate axes for de- 
scribing the position of geomet entities 


are called Cartesian coordinate nd the 
plane divided up by them is cal the Car- 
tesian plane. 


lc 


T ERSE PROBLEM—In Illustration 1, 
p umbers were used to describe the 
p 2 point in the Cartesian plane. The 
re blem, that of starting with a pair of 
ni nd finding the corresponding point 
ir esian plane, can be readily solved. 

one starts with the coordinates of 


ar ? (3,4). On a set of coordinate axes, 
sti the origin, O, and divide up the x 
an into, say, inch segments. As shown 
in n 2, move 3 inches from the y axis 
s ntal arrow) and 4 up from the x 
ax ertical arrow). At the end of the 


sa w is the point P, 3 inches from Y 


\ similar set of circumstances 


ex n some particular point on the 
Ea face is to be identified; the 
on! nee is that the surface of the 
E: 't a plane. In this case, merid- 
iai parallels are drawn on a globe. 
Di from the principal meridian 
(Gi ch), which are longitude, and 
dist from the principal parallel (the 
Equ which are latitude, are mea- 


sure the case of the plane, a similar 
proce ure is followed. A straight line of 
any "tation is drawn, and then an- 
other jine, perpendicular to the first line, 
is drawn, These lines are called Car- 
tesian axes, and their point of intersec- 
tion, O, is called the origin of the axes. 
Usually the axes are oriented so that one 
is horizontal; usually designated as the 
* axis, it is marked X. The other is the 
y axis and is marked Y. 

Once the axes have been established, a 
Point's position on a plane is defined sim- 
ply by its distance from each axis, each 
distance being measured along straight 
lines that are perpendicular to the axes. 
Numbers representing these two distances 
are usually called the coordinates of the 
point. To identify a point designated, say, 
P, usually P is written, followed by a pair 
of numbers in parentheses. An example is 


P (2, 3), in which the 2 and 3 show P's 
distance from the vertical axis as mea- 
sured along the x axis, and the distance 
from the horizontal as measured along 
the y axis. The P (2, 3) means that the 
point is 2 units from O measured hori- 
zontally and 3 units from O measured 


3 


tons of 
zinc 


vertically. The numbers representing the 
distances along the two axes are known, 
respectively, as abscissa and ordinate. 

Many geometric problems can be ap- 
proached in terms of analytic geometry, 
which enables algebraic techniques to be 
applied to geometric problems. 


| 
adis 
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AN APPLICATION: GRAPHS—Graphs are 
probably the best-known applications of coor- 
dinate geometry. The advantage of a graph 
over simple statistical data lies in the fact that 
a graph shows at a glance all of the data and 
also the way the data change. As an example, 
consider the statistics showing the output of 
a zinc mine over a period of 21 years. 


year tons year tons 
1945 1455 1955 2259 
1946 1659 1956 2197 
1947 1899 1957 2050 
1948 2248 1958 2267 
1949 3575 1959 2587 
1950 4273 1960 2983 
1951 4158 1961 2996 
1952 3442 1962 3143 
1953 2875 1963 3256 
1954 2243 1964 3598 

1965 3672 


By examining this table, a certain amount of 
effort will explain how production has varied 
during the years under consideration. If, how- 
ever, these pairs of numbers (one year and its 
corresponding production figure) are taken as 
points in a Cartesian plane, the data can be 
analyzed much more readily. 

The illustration shows how to arrange the 
data; the years are taken as abscissas, along 
the x axis, and the tonnages are taken as 
ordinates, along the y axis. When each of the 
points, determined by the pairs of figures, has 
been found on the Cartesian plane, the points 
can be joined by short lines. As these lines 
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go up or down, so went the production of zinc 
in the year indicated. One can see an increase 
in production for the years immediately after 
the end of World War |l. This rising trend 
ended in 1950, and production then dropped 
continuously until 1954. Production increased 
Slightly in 1955, after which it decreased again 
until 1957. From 1957 to 1965 production in- 
creased. 

All these facts can be determined from the 
table of data but not as quickly as from the 
graph. The graph, for example, shows at a 
glance that although production increased 
steadily from 1957 to 1965, it never exceeded 
that of 1950. See how long it takes to get this 
information from the table. 

The same method can be applied to count- 
less other pairs of data, for example, the 
height of a child at certain ages, or tempera- 
tures at various times during the day. The 
graphs explained here have been made with 
Specific points connected by lines. Certain 
electric or mechanical instruments produce 
graphs as continuous lines, usually traced on 
a roll of moving paper. Examples of these are 
temperature-measuring and pressure-measur- 
ing devices such as those used at weather 
stations. 

The line drawn in the illustration to repre- 
sent the tonnage of zinc produced is called the 
Cartesian graph of the function, representing 
the production of zinc as a function of time. 
Later articles will more fully describe the func- 
tion concept. 


year 
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MANHATTAN, A CARTESIAN DIAGRAM—The 
plan of downtown Manhattan (between the 
Hudson and East rivers) is quite regular. Most 


streets are numbered in sequence from the 
bottom to the top and from the left to the right. 


DIVISION OF THE PLANE—lImagine two Car- 
tesian axes, both drawn to extend beyond the 
origin some distance, right, left, up, and down; 
These lines divide the plane into four parts; 
Each part is called a quadrant. The top right: 
hand quadrant is numbered |, and the others 
Il, IIl, and IV, moving counterclockwise, 

The segments on the x axis are considered: 
positive if they are to the right of O, and 
negative if they are to the left of it. The seg- 
ments on the y axis are positive if they are; 
above O, and negative if they are below it. 

Points in the first quadrant, therefore, have 
both coordinates positive, A(+,+). Those in 
the second quadrant have a negative abscissa: 
and a positive ordinate, B( —,--). Those in the 
third quadrant have both coordinates nega- 
tive, C( —,—), while in the fourth, the abscissa 
is positive and the ordinate negative, D(+,—), 


CARTESIAN REFERENCE SYSTEM—A naval 
battle game can be played with the position 
of ships specified by a number to indicate 
east-west position and a letter to indicate) 
north-south position. 
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th 


the French philosopher and 
atician René Descartes published 


RIC LOCI IN THE CARTESIAN PLANE 
pression "geometric locus" can be 
by an example. 

e can be drawn with compasses. 


rument consists of two shafts joined 


ween; the bar is made so that the 
ween the shafts can be changed, 
the distances between the ends of 
changed. One shaft is pointed and 
holds a pencil or a pen. To draw 
he point is stuck into a piece of 
| the other shaft is rotated until a 
ircle has been drawn. The point 
ncil or pen stays the same distance 
point that is stuck into the paper. 


stant distance between the circle's 


d all points on its circumference is 
; radius. The circle is, therefore, 
f points that are equidistant from 


sy to show that any point on the 
juldistant from the center. By draw- 
rcle, the points of the plane have 
jed into three categories: those 
belong to the circle (which are all 
from the center); those points 


EOMETRIC LOCATION IN 
dE CARTESIAN PLANE 


equations become diagrams 


an epoch-making work, Discourse on the 
Method of Properly Guiding the Reason 


in the Search for Truth in the Sciences. 
In a 106-page footnote entitled Geome- 
try, Descartes advanced the idea that any 
geometric shape could be represented by 
an equation. 


closer to the center and therefore inside the 
circle; and those points outside the circle. 
The circle is the geometric locus of the points 
equidistant from a given point, the center; the 
geometric locus is, therefore, the collection of 
those points and only those points having a 
certain property. In the example of the circle, 
the property is that of being equidistant from 
the center. 

A geometric locus such as a circle is made 
up of an infinite number of points. In order 
to represent a point in the Cartesian plane, a 
pair of numbers, one giving the distance of the 
given point from the vertical axis, and one giv- 
ing the distance from the horizontal axis, is 
required. The distance from the vertical axis 
is the abscissa of the point. The distance from 
the horizontal axis is the ordinate. The ab- 
scissa and ordinate taken together as an or- 
dered pair are called the coordinates of the 
point. To represent all the points of a locus 
in the Cartesian plane, it would seem that an 
infinite list of pairs of numbers, or sets of 
coordinates, would be required; otherwise, not 
all the points of the locus could be shown. 
Such, however, is not the case. 


THE EQUATION OF THE STRAIGHT LINE— 
Illustration 2a shows the points (2,1), (4,1), 
(6,1), and (7,1) marked on the first quadrant of 
the Cartesian plane. These points are on a 
line parallel with the x axis, and at a distance 
of 1 unit from it. 

All the points on a line can be represented 
in an abbreviated fashion. It is necessary only 
to identify a property that the points have in 
common. What strikes the eye is that all 
points are the same distance from the x axis 
—in this case, 1 unit. Whatever their abscissa, 
all these points have the same ordinate equal 
to 1. Since the two coordinates of a point— 
the abscissa and the ordinate—are usually 
indicated by the letters x and y, respectively, 
it can be stated that the line in Illustration 2b 
is made up of all the points for which y = 1. 
In other words, the line is the geometric locus 
of those points for which y — 1 and only those 
points. This is the simple formula for the col- 


lection of all the points on the straight line 25 


THE CIRCLE—The relation between the co- 
ordinates of the points of a circle can be ex- 
pressed algebraically. A circle with a radius 
of 5 is drawn in the Cartesian plane so that 
its center coincides with the origin of the 
coordinate axes. All the points of the circle 
are 5 units from the origin. The equation for 
this geometric locus must express the fact 
that the distance of any point in this circle 
is 5 units from the center. 

It can be said that the coordinates of any 
of the circle's points are x and y. In this way, 
the exact coordinates are temporarily unspec- 
ified, although it is understood that they can- 
not take just any value, since the points must 
be on the circle, which is made up of an 
infinite number of points 5 units from the 
origin. There are, of course, an infinite num- 
ber of such points, Starting at some arbitrary 
point (x,y) of the circle, a perpendicular is 
drawn (shown as a line of dashes) from the 
point to the x axis, which the line meets at 
the point (xo) Then a line is drawn from 
(x,y) (Shown as a dash-dot line) to the origin. 
In this way a right triangle is formed. The 
triangle's hypotenuse is the line joining the 
point (x,y) to the origin. 

According to the Pythagorean theorem, for 
this triangle x? + y? = 5?, since the square of 
the perpendicular plus the square of that part 
of the x axis between the origin and the point 
(x,0) is equal to the square of the hypotenuse 
—the distance from the point (x,y) to the 
origin—or 57. The coordinates of the points 
on the circle are, therefore, related by the 
equation x? + y? = 25. Such an expression is 
an equation of a circle in the Cartesian plane. 
It is an equation for a particular circle whose 
center is at the intersection of the coordinate 
axes, and whose radius is 5. In a similar way, 
the equation for any other circle having any 
radius may be determined, placing the center 
at any point in the Cartesian plane. 

QC HE 3 


parallel to the x axis and at a distance of 
1 unit from it. 

The same method can be used to represent 
the geometric locus of points 5 units from the 
X axis (Illustration 2c). This locus is repre- 
sented algebraically (or analytically) as y = 5. 
In the same manner, the locus of all points 
4 units from the y axis is x — 4 (Illustra- 
tion 2d). 

A geometric locus represented by a slightly 
more complex formula is that formed of all 
points having their abscissa equal to their 
ordinate, These points are equidistant from 
both the x and the y axis. They are, therefore, 
the points through which a line can be drawn 
bisecting the right angle between the two 
axes. A simple formula representing this geo- 
metric locus is x = y. This formula clearly 
represents all the points for which the value 


of the x coordinate is equal to that of the 
y coordinate (Illustration 2e). 
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TANCE—An interesting problerr 
mine if there are points commo 
metric loci. For example, do 
described in Illustration 4 interse 
line y = 3? 

First, both the line and the circ 
in the Cartesian plane. It is clea 
does intersect the circle, and th 
nates of the points of intersecti 
and (4,3). By drawing a Cartesi 
following system of equations ha 

x? + y? = 25 
y=3. 

Finding the solution of this sy 
tions means finding which pair 
can be substituted for x and y 
equalities hold. Although the for 
tem of equations can be dealt 
cally, its graphical solution is e 
ple, as are other, more complic 
of equations with two unknowns 
equation represents a geometric 
two loci are drawn in the sam 
intersection will represent the s 
System. The system illustrated | 
ond degree because it is formed 
the highest degree of which i 
degree. 

This method for solving probl: 
section often involves the extrac 
Such a pracedure may be cons 
metric method for solving equ 
degree whatsoever if the equa 


graphed, even when the equ: 
soluble by means of ordin: 
methods. 
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AN APPLICATION OF FUNDAME! 


IMPOR. 
) deter- 
wo geo- 

circle 
straight 


e drawn 
the line 
coordi- 
(743) 
aph, the 
n solved: 


of equa- 
'umbers 
ake the 
this sys- 
ilgebrai- 
ely sim- 
systems 
h single 
;. When 
e, their 
s of the 
the sec- 
uations, 
second 


of inter- 
if roots. 
! a geo- 
of any 
can be 
are in- 
igebraic 


REPRESENTATION OF FUNCTIONS—Finding 
the algebraic expression for the points be- 
longing to a given locus enables geometric 
problems to be converted into algebraic prob- 
lems. The reverse problem is finding the graph 
that represents an algebraic expression in the 
Cartesian plane. In this way, an algebraic 
Problem can be converted into a geometric 
one. 

Converting a geometric problem into an 
algebraic one may produce a simpler solu- 
tion than if the problem were approached geo- 
metrically. It may be just as useful, on the 
other hand, to translate an algebraic problem 
into geometric terms, since a graph may re- 
veal the significance of a formula that other- 
wise seems incomprehensible. 

For example, does the equation y = x? rep- 
resent a locus of points and, if so, what locus? 
The equation expresses the common property 
of all the points that have an ordinate y ob- 
tained by squaring the abscissa x. The point 
(3,8) does not belong to this locus. Its ab- 
scissa is 3; if the point (3,8) belonged to this 
locus, its ordinate would have to be the square 
of 3, which is 9, not 8. 

However, the point (2,4) belongs to the 
locus, because the ordinate 4 is the square 
of 2. Some of the points belonging to the locus 
can now be drawn in the Cartesian plane. In 
the equation y = x?, the value of y correspond- 
ing to any value of x is calculated by consider- 
ing such values of x, for example, as —3, —2, 
—1, —0.5, —0.1, 0, +0.1, +0.5, +1, +2, and 
+3. The corresponding values of y, the 
squares of these values, will be: +9, +4, +1, 
+0.25, +0.01, 0, +0.01, +0.25, +1, +4, and 
+9. These pairs of values are marked on the 
graph. If a curve is drawn through all points 
whose coordinates satisfy the equation y = x?, 
the result is a parabola. 

In a similar way, other more complicated 
functions can be represented in the Cartesian 
plane, again by assigning various values to y 
and calculating the corresponding value of x. 
The points corresponding to the pairs of val- 
ues are marked on the Cartesian plane, and 
the curve through all points whose coordi- 
nates satisfy the equation is the locus in 
question. 
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THE CONCEPT 


OF FUNCTION | 


In the mathematical sciences certain 
terms are used that have a completely 
different meaning from the meaning in- 
tended in general, or everyday, usage. In 
ordinary language, function means, more 
or less, task or job, but in mathematics it 
means dependence of one quantity on 
another, or the relationship between two 
quantities. The concept of function is one 
of the most important in mathematics. In 
this chapter a study will be made of its 
significance, 


QUANTITIES DEPENDING ON 
OTHER QUANTITIES 


Many phenomena spontaneously suggest 
the concept of function, the dependence 
of one quantity on another, For example, 
the diameter of a plant’s stem varies ac- 
cording to the age of the plant; therefore, 
the stem’s diameter depends on, or is a 
function of, the plant’s age. The distance 
covered by a train traveling at a constant 
velocity depends on the time needed to 
cover the distance. The distance is, there- 
fore, a function of time. The market value 
of a commodity varies according to the 
demand for the commodity, so that the 
price is, therefore, a function of demand, 
The area of a square depends on the 
length of its sides, and is, therefore, a 
function of the latter, 

The most important element in all these 
cases is that some “law,” or relation, con- 
nects the pairs of quantities, In general, 
if the relation involved is known, a pre- 
diction can be made of the behavior of 
the quantities, If, for example, the rela- 
tion governing the growth of a tree trunk 
with time is known, the number of years 
needed to grow the tree to a given di- 
ameter would be known, and the grower 


would not have to measure it periodi- 
cally. Knowing the law governing a com- 
modity's price would enable a buyer to 
make purchases under the most favorable 
conditions. 


THE IMPORTANCE OF 
UNDERSTANDING FUNCTIONS 


From this point on, the word function 
will be used to indicate the condition of 
dependence between quantities, From 
the examples given above, it is clear that 
functions are of great value in science, 
as well as in other fields of human knowl- 
edge. 

Large automatic calculating machines 
have been built to carry out numerical 
studies on innumerable functions. But all 
functions cannot be mastered with ma- 
chines. The human brain is often more 
effective. It is interesting to note that 
the best way of evaluating the laws of 
some functions is often to rely on the in- 
tuitive judgment of certain persons who 
would never claim to be mathematicians, 

Everyone agrees, for example, that, to 
accurately aim an antiaircraft gun at a 
fast-flying plane that is following an er- 
ratic path, and to do so in a fraction of a 
second, a computer should be used to 
work out the position of the aircraft as 
a function of time, There is no computer, 
however, that can make decisions with 
sufficient speed or certainty on how to 
operate a stock exchange. The machine 
cannot properly anticipate what shares 
to buy or sell, and when to carry out 
these buy and sell operations, in order to 
realize the largest profit from a given 
amount of capital. This task is entrusted 
to the judgment of persons who would 


certainly not consider themselves to be 
i 


MEASURING THE AREA OF A SQUARE—The 
ancient Greeks discovered they could mea- 
Sure a square's area by multiplying the side of 
the square by itself. They used a ruler anda 
Compass, and the operation was long and 
difficult because they had no general concept 
of function. 


the continuous relationship 
between two quantities 


experts in mathematics. Nonetheless, their 
reasoning is often mathematical in 
strict sense. It is based on an extende 
use of the concept of function, and oi 
the methods that mathematicians use fi 
study the behavior of functions. 


A SIMPLE FUNCTION 


A simple example of a function will ex 
plain the general concept of functions, A 
function that was known to the ancient 
Greeks, who—although expert in geome 
try—did not possess the concept of func 
tion in the strict sense, is the relation 
between the area of a square and the 
length of its side. The area of a square 
can be computed by multiplying the 
length of a side by itself, or squaring the 
length of a side. Using this rule, whal 
ever the length of the side, its relation 
to the area of the square can be written 
as a formula, or more precisely stated as 
an equality. Using S to indicate the 
square's area and I to indicate the length 
of its side, the formula then becomes 
simply S =1x l, or S =P, 


THE ANALYTIC EXPRESSION 
OF THE FUNCTION 


The function S = l? can be considered as 
à sort of mechanism for finding the area 
of a square if the length of the square's 
side is known. If a number is substituted 
for l and if the operation indicated in 
the formula, in this case, squaring the |, 
is performed, the result is the number 
that measures the area of the square 
whose side is the number 1. 

The formula always determines the 
area of a square; it is, therefore, a coms 
plete expression of the relation betwee 


words, it is not always possible to find a} 
formula for the operations on a first 


It is often useful to represent a func 


means of Cartesian coordinates, 
other words to draw the graph of 
tion. The curve drawn in Illus- 


trom 2b represents the graph of the 
f m S =F, with S measured on the 
y ‘| axis and Z on the horizontal. 


[ ng the analytic expression of a 
f 1, Often it is easy to draw its 


THE TANGENT FUNCTION 


Suppose a series of right-angle triangles 
whose horizontal sides are equal are 
drawn so that the angle formed by the 
horizontal side and the hypotenuse varies 
from triangle to triangle. Call the angle 
the Greek letter alpha, written o. Sup- 
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^PH OF THE FUNCTION—The diagram 
»n 2a) shows a series of squares. The 
jne has a side of 0.5 in.; the subse- 
os have sides of 1, 2, and 3 in., re- 
ly. Suppose a graph (Illustration 2b) is 
ted such that each value on the hori- 

ale corresponds to a value for the 
area, which is measured on the verti- 


T! 
( 
a 


[ ut sometimes such graphs are 

to draw. Some analytical ex- 
I » of function cannot be graphed 
a he subject of Cartesian coordi- 
n vill be covered in a following 


THY GRAPH OF A TANGENT FUNCTION— 
?s of right-angled triangles (Illustration 


3a) awn so that all the horizontal sides 
are he same length, for example, 0.5 in. The 
si; the acute angle « adjacent to the hori- 
zor side varies from triangle to triangle. In 


* first, it is 10°, in the second 20°, the third 
30°, and so forth up to 80°. 

The problem is to determine the vertical 
side's length. It is obvious that for each differ- 
ent value of the acute angle there is a corre- 
Sponding length of the vertical side. This length 
is, therefore, a function of the acute angle's 
value (Illustration 3b). 
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cal scale. For example, above the point 1, a 
point 1 in. high can be marked; above point 2, 
one 4 in. high; above point 3, one 9 in. high; 
and so forth. It can be seen that the points are 
not distributed at random but form a regular 
curve that can easily be drawn by connecting 
one point to the next, that point to the follow- 
ing, and so forth. 


3 in. 


pose, further, that it is required to ex- 
press the lengths of the vertical sides of 
the various triangles as a function of the 
size of the angle o. In other words, is it 
possible to find the analytic expression of 
the function relating these two quanti- 


2b 


Square inches 


area of square 


inches 
length of side 


ties? The ancient Greeks knew only how 
to calculate the length of the vertical side 
for some values of individual angles. For 
example, if the angle was 60°, they knew 
that the vertical side was \/3 times, 
which is about 1.7321 times the length of 


3b 


length of vertical side 


30' 60* 90 
angle a 
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the horizontal one. They also knew how 
to calculate lengths of sides in some other 
cases, but not in the general case. 

To make the calculation for any value 
of the angle a, the result cannot be found 
from a finite number of arithmetical op- 
erations (addition, subtraction, multipli- 
cation, and division). Instead of follow- 
ing the procedure used in the previous 
example, where the analytic expression 
of the function was found and then 
drawn as a graph, the diagram of the 
function relating the vertical side to the 
angle can be found by means of a more 
direct method. To do this, make accurate 
drawings (as in Illustration 3a) of a 
number of right-angle triangles—at least 
8—with angle o equal, respectively, to 
10°, 20°, 30°, 40°, 50°, 60°, 70°, and 
80°, and with the horizontal sides of the 
triangles of uniform length. Using a 
ruler, the lengths of the vertical sides 
can then be measured, and after dividing 
these lengths by the constant length of 
the horizontal side, the results can be 
plotted as in Illustration 3b. The func- 
tion drawn in this way is called a tangent 
function. 


AN ADDITIONAL ABSTRACT 
DEFINITION OF FUNCTION 


Only two very simple functions, the 
square and the tangent, have been ex- 
amined here. The most important fact 
about functions is that the concept of 
function is much broader than the simple 
examples might imply. The two examples 
were chosen so that they could be drawn 
on a graph or written as an analytic ex- 
pression. But there is a much more gen- 
eral definition of function that is no more 
complicated than the one previously 
stated. And this definition is itself an ex- 
ample: Suppose there are two tables con- 
taining the same number of numerals 
listed in columns. Each number in the 
first table can be paired off with a num- 
ber in the second table until all the num- 
bers in both tables have been dealt with. 
The correspondence, which can be es- 
tablished in the most arbitrary way, is 
nothing other than a function, It is nec- 
essary to make only one change in the 
pairing operation in order to arrive at 
a function that is different from the 
first one. 


oL LÀ = 

ANOTHER WAY OF REPRESENTING THE 
CONCEPT OF FUNCTION—Draw two parallel 
lines and subdivide them by means of points 
so that the subdivisions represent whole num- 
bers. Then, for each point in the left-hand line, 
draw an arrow pointing toward a correspond- 
ing point in the right-hand line. Choose the very 
simple quadratic function, which is a = b?. 
In this case if b=1,a=1; if b = 2, a 4; 
if b = 3, a = 9; in other words, whatever the 
value of b, a is equal to b x b. The arrows 
will be arranged as in the diagram. Only one 
pair of numbers need be changed to create a 
new function. If the arrow Starting at 4 and 
Pointing to 16 is replaced by the dotted-line 
arrow, for example, a new function is formed. 
This means that the relation between a and b 


is no longer a = b?, or that a is now some 
other function of b. 


THE ABSTRACT DEFINITION OF FUNCTIO 
This illustration shows a function that is muchi 
more general than the quadratic function. It 
Corresponds to the abstract definition given i J 


Although this relationship seems distant 
from the real world and seems only to repre 


xcept of function establishes the 
two sets of elements can be 
correspond so that each element 
set corresponds to one, and only 
nent in the second set. Of the 
enomena encountered in every- 
nd in nature as well, many may 
dom at first sight, apparently 
no pattern at all; but in fact 
ial number of them may be ex- 
mathematical functions. An 


SIMPLE FUNCTION—The simplest 
resents a constant phenomenon, 
that does not vary; for example, 
of a column. When it was bullt, it 
high. If measured year after year, 
ould be seen to be a constant 
The graph showing its height 
ime is, therefore, a straight line. 
ited here as a horizontal line whose 
y = 555, meaning that at any time, 
!he x axis, the height, which is 
e y axis, is 555. The graph could 
hown with the height on the x axis 
the y axis. 


XAMPLES OF FUNCTIONS | 


enormous number of functions can be 
constructed based on the data of natural 
phenomena; each generally involves 
some change in time, so the functions are 
constructed by associating elements that 
represent units of time with numbers or 
other elements that represent size or 
some other distinguishing characteristic 
that is being observed. 

The examples given in this article have 
been chosen to illustrate a varied scope 


A LINEAR FUNCTION—A slightly more com- 
plicated function illustrates a phenomenon 
that varies according to some simple relation. 
If the wick of a candle has a constant cross 
section—that is, if the wick is the same diam- 
eter throughout its length—the speed with 
which the candle burns, and therefore 
Shortens, is constant. A graph can be con- 
Structed showing the length of the candle as 
a function of time, which is shown along the 
x axis. Initially the candle has a certain length, 
Say, n. The y axis represents length, and n is 
shown on that axis in the graph; the candle 
Shortens as it burns, so y takes on smaller and 
smaller values. The interesting thing is that 
the length diminishes in proportion to the 
passage of time, which is, incidentally, why a 
candle can be used as a rudimentary clock. 


natural phenomena 
shown as lines 


of functions. In addition, the phenomena 
of the physical world do not utilize all 
the functions that mathematicians are 
capable of imagining because some of 
these functions do not correspond to the 
behavior of any known physical phenom- 
enon. The functions shown here are illus- 
trated by their graphs, which are con- 
sidered to be the Cartesian diagrams of 
the functions. Some graphs are straight 
lines; others are curves. 


The diagram obtained is a straight line and 
has the formula y = (1/m) x + n, where m is 
a constant. A function whose graph is a 
straight line, either slanting or parallel to an 
axis, is said to be linear, or of the first degree. 
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- ti ^ id 32 bacteria. In th 
NENTIAL CURVE AND THE SIG- tively, 2, 4, 8, 16, an e 
r aee a microorganism—a fifteenth half hour, there are 2 or 32,768 
bacterium, for example, is placed in a bottle bacteria. 


i tritive liquid. The liquid pro- Exponential growth also describes the 
Stee m erate rore, and, after a growth of an investment at compo d Interest, 
certain period of time, the microorganism re- in which the interest on the cap is contin- 
produces; there are then two identical micro- ually added to the principal. In st on the 
organisms in the bottle. The period of time new, larger, principal is then c Jted, and 
between the reproduction of the first bac- so forth. S 
terium and the reproduction of its offspring Bacteria, however, never have unlimited 
is not long. It varies a little from species to volume available. In this experin the origi- 
species, but for this purpose assume it is, nal bacterium was put into a ? with a 
say, half an hour. limited volume, so that food w have be- 
What pattern of growth is followed by the come scarce after a certain r of time, 
colony of bacteria that develops from this The later generations would ha ther died 
single ancestor? Growth of the colony starts of hunger or would have d ped less 
slowly. After an hour, only a few microorga- quickly. Thus, because the col sould not 
nisms are in the container; after 2 hours, 16; grow beyond a certain size, der 19 on the 
after 3 hours, 64. The number of bacteria is quantity of food available, after artain pe- 
still negligible, but after 10 hours, there will riod of time the growth curve wc top rising 
be about a million of them, and after 20 hours as it does at the start of an exp ial curve, 
a thousand billion. This is quite a large number After starting upward, the cur uld tend 


and by then the bottle is swarming with bac- to level off (Illustration 4a). 
teria. If the bottle had an infinite volume, the — 44 

bacteria could continue to develop indefi- 
nitely. After a few days, there would be enough number of bacteria 
of them to cover much of the surface of the 
Earth. If this law of growth is shown in a 
graph, an exponential curve (not shown) is 
obtained. The name comes from the fact that 
the number of bacteria formed follows a pat- 
tern based on the power, or exponent, of a 
number; in this case, the number is 2. The 
number of bacteria follows the exponents of 
2 corresponding to numbers that represent 
intervals of time. In the first, second, third, 
fourth, and fifth half hours, the bacteria num- 
ber 2', 27, 2°, 2*, and 25, which is, respec- 


4b 


distance 
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A BODY FALLING IN A VACUUM—A well- m ' rumoer GF peopie 
known fact is that a falling body increases 3 
speed as it falls. By means of calculations not 
described here, a body falling vertically will 
cover increasingly greater distances as time 
passes. More precisely, the distance covered 
is proportional to the square of the elapsed 
time. A freely falling body will cover about 
400 ft in the first 5 seconds of its descent. 
At the end of 2 sec, it will have covered about 
64 ft, at the end of 3 sec about 144 ft, and 
so forth. If a curve is drawn with time in sec- 
onds shown on the x axis and the distance in 
feet on the y axis, it will resemble the curve 
in this illustration; the curve is one-half ofa 
parabola. The equation for the curve is y — 
Yegt?, where y is the distance the body has 
fallen at time t, and g is the gravitational 
constant. 


— Á— 
THE GAUSSIAN CURVE—If all the people 
walking down a crowded street were to havé 
their height measured, a curve could be draw" 
showing these heights (Illustration 5b). The 
number of people measured is shown along 
the y axis and the range of heights along thé 
X axis. The curve obtained is said to bê 
Gaussian, and is named for the German math: 
ematician Johann Karl Friedrich Gauss, wd 
first described its properties. The mathematic? 
expression for the curve is of the type Y L- 
ae~, where a is a constant. 


RATION OF A STRING—The func- ous; their graphs were made up of succes- 
strated so far have all been continu- sions of points without gaps or abrupt jumps. 

A vibrating string whose ends are stationary 
takes many shapes; a few simple ones are 
shown in Illustration 6b. The vibrations of 
the string produce a musical note that cor- 
responds to each shape, and the note pro- 
duced by some shapes is more intense than 
that produced by others. The overall sound 
Produced by the string is the sum of all these 
notes. 

If the intensity of each note is represented 
in a graph by a line whose length depends 
on the note's intensity, the graph is that of 
Illustration 6a; the frequency of the note's 
vibrations is shown along the x axis, and the 
intensity is shown along the y axis. There is 
no equation to describe the graph; in other 
words, there is no simple analytic representa- 
tion of the corresponding function in the usual 
sense, but the function can be defined by 
means of a table such as this: 


x y 
256 Hz (cycles per sec) — 50 db (decibels) 
512 70 
768 30 
1,024 35 
1,280 10 


and the graph represents some of these points. 
6a 


intensity 


THE i AND THE MANTISSA—From a mal part of a whole. The function is some- 
sim; ulic mechanism, a function can times called a mantissa, a name derived from 


be í hat shows several discontinuities. the numerals following a number's decimal 
The nism is a cylindrical container at- point. 

tache siphon which periodically removes 

the c its of the container. A liquid drips 8b 

from ve into the container at a constant 

rate. ie container slowly fills. When a cer- 

tain í mum liquid level is reached, the si- 

phon ly empties the container. The liquid 

conti: 


ripping in, however, and the cycle 
Starts again. If a graph is drawn showing the 
level rez d by the liquid in the container, 
Instant by instant, a graph resembling Illus- 
tration 8a is obtained. Like the sinusoidal 
Curve, this curve is periodic, but the difference 
ls that this curve is discontinuous. This curve, 
in other words, makes a “jump” in each pe- 
riod. Initially, the function grows in direct pro- 
Portion to time, which is measured along the 
X axis, but it stops on reaching the value of 1, 
which represents the maximum level of the 
liquid; the liquid level is shown along the 
Y axis. Thus, the function always represents 
a number less than 1; in other words, a deci- 
8a 


PENDULUM MOTION AND THE SINUSOIDAL 
CURVE—Suppose a pendulum can be made 
so that when swung, its path back and forth 
is recorded as a curve on a piece of paper 
that passes horizontally underneath the pen- 
dulum at right angles to the pendulum's plane 
of motion. The curve obtained, which is similar 
to one shown in Illustration 7a, is said to be 
a sinusoidal curve. The curve is continuous 
and moves back and forth to the opposite 
sides of a straight line—here taken to be the 
iquid | x axis. The position of the axis corresponds 
quid tevel to the center position of the back and forth 
oscillation. Because the position of the paper 
varies with time, the x axis represents time. 
The y axis represents the position of the pen- 
dulum. The sinusoidal curve is periodic: that 
is, it repeats itself in the same way that the 
path of the pendulum repeats itself. Its period 33 
corresponds to the pendulum’s period of oscil- 
lation. 


34 


APPLICATIONS OF THE 


GAUSSIAN CURVE 


When observations of almost any kind 
are made, certain singular phenomena 
that are known to be identical actually 
differ slightly—for example, a length or 
a mass. It is known that the distribution 
of such measurements when plotted as a 
graph lies around an average value, The 


DETECTION OF IMPROPER MEASUREMENTS 
—The military establishment makes much of 
statistical data, Such data related to the male 
population of a given age group, for example, 
may be used to decide the minimum accept- 
able height of men recruited into the service. 

Suppose that one of the officers at a re- 
cruiting center wants to reject many recruits, 
and he assumes that he can do so without 
being detected. If the minimum height for ac- 
ceptance is 66 in. (5'6") a recruit with a height 
of 66 In, or 65⁄2 in. might be fraudulently 
measured as only 65 in. or 64% in. Such a re- 
cruit would thus be rejected. In general, an 
error of only one-half inch in height measure- 
ment, especially when the measurement is 
done in haste, might seem to easily slip by 
without detection. 

But if enough erroneous measurements are 
made, the Gaussian curve will give away the 
fraud. If the correct measurements were plotted 
against the frequency of the various heights, 
which is the number of times the same height 
was measured, the graph would show a per- 
fect Gaussian curve, which is shown in Illus- 
tration 1a. If the curve of distribution with the 
altered data is drawn, a curve like the one 
shown In Illustration 1b would result; near the 
66-In. mark, the curve is distorted. 

This distortion is, of course, due to arbitrary 
alterations by whoever has carried out, or 
perhaps by whoever recorded, the measure- 
ments. By means of Gaussian analysis, there- 
fore, It Is possible to uncover a deception 
produced by a phenomenon that is working 
according to laws different from those of the 
law of chance 


curve drawn through these points is a 
bell-shaped curve that corresponds to the 
distribution of chance events, because 
events dependent on chance are distrib- 
uted in a certain way round an average 
value. The understanding of this distri- 
bution is a very important tool for scien- 


number of recruits 


number of recruits 


the curve that brings ord: 
to the realm of chance 


tists and statist 
can analyze 1 
discovering hit 
of phenomena. 

Some applic: 
curve, also kno 
are discussed he 
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the Gaussian curve, | 


with which they? 
ments, sometimes, 
unknown relations 
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JETERMINE WHETHER A DISTRI- 

GAUSSIAN—There is a simple 
determining whether a curve, such 
shown in Illustration 2a, is Gauss- 
ve is divided into several parts as 


^ISTRIBUTIONS—Suppose a study 


the weight of a large number of 
uals in some particular population, 

those living in a particular state. 
its of all those males were plotted 
'requency of occurrence, a graph 


nə shown in Illustration 3a would 
| obvious that this is not a Gaussian 


shown. Then the height of each vertical line 
is measured. The points on the curve at these 
lines are plotted on axes, one of which has 
uniform spacing, the other of which is uniquely 
divided into "probability units," 0.01 to 99.99, 


curve except for that part to the right of the 
central point. The left-hand part of the curve 
has a "tail." What might have produced this 
anomaly? 

If children are excluded from this group so 
that measurements are limited to fully grown 
males, the data will produce a curve like that 
in Illustration 3b, which is a perfect Gaussian 


b 


wo» ow 


If the original curve was in fact Gaussian, a 
straight line will result, In this way the curve 
can be determined as being one of Gaussian 
distribution or not. 


curve. In this case, before the measurements 
were made, a decision might have been made 
to have excluded those less than a certain 
age. In other cases, such exclusions seem ap- 
propriate only after analyzing the shape of 
the Gaussian distribution. The shape shown in 
Illustration 3a is an oblique distribution as dis- 
tinguished from a Gaussian distribution. 


number of measurements 


required dimen: 


SEARCHING FOR A DEFECTIVE MACHINE 
WITH THE GAUSSIAN CURVE—In the man- 
ufacture of ball bearings, the inner rings, the 
outer rings, and the bearing balls are made 
separately. Before they are assembled to one 
another, each component has to be measured 
accurately in order to determine its compati- 
bility with other components. For example, 
there is a maximum allowable dimension of 
the outer diameter of the inner ring. If the ring 
is too large, it will be distorted during the as- 
sembly of the bearing. There are similar limi- 
tations on the inner diameter of the outer ring, 


IN STATISTICS, MUCH DATA IS NEEDED TO 
DRAW ACCURATE CONCLUSIONS—The curve 
showing the distribution of the annual income 
of one hundred thousand families, who were 
chosen at random in a large city, is certainly 
nearly Gaussian, as in Illustration 5a. Such an 
assumption could be checked in a number of 
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number of families 


dimensions of the block 


number of measurements 


mean value 


and, of course, there are limitations on the 
dimensions of the bearing balls themselves. 
The instruments used to make these mea- 
surements are extremely accurate because the 
fit of the components of the bearing is based 
on these measurements. A ball bearing with 
excessive pressure or excessive play will not 
function properly. To check the accuracy of 
these instruments, some manufacturers use 
small metal blocks as reference standards, 
each block being measured several times by 
the same instrument. For many reasons, each 
measurement usually differs slightly from all 


ways. But, if the number of samples—100,000 
—were reduced to only 12, the distribution 
would be much more difficult to evaluate, be- 
cause the plotted data might appear as in Illus- 
tration 5b. Instead of a curve with symmetric 
bell shape, the series of points would seem to 
be distributed at random and would be diffi- 
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number of families 


family lw 


required dimension 


dimensions of the block 


others. But the average of the measurements: | 
must be the exact value of the dimensions of 
the reference block; if it were not, then the | 
instrument would not function properly. | 

The distribution of the measurements made: | 
on the reference block is Gaussian. When the: 
mean value coincides with the dimensions of | 
the block the curve is as in Illustration 4a. If 
this is not the case, as shown in Illustration 4b 
the instrument is defective and cannot be 
used. 


cult to join with a continuous curve. If thé 
number of families included in the sample} 
were progressively increased from 12, thé 
curve would increasingly approach the shape 
of a Gaussian distribution. The total dissiml: 
larity of these two distributions shows why S 
tistical studies use many measurements. 


family income 


number measured 
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THE [ SION OF THE DISTRIBUTION—If 
the d f a cylinder were to be measured 
sever ising a gauge, it is likely that 
sligh nt measurements will be ob- 
taine ie. If, for example, the diameter 
meast 35 mm, a large number of mea- 
surer differ by a few units in the last 


digit words, there may be an un- 
certa ome hundredths of a millimeter 
in the ement. These variations may be 
due tc perature of the gauge or of the 
cylinde e measurements may vary ac- 


«RO DEVIATION — The Gaussian 
istration 7 was constructed by 
Il the tree trunks of 7-year-old 
rest. In general, the trunks have 
‘ameter, but—because of various 
ir diameters differ from that of the 
old tree quite a bit, and the 
n around the mean is Gaussian. Is 
> to give a measure of the Gaussian 
litude? 
calculation makes it possible. If the 
to construct the diagram are 
© position of the two vertical lines 
lying to the right and left of the Gaussian 
Curve's central axis, shown here as a dotted 
line, can be determined. The distance separat- 
Ing each of these lines from the axis is said 
to be the standard deviation of the distribution. 
The standard deviation is an important char- 
acteristic of the Gaussian distribution. About 
two-thirds of the points, included here in the 
hatched area, forming the Gaussian distribu- 
tion, fall within the area delimited by the x 
axis, the two straight lines, and the Gaussian 
Curve. This fact can be adopted as a method 
for determining whether a distribution is ex- 
actly Gaussian. The standard deviation thus 
Serves to measure the Gaussian distribution's 
dispersion around its mean value. A large 
Standard deviation means a large irregularity 
in the measurements of the quantity. 


ic 
422.35 mm cylinder diameter 


» 


cording to the position of the cylinder, or for 
other reasons. If the measurements are plotted, 
the result is a Gaussian curve like the one 
shown in Illustration 5a. 

Suppose that something else is to be mea- 
sured, for example, the diameter of all the 
plastic bowls produced in one day by a single 
machine. The bowls have a diameter of 422 
mm, but the diameters may differ by as much 
as one or two millimeters. If all these measure- 
ments are plotted, another Gaussian distribu- 
tion results. The breadth of this curve can be 


number of trees 


ad mm  bowldiameter 


seen in Illustration 5b and is much greater 
than that of the curve in Illustration 6a, be- 
cause the variation in measurements obtained 
is greater. 

The breadth of the curve is more properly 
described as the dispersion of the data around 
the central value. The dispersion represents 
either the greater or lesser degree of precision 
of the measurement, or else the greater or 
lesser degree of precision with which the prod- 
uct itself has been manufactured. 


diameter of trees 
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THE STUDY OF FUNCTIONS | 


Textbooks on higher mathematics are 
filled with formulas that many people 
think are impossible to understand, but 
frequently formulas that look compli- 
cated are relatively easy to understand 
and to solve. The ability to interpret for- 
mulas lies in the mastery of a set of rules, 
some of which are presented here, 


TABULATING A FUNCTION—This pair of 
graphs illustrates the behavior of a simple 
function; in this case the function is y = 1/x. 
One way to begin studying the behavior of a 
function is to tabulate a part of it. This means 
that some values are assigned to x; the cor- 
responding values for y are computed using 
the relation y = 1/x. To determine its com- 
plete behavior, x would have to be given an 
infinite number of values, but in practice only 
a limited range of values is needed. 

First, note that x = 0 is not a permissible 
value of x for this function because division 
by 0 is not defined. However, for x close to 
0 but positive, the quotient 1/x is large. As 
x approaches 0, 1/x becomes unbounded. For 
this reason, 1/0 is sometimes said to be in- 
finity or infinitely large. 

Next use the positive integers; when x = 1, 
y=1; when x= 2, y 2 1/2; when x 2 3, 
y = 1/8; when x = 4, y = 1/4; and so forth. 
Even before these points are plotted on the 
graph, this tabulation shows that as x be- 
comes larger, y becomes smaller, but this re- 
lation is even more clear when the points of 
the tabulation are plotted on the graph, as 
shown in Illustration 1a. A simple function 
was chosen in this example to show that using 
only integers, an important part of the func- 
tion remains unknown. Illustration 1a shows 
what happens to the function when x = 1 and 
x = 0 is not yet known. 


ty 


my, 


How a function behaves can be de- 
termined from a few critical points on its 
graph. These points show whether the 
function tends to infinity at some stage, 
whether it has a zero value at another, 
whether it has a maximum, a minimum, 
or a point of inflection; the latter point 
occurs where a curve changes its shape 


Illustration 1b shows the values that the 
function assumes between x = 1 and x = 0. 
At x= 1/2, y=2; at x 2 1/3, y 2 3; at 
X = 1/4, y = 4; and so forth. The values of 
X have been chosen close together; the closer 
they approach 0, the larger the value for y. 


THE FUNCTION'S FIELD OF DEFINITION AND 
BEHAVIOR—In the previous illustration, only 
positive values of x were investigated for the 
function. If the negative values of x are now 
considered, the function y takes on negative 
values; for example, in y = 1/x, if x is —1, 
then y is —1; if x is — 2, then y is —1/2; if 
X is —3, then y is —1/3; if x is —4, then y 
is —1/4; and so forth. Using numbers less 
than one, when x is —1/2, y is —2; when x 
is —1/3, y is —3; when x is —1/4, y is —4; 
and so forth. These negative values of the 
function show that the curve of the function 
has a negative part, not shown on the previous 
Cartesian diagrams. 

In the study of a function, one of the first 
things to investigate is the behavior of the 
Curve at its extremes, and the calculations 
Shown so far give these indications: For posi- 
tive values, with increasing x values, y takes 
on smaller and smaller Positive values, and 
with decreasing x values, y takes on larger 
and larger positive values, For negative values, 
a Similar relation holds; with increasing x 
values y takes on smaller and smaller nega- 
live values, and with decreasing x values, 
y takes on larger and larger negative values. 


importar 
points 


from convex to concave. 


The graphs of many tions 
known and apparent to m:  «maticia 
at a glance, with the trigon ric cu 
a typical example. In fact, s- id a graph 
exhibit behavior similar to example 
a sine curve, the function w 1 be iden- 
tified as sinusoidal. 
lb 

— 
dy 5x. 
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This picture of the function's bc: vior shows 
that its value changes quickly in is area. 

From Illustration 1b the functio 's behavio 
can be summarized as follows: y = 1/x tend 
toward zero as x increases and comes und 


bounded as x decreases. 


of the x axis, tending toward y = 0. When XJ 
takes large negative values, y tends to 0 also; 
but with negative values, as can be seen If 
the graph on the left-hand side of the x axis: | 

In the same way, the function's behavior 
near the value x — 0 can be graphed. When 
x tends to O for positive values, then y be 
comes unbounded through positive values, & 
result that is shown graphically. In symbols J| 
y is said to tend toward --co. In the same 
way, when x tends to 0 for negative values: 
y becomes unbounded through negative vale 
ues. Similarly, in this case y is said to tend | 
toward — oc. | 

Although the function's extreme values have 
been drawn in an approximate way, the sho! 
sections of the curves can be joined in af 
intuitive way with a simple curve to obtain, | 
in this particular case, a diagram similar t0 
the function's true graph, one-half of which 
is shown in Illustration 1b. 


A MORE COMPLICATED CASE—The behavior 
of more complicated functions can now be 
investigated; for example, x? — 8x + 19 + y? 
= 4. At first glance, this may seem much 
different from the functions previously studied, 
but the methods used on the other examples 
are still valid. 

The first step is to change the function into 
a function of the form y equaling an expres- 
sion in x alone. In other words, the y term 
must be isolated on one side of the equation: 


y! = =x? + 8x — 15, 


MAXIMUMS, MINIMUMS, AND POINTS OF 
INFLECTION—A more complete knowledge of 
the graph shown in the previous illustration 
is gained if the points where the graph takes 
a maximum or minimum value, or both, are 
known, as well as the inflection points, which 
are the points where the curve switches from 
@ concave to a convex shape, or vice versa. 
A relative maximum is a point on the graph 
of a function where all the nearby points 
have a smaller y value than the value at the 
point. A relative minimum point occurs where 
all the nearby points have a greater y value 


y=+ V—x? +8x — 15, 


FI i0 POINTS—Knowing the values 


to w! inction tends at its extremes al- || than the value at the point. which can also be written as 
lows yn sketch to be made of the To determine the relative maximum and = 4+ WOO) 
functi havior. This was possible in the || minimum points of a function, the derivative of yz x Vvi- (x — 8x + 16). 


the function is found. In this case the deriv- 
ative of the function y = x? — 6x? + 3x + 10 
is y’ = 3x? — 12x + 3. The points at which 
the derivative is zero are the points at which 
the function reaches a relative maximum or a 
minimum. These points are found by solving 
the equation 3x? — 12x + 3 = 0. From Illus- 
tration 3 the ranges in which the function 
reaches a relative maximum or a minimum can 
be intuitively determined. The relative maxi- 
mum will lie between — 1 and +2, the relative 


The expression in parenthesis is the square 
of the quantity x — 4; (x —4) (x—4)? = 
x? — 8x + 16. The function can then be writ- 
ten in the form: 


ample because of the function's 
‘icity. In the case of more com- 
tions, it is necessary to deter- 
ll, the values of x for which the 


y=+Vi- (x-4. 
This function exists in a limited range. In fact 
it only exists where the expression under the 
square root sign is positive. Otherwise y does 
not take real values; the square root of nega- 
tive numbers is considered imaginary, or un- 


Fo ilẹ, the function y 2 x? — 6x? + 10 
can br ined in a way similar to that of 
Illustre It is found that the function tends 
to 4x | x takes infinitely large positive 
values. © ~ co for infinitely large negative 


values 

Firs two small portions of the curve || minimum between +2 and +5. The roots of || defined. The root is negative where (x — 4)? 
corres; 5 to the values of a few positive || the equation 3x? — 12x + 3 = 0 are approxi- ||is greater than 1. At x —5, the quantity 
and n values of x, knowing that the || mately 0.268 and 3.732, the relative maximum || 1 — (x — 4)? is 0, and when x is greater than 
functi to +co and — co as x tends to || Corresponding to the first root and the relative ||5, the expression under the root sign, the 
+o ©, respectively. It can be seen || minimum to the second. The graph can be ||radicand, is negative. At x = 4, the radicand 
then © function has to cross the x ||eXpanded by calculating the values that the |/is 1. At x = 3, the radicand is 0, and when 
axis; t / must be 0 at least once. In this ||function takes at values of x immediately to ||x is less than 3, the radicand is negative. 
Case, asily be demonstrated that the ||the right and left of these relative maximum ||Thus the range of the function is x 2 3 to 
functi ies the x axis three times. Solv- || and minimum points. x — 5. This range is marked on Illustration 5a. 
ing t vation x? — 6x? + 3x + 10 2 0 Finally, the point where the function, which For each value of x within the range of the 
produc ^ different values of x for which ||iS obviously concave downward at the rela- | | function, there are two values of y, because 


there are two square roots of any positive 
number, numerically equal but opposite in 


tive maximum, changes direction and becomes 
concave upward at the relative minimum, can 


It is tic E 
tions, ket peus Wes V end also be found. This point, which is the inflec- || sign. The graph of the function, therefore, 
error = 0, y = +10. When x = —2, ||tion point, lies where the function's second ||looks something like Illustration 5b or 5c. If, 
y=- function must, therefore, cross || derivative takes the value zero. The second || as in the previous illustration, the derivative 
the x ‘ween x = 2 and x = 0. If x = || derivative is y" = 6x — 12; y" is zero where || of the function is found along with its values 
-1,5 0; the function, therefore, must ||X = 2. The inflection point is, therefore, x — 2. || for which y = 0, the function will be found 
Cross xis when x 2 —1. When x = 2 and y = 0 is plotted on the graph, ||to have a maximum and a minimum when 

Onc root of a third-degree equation ||the main characteristics of the curve can be || x = 4, and at x = 4, for which the values of 
is four equation can be divided by the || Seen. k y are +1. Thus Illustrations 5b and 5c are 
factor . sponding to that root; the result These procedures show how a function's || incorrect, because neither shows the proper y 
is a sc i-degree equation, which in this || development can be seen without tabulating |} value for x = 4. Even though Illustrations 5b 
case | - 7x + 10 = 0, and the solutions | |!t in detail. Now that the relative maximum, || and 5c are incorrect, they do represent the 


fact that the graph has two values of y for 
each value of x. If a few more points are tabu- 
lated, it will be seen that, because the curve 
is expressed by a radicand, each y value be- 
tween x = 3 and x = 5 has two values, each 
pair of which has the same absolute value, 
one being positive and the other negative. 
Thus the curve is symmetric with respect to 
the x axis. Illustration 5d shows the curve with 
more points plotted, and it can be seen that 
the curve is a circle. 


relative minimum, and inflection points are 
known, a tabulation can be made, choosing 
points of particular interest for a more precise 
idea of the function's behavior. 


4 


nd-degree equation are x = 2 and 
sh can be indicated on the x axis. 
s show where the function crosses 
The dotted line is a first approxima- 
tion of ihe function's behavior between the 
values of the roots. 
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CONICS 


The movement of a celestial body, the 
trajectory of a charged particle passing 
near a nucleus, and the variation of the 
volume of a gas with changing pressure 
are graphically represented by portions 
of curves known as conics. These curves 
were known two thousand years ago. 
Ancient Greek mathematicians showed 
that “cutting” a cone with planes pro- 
duced intersections, the shapes of which 
were named conics. These curves vary 
in shape and size depending on the 
angle of the intersecting plane with re- 


curves of intersection 


spect to the cone's axis. The conics are 
the circle, the ellipse, the parabola, and 
the hyperbola. The hyperbola is the only 
one to have two branches. 

The simplest properties of conics were 
studied thousands of years ago, but cal- 
culus had to be invented before it be- 
came known that a large number of 
phenomena can be described mathe- 
matically with curves of this type. Before 
understanding the applications of conics, 
however, the geometric properties of 
these curves must be known. 


THE CONIC SURFACE — The geometric sur- 
face used for generating conics is a right cir- 
cular cone. It has two nappes, shown in Illus- 
tration 1. All the straight lines that form the 
surface of the cone are called generatrices. 
These lines have a point in common, V, and 
form a constant angle « with a fixed straight 


1 


V 


line /-I’ passing through V. The line /-/’ is called 
the axis of the cone. The surface thus defined 
must be considered as having infinite extent 
in both directions in the direction of the axis. 
This follows from the fact that the generatrixes 
are themselves lines, and lines have infinite 
extent in both directions. 


CONIC SECTIONS—lllustration 2 shows how 
one can imagine that conics may be defined, A 
conic surface is intersected by planes 
shown. The curves common to the conic su 
face and the intersecting plane are the coni¢ 
sections, or conic curves. 

The circle.—The best-known conic is the 
circle, shown at c, obtained by intersecting 
the conic surface with planes perpendicul 
to the axis /-/’. (In the quite precise terminol 
ogy of geometry the shape of the curve is nol 
that of the circle itself but the circumferen 
of the circle. In this article, however, the word 
circle will be used.) If the intersecting plang 
is near the vertex, V, the circle is small; the 
farther the plane is from the vertex, the largi 
the circle will be. Smaller or larger circles 
may also be obtained by using cones whose 
vertex angle, a, is, respectively, smaller Qr 
larger. 

The ellipse.—f the conic surface is cut with) 
a plane that is inclined with respect to the axi 
/-/' at an angle greater than the vertex angle) 
a of the cone, a closed curve resembling à 
stretched circle is obtained. This curve Is am 
ellipse, shown at b, and is symmetric with re 
spect to the two straight lines that cross It 
perpendicular to each other that are its major 
and minor axes. 

The reader may question why, when thi 
cone is cut by an oblique plane, the curvatul 
at the ellipse's two opposite vertices is f 
same, even though it is different in the cone) 
If the diagram is examined carefully, howevel 
it will be seen that the plane forms an acul 
angle, an angle of less than 90°, with the gens 
eratrix, rather than a right angle. This accel 
tuates the curvature in the section. Nearer thel 
vertex, however, the curvature is broader, be 
cause the intersecting plane is almost perpen 
dicular to the generatrix. The curvature isi 
therefore, much closer to that of the cong) 
itself. 

The parabola.—lf the cone is intersected 
by a plane parallel to a generatrix, a parab 
ola, shown at d, is obtained. Unlike the circle, 
and the ellipse, the circumference of whl 
are continuous, the parabola is open. Its cul 
extends to infinity. It is infinitely long because) 
the intersecting plane is parallel to the gens 
eratrix and never meets it. 

As the angle of planes that intersect thé 
cone is varied with respect to the cone's axisi 
from 90° to a, the intersection’s shape grad- 
ually changes from a circle at 90° to an in- 
creasingly elongated ellipse. Considered from 
this point of view, the parabola is a specia 
case of an ellipse of infinite extent. 

The hyperbola.—if the cone is cut with 4 
plane parallel to the cone's axis, a curve made 
up of two parts rather than one is obtained 
because the plane intersects both of the cone s. 
nappes. As is the parabola, the hyperbola 
shown at a, is a curve extending to infinity: 
But the hyperbola approaches infinity both 
from the bottom and the top nappes; the curve 
Is said to approach both positive and negativ 
Infinity. Cones with different angles a at the 
vertex produce hyperbolas with different de~ 
grees of “openness.” Even within the same 
cone, the position of the plane nearer to Of 
farther from the axis determines how “open 
the hyperbola is. 

Approaching infinity, the two arms of each 
branch of a hyperbola tend to assume the 
direction of two distinct straight lines, diverging 
away from one another. The arms of a pare? 
ola, on the other hand, tend to assume the 
direction of a single straight line, that is, they 
tend to parallel one another and parallel the 
Curve's axis. 


THE CIRCLE—There are, of course, other 
ways of describing the conics. The simplest 
way of generating a circle is with a compass. 
A circle is in fact the locus, or path, of points 
in a plane that are equidistant from a common 
point, the center. The simplest conic is drawn 
with the simplest of geometric instruments. 
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CONSTRUCTING AN ELLIPSE (I)—The points 
on the circumference of an ellipse can be 
found if its major and minor axes are known. 
Assume that lines AB and CD shown below 
are, respectively, the major and minor axes of 
this ellipse. 

First, use a compass to draw a circle, the 
diameter of which is equal to the minor axis, 
CD. The center O of the circle is at the point 
where the ellipse’s two axes meet. 


Now draw line a parallel to AB, the major 
axis, so that a intersects the circle at a point 
e and the minor axis at f. Measure fe; then 
using the proportion fg:fe = AB:CD, find fg. 
Mark g as shown. If, for example, the major 
axis AB is twice the minor axis CD, fg will 
be twice fe. The point g so obtained is a point 
on the ellipse, as is the symmetrical point g’, 
on the "other side" of the ellipse, and fg = fg’. 

Now, repeat the operation with an appropri- 


ate number of lines parallel to AB 
points are found so that an elli 
drawn by connecting the points 
with a smooth curve. 

In a similar manner an ellipse c: 
starting with a circle drawn to the 
major axis. 


| enough 


can be 
sequence 


be drawn 
ze of the 


CONSTH?!CTING AN ELLIPSE (II)—An ellipse 


may be Jawn making use of two important 
points o: tts major axis called foci. The sum 
of the &/« :nces from the two foci to any point 
on the is constant. 

As liii n 5a shows, two pins are fixed 
into a ' of paper and a piece of string 
greate »ngth than the distance between 
the pc s fastened to the pins. If the point 
ofar 5 then held against the string so 
that t vg is always tight, and the pencil 
is mo an approximately circular motion 
arour« ine joining the two points, an el- 
lipse : drawn. 

A il ethod of drawing an ellipse, as 
show: istration 5b, uses a simply con- 
structie ument and a square. The instru- 
ment of a thin strip of wood or strong 
cardhi ith two pins stuck through the 
center ! the strip, one toward one end 
and tí ' in the center of the strip. The 
pins pr through the strip a thirty-second 
ofani so. In line with the pins and at 
the en ‘ne strip that has no pin, a hole 
large € or the point of a pencil is made. 
To dra ellipse, two straight lines are 
drawn 'dicular to each other. A square, 
say, th orner of a drawing triangle, is 
placed i of the four quadrants into which 
the two divide the paper. 

The | nent, which is called an ellipso- 
graph, | ed on the paper so that the two 
pins be inst the two sides of the square. 
Keepin ‘in points bearing on the square, 
move i: cil so that the pencil point will 
trace a. this is one quarter of an ellipse. 
The oth ;e quarters are formed by placing 
the squ ‘he other quadrants and similarly 
tracing rve with the ellipsograph. 

Se 
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THE H ‘OLA—Like the ellipse, the hy- 
perbola wo foci and can be constructed 
Starting !hose two points. The ellipse is 
the loc: | s a plane of points, the sum of 
whose ces from the two foci is constant. 
The hypo ola, on the other hand, is the locus 
in a pieno of the points, the difference of 
whose d ices from the two foci is constant. 
To construct the hyperbola, a compass is 


used to draw circles with a common center at 
one focus, /, and with any radii. Then, with a 
Common center at the other focus, f", circles 
are drawn with radii equal to the sum of that 
drawn at the first focus and some common 
amount, d. 

The intersections of the corresponding pairs 
of circles are all points of the hyperbola, and 
the points are then connected to form the 
Curve. All these points are a fixed distance, d, 
farther from one focus than from the other, 
Which is the definition of the points of a hy- 
Perbola. 

This method produces one of the curve's 
two branches. The other is obtained by draw- 
ing the smaller circles at the second focus as 
Center, and vice versa for the larger circles. If 
the distance between the foci is increased, for 
example, by doubling d, less open hyperbolas 
are formed. 


THE PARABOLA—A parabola can be drawn 
starting with a straight line and a point out- 
side the line. The curve is formed by all the 
points in a plane that are equidistant from both 
the line and the point. The line d is called the 
directrix, and a point f outside it is the focus. 
Lines parallel to the directrix in the direction 
of f are first drawn, shown as light lines in the 
illustration. Then a compass is used to draw a 
circle with a radius equal to the distance of 
the first line from the directrix. The first line 
should be at least one-half the distance be- 


tween d and f. Call this distance a. Then a 
circle of radius a is drawn. The center of the 
circle is at f. The intersections of the first 
circle and the first line are points on the pa- 
rabola. Then a second circle is drawn, again 
with its center at f. The radius of the second 
circle is the distance of the second line from 
d. The intersections of this circle with its line 
are also points on the parabola. The process 
is repeated over and over until enough points 
are found to connect and form a parabola of 
the size wanted. 
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APPLICATIONS OF CONICS | 


To the ancient Greek mathematicians 
studying the properties of conics, these 
curves had no practical value except as 
abstract geometrical concepts. For many 
years, in fact, until the Renaissance the 
properties of conics were studied only for 
theoretical purposes. After the invention 


HOW TO OBTAIN CONICS BY MEANS OF 
PROJECTIONS — In an earlier chapter the 
method was shown for producing conics by 
intersecting a conic surface with planes ar- 
ranged at various angles to the surface. This 
rigorous definition can be demonstrated in an 
experiment that can be easily made in the 
home; a spotlight or flashlight that produces 
à cone of light having clearly defined contours 
and a wall or screen are the only equipment 
necessary. 

A circle can be produced by holding the 


of the calculus by Isaac Newton and 
Gottfried Leibniz, conics were recog- 
nized as being useful to the study of the 
movements of heavenly bodies. By the 
beginnings of the 1600s, Johannes Kepler 
had already discovered that the orbits of 
the planets are ellipses rather than cir- 


1b 


lamp so that the axis through the bulb is per- 
pendicular to the surface onto which the light 
is to be projected, as in Illustration 1a. 

An ellipse is produced by inclining the lamp 
so that the light falls on the surface obliquely, 
as in Illustration 1b. 

As the lamp is inclined still farther, increas- 
ingly elongated ellipses will be formed until, 
just as the cone of light at one element of its 
boundary becomes parallel to the screen, one 
Point on the ellipse disappears to infinity and 
a parabola is produced, as in Illustration 1c. 


in headlights and 
in the heavens 


cles. Later, it was found that `n general 
all other heavenly bodies subi=>ted to a 
gravitational field follow pars lic or hy- 
perbolic orbits. 

A large number of phenon: = of mat- 
ter and the universe can be d: ribed by 
conics. Several are presented sre, 


As the light is inclined even more, the eu 
produced by the intersection of the cone of 
light with the surface changes into a hyper- 
bola, as in Illustration 1d. 

This experiment is a physical demonstration 
of the intersection of planes at various angles 
With a cone. The lamp serves as the cone, oa 
the wall or screen serves as the plane. Instea¢ 
of varying the angle of the plane, this expel 
ment varies the orientation of the cone, whic! 
is really the same thing. 
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A PROJECTO CONIC—The conics are such 
that if the: © projected from any plane onto 
another p the projection is still a conic. 
Suppose. xample, that an ellipse on plane 
a is proje onto plane £ from point A. The 
projectio stili an ellipse. By appropriate 
choice of oint of projection and alignment 
of the two , an ellipse can be projected 
into a cir parabola into a hyperbola, and 
a hyperbe ^io any other conic whatsoever. 
For this : the conics are usually said to 
form a si 'family" of curves. 

2 
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THE MOVEMENT OF THE COMETS—A comet 
is made up primarily of a mass of dust and 
9as. Hundreds of millions of small comets are 
thought to exist. Probably because of the gravi- 
tational attraction of planets and possibly stars, 
Some of the comets occasionally "fall" toward 


by heavenly bodies. The diagram shows the 
shape of the ellipse that the planet Mercury 


circle. The sun is located at one of the two 


3 


the sun along a trajectory that is almost a 
parabola. Sometimes the gravitational attrac- 
tion of the major planets changes the comet's 
orbit from a parabola to an ellipse. In this case, 
the comet may periodically circle close to the 
sun until the comet "burns up." Parabolic or 


THE ELLIPSE AND THE MOTION OF HEAV- 
ENLY BODIES AROUND THE SUN — Until 
about 1600, it was thought variously that the 
planets moved around the sun or around the 
earth in circular orbits. Johannes Kepler, how- 
ever, proved that planets orbit the sun in el- 
liptical paths, and about a century later, Isaac 
Newton used the laws of dynamics to deter- 
mine the exact shape of the ellipses followed 


follows around the sun; the path is almost a 


foci—they are quite close together—of the 


elliptical orbit that Mercury follows. The planet 
travels at a variable speed, increasing as it 
nears the sun, and decreasing as it moves 
farther away. (It would be more accurate to 
say that the sun is situated at the center of 
gravity of the system made up of the sun and 
Mercury, but the sun's enormous mass makes 
the difference negligible.) Mercury's is one of 
the flattest of the planetary orbits. The elliptical 
orbits of Venus and the Earth are even more 
like a circle; a diagram on the scale shown 
here would not allow one to distinguish the 
orbit from a circle. 


Mercury's orbit 


Neptune 


comet's orbit 


hyperbolic trajectories, on the other hand, 
direct them away from the sun into interstellar 
space. A hyperbolic trajectory is also the path 
of a high-speed celestial body, such as a me- 
teorite, that approaches but does not strike 
the Earth. 
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THE BOMBARDMENT OF ATOMIC NUCLEI— 
Atomic nuclei carry a positive electrical charge 
because they contain protons. To study nu- 
clear structure, the nucleus may be “bom- 
barded" with other atomic nuclei, or nuclear 
particles. The resulting path of the bombard- 
ing particle, or the fragments or new particles 
formed by the bombardment, gives information 
about the conditions and makeup of the nu- 
cleus. Protons are frequently used as bom- 
barding particles; they are first accelerated to 
high speeds using particle accelerators, A 
Proton approaching an atomic nucleus that has 
a positive charge is repelled by the nucleus; 


this repulsion tends to slow the particle, and 
deflects it from its original trajectory. 

The diagram in Illustration 5a shows the 
deflection of a proton approaching an atomic 
nucleus at high speed. The path followed by 
the proton at a great distance from the nucleus 
is shown by the straight line h. As the particle 
moves closer, it is subjected to increasing re- 
pulsion and shifts away from its original path. 
At the end of the interaction between the pro- 
ton and the nucleus, the proton's path is that 
of the straight line ^'. The trajectory followed 
by the proton as it approaches and recedes 
from the nucleus is a hyperbola, and the two 
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lines h and A’, which the hyperb: 


at great distances from the nuc: 
the asymptotes of the hyperbo: 


approach their asymptotes b 


reach them. (The deflection c: 


particle by another into a hyp: 
called “Coulomb scattering," be 
duced by the forces of electro 
or attraction first measured by 
lomb, eighteenth-century pione 
theory.) 

The angle formed by the two 


a hyperbola determines the sh: 


perbola, as can be seen in Illu 


THE PARABOLIC MIRROR—The diagram in Il- 
lustration 6a illustrates a property of parabolas 
that is utilized in optics. Imagine a light located 
at the focus of a parabola. The focus is 
Shown at f in the diagram. A ray of light leav- 
ing the focus and striking the parabola will be 
reflected parallel to the axis of the curve 
(broken line) and toward its open end. Several 
rays are shown, striking the Parabola at p,, Po, 
D», and p,. Any other ray emanating from the 
focus will be similarly reflected. 

Imagine that this parabola has been rotated 
around its axis. A "shell" will be formed that 
is a three-dimensional Parabola, or paraboloid. 
If a light bulb is placed at the focus of this 
shell (Illustration 6b), all the rays of light 
emerging from the focus are reflected by the 
inside surface as a sheaf of parallel rays. This 


is the principle of a parabolic reflector, such 
as the reflector used in automobile headlights, 
flashlights, or the lights used for navigation at 
Sea. On the other hand, if parallel light rays 
are projected onto a paraboloid mirrorlike 
Surface, they will be reflected by the surface 
toward one point, the parabola's focus. Astro- 
nomical telescopes utilize Such mirrors, and an 
image of the source of light, for example, a 
Star, forms at the focus. 

If the source of light is the sun, an enormous 
amount of light and heat is concentrated at 
one point, forming a solar furnace. The idea 
of converging the sun's light by means of 
parabolic mirrors may have given rise to the 
legend of the "burning mirrors" that Archi- 
Medes is said to have used to destroy the 
Roman ships that attacked Syracuse. 


n electrical 


ymptotes of 
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een OF A BODY IN THE ATMO- 
Ward Her Ey path of any object thrown out- 
aa m the surface of the Earth is a parab- 
abe i one exception being an object thrown 

solutely vertically. The parabolic path is 


, 


taken by a stone, a baseball, or a bullet fired 


from a gun. The object, after 


covering a path 


the length of which will vary according to the 
initial velocity, will fall back to the Earth's 


surface under the influence of the force of 


gravity. A striking picture of such paths (Illus- 
tration 7) is provided by an erupting volcano 
viewed at night, when the luminous paths of 
red-hot lava can be seen to be parabolic. 


INFINITY 


A FUNCTION THAT BE- 
COMES INFINITE — This 
graph shows part of the 
function y — 1/x for the 
values of x greater than 
zero. When x becomes quite 
small and approaches zero, 
the function 1/x grows be- 
yond any finite limit, How- 
ever large a number can be 
imagined, the functional 


value becomes larger, as x 
is given a small enough 


value. The function is there- 
fore regarded as tending to 
infinity as x tends to zero. 
In essence there is no finite 
numerical limit for y as x 
tends to zero. The function, 
therefore, is not defined at 
the point x — 0. This rela- 
tion is stated as 


lim 1/x = co 
x20 


an expression read as: "the 
limit of the function 1/x as 


beyond the known 


The nature of the infinite is usually 
thought of as something philosophical or 
poetic. It is, however, possible in an en- 
tirely different sense to find ways of 
treating the infinite as a mathematical 
entity, using expedients that will be de- 
scribed here. The concept of infinity is 
extremely useful and makes possible a 
better understanding of many facts of 
mathematics. For example, it is impossi- 
ble to develop the theory of functions 
without using the concept of infinity. 

As with all concepts in mathematics, 
that of infinity must be clearly understood 
to be useful. The properties of the con- 
cept must be defined and delimited. The 
mathematical concept of infinity may be 
applied only to certain entities, irrespec- 
tive of whether those entities possess 
them in the real world. 


INFINITY IS NOT A NUMBER 


X approaches zero is in- 
finity." 

In fact, there is no defini- 
tion for division by zero. A 
function that has a limit at 
a. point, but is not defined 
at that point, is said to be 
discontinuous at the given 
point; y = 1/x is an ex- 
ample of a function that is 
discontinuous at the point 
x=0. 


The idea of infinity brings to mind some- 
thing extremely large, something bigger 
than anything imaginable. For example, 
infinity is something bigger than a sphere 
big enough to contain the universe. It 
is the “sphere” that contains more than 
everything that imagination succeeds in 
producing. Imagine a succession of points 
on a line, with each point farther and 
farther from a fixed point on the line. 
The “point at infinity” is farther from the 
fixed point than any member of this suc- 
cession of points. By definition, there- 
fore, the “point at infinity” is farther from 
the given fixed point than the mind can 
imagine. 

In trying to imagine the concept of in- 
finity, the dimension of concrete entities 
is sometimes used; these entities are usu- 
ally measured, such as a volume in cubic 
meters or cubic feet, or a length in meters 
or feet, or any of the other units of 
measurement. Infinity may be imagined 
as a magnitude larger than all the magni- 
tudes that can be thought of; for exam- 
ple, the magnitude of the volume of the 
largest sphere that can be imagined as 
fitting into the universe, This magnitude 
can be accepted as infinite. To do so, 
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however, is to accept an i oper defi- 
nition of infinity. Infinity, ict, is not 
a number; mathematician: ially indi- 
cate it with a symbol sha; omewhat 
like the numeral 8 on its sic . In order 
to say that infinity is a nu: ordinary 
arithmetical operations suc multipli- 
cation, addition, or di uld need 
to be defined for it. How cx 1 number 
be divided by infinity, or nity by a 
number? How could any ot) operation 
be applied to infinity? None his can be 
done according to the rules -í ordinary 
arithmetic. 

Thus, the first thing to rem: aber about 
infinity is that it is not a nur er. 
ENTITIES CAN TEND 
TOWARD INFINITY 
One of the possible ways of fining in- 
finity is to say that it is the ! to which 
something can grow or « and if it 
grows or expands without nd. Con- 
sider, for example, the frac l/x. If x 
is given numerical value: — excluding 
zero), the fraction, or the tient of 1 
divided by x can be calcul.» !. For ex- 
ample, if x — 1, the fractio: uals 1; if 
x=6, the fraction equals 0.1° 5666..., 
and so forth, 

If x takes extremely small v nes, much 
less than 1, the fraction ass: «cs values 
much greater than 1; for exame, if x is 
equal to 1/1,000,000, the fraction equals 


1,000,000. If x is given even staller val- 
ues, the value of the fraction is even 
larger. 

Imagine an extremely large number y. 
It is always possible to find some value of 
x so small that the the fraction 1/x is 
larger than y. In terms of this relation- 
ship, infinity can be considered as the 
magnitude of the fraction 1/x as x tends 
to zero. Thus, infinity can be defined as 
the transfinite number that is the limit of 
a numerical quantity without bound. 

The concept of transfinite numbers, de- 
veloped by the German mathematician 
Georg Cantor, deals with many distinct 
orders of nondenumerable infinity, but 
no inconsistency is discoverable. 


THE USEFULNESS OF THE 
CONCEF. OF INFINITY 

A lengtt alysis is required to deter- 
mine al examples in mathematics 
needed v the value of the concept 
of infin: ly one particularly signifi- 
cant exc is given here. 

A stro ne extends indefinitely or 
infinite! pposite directions, A point 
of origi je determined on the line 
and a ui ;easurement can be chosen 
such th: point on the line corre- 
sponds umber that expresses the 
number its from the point to the 
origin in of that unit of measure- 
ment. E: point can therefore be as- 
sociated one and only one number. 
Howeve: point on the line cannot be 
defined ! umber; it is the point lying 
farther | the origin than all other 
points—t! int at infinity. This can be 
imagine: he point more distant than 
all those ts to which a measurement 
correspo: 

If the pt of infinity is understood 
in this \ he line seems to have its 
ends “ck T" by the points at infinity. 
This is à: mely important concept. 
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SEGMEN’ 
straight |i 
from an c 
a segme 
ment. An 
cated by 
Separatin: 
unit of m: 
of the line 
and let P b; 


D INTERVALS — Consider the 
‘ilustration 3a. The line starts 
), and starting from the origin, 
arked as the unit of measure- 

i on the line can then be indi- 

nber expressing the distance 
om the origin in terms of that 
ement. Let OU be the segment 
«sen as the unit of measurement, 
1y point on the line. The distance 
easured as 2.5, because the seg- 
5 times longer than the segment 

point on the line, therefore, a 
sponds; conversely, to every num- 
ber, a point on the line corresponds. 

The location of any point on a line may be 
Shown by a short line drawn perpendicular to 
the line itself. That part of the line lying be- 
tween any two points is called a line segment. 
Obviously the line as drawn cannot show all 
Possible line segments lying between the origin 
and infinity. It can be even less meaningful to 
try to indicate the line segments lying between 
the point P and infinity. Thus the arrowhead 


ANOTHER FUNCTION THAT TENDS TO IN- 
FINITY—The function in this graph is half of 
a parabola that is represented by the equation 
y = ax?, where a is a constant of proportion- 
ality. The points of the parabola tend to 
infinity as x grows indefinitely. If a — 1, as in 
Illustration 2a, the equation of the parabola be- 
comes y = X^. As the value of x becomes un- 
bounded, the value of x? also grows without 
bound, so that if x tends to infinity, x? also 
tends to infinity, and the functional value tends 
to infinity. 

Illustration 2b, on the other hand, shows the 
parabola y = 10x?, where a = 10. In this case 


and infinity symbol are placed at the end of 
a line to indicate the enormous length, or 
distance, that lies between any given point (in 
this case, point P) on the line and infinity. 

A segment may also be subdivided into 
smaller segments by indicating various points 
on it and giving each point the number that 
measures the distance of the point from the 
origin—in some convenient unit of measure. 
A segment can therefore represent all the 
numbers included in a finite interval. However, 
an important distinction between segments of 
this type should be made. As in the case of 
Illustration 2b, only the points of the segment 
are to be shown, including the minimum value 
(zero) and the maximum value (in this case, 2). 
As has been done here, short lines perpendic- 
ular to the segment are drawn at the ends of 
the segment to show that the extremes are 
included. 

The graph of the function y = 1/x (Illustra- 
tion 3c) demonstrates how both “ends” of the 
curve approach, but never reach, infinity. In 
the same way, the lines forming the coordinate 


12345678 9 10 11 


as well, as x grows without bound, y tends 
to co. 


axes approach, but never reach, infinity. Also 
indicated is the inability to define the opera- 
tion of division by zero. A point of intersection 
of the curve and one of the axes would seem 
to be a proof of the possibility of division by 
zero, but this does not take place, no matter 
how far toward infinity each end is extended. 
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PRIME NUMBERS 


The theory of numbers deals with the 
properties of integers (whole numbers), 
including the divisibility of one integer 
by another for which the quotient is also 
an integer. At first sight, the property 
seems so elementary as to make the prob- 
lems involved extremely simple—but this 
is by no means the case. 

The first mathematicians to work in 
this field were the ancient Greeks, who 
achieved substantial results, but during 
the following period of more than 1,500 
years, virtually no progress was made. In 
the more recent past, however, some ad- 
vances have been made, but with great 
difficulty and few results, because this 
facet of mathematics has no systematic 
method for solving its characteristic 
problems. 


EUCLID—An Alexandrian mathematician who 
lived during the third century B.C., Euclid used 
a fairly simple procedure to show that prime 
numbers are infinite in number. This fresco of 
Euclid is part of “The Glorification of Wisdom” 
in the Spanish chapel of the church of Santa 
Maria Novella, Florence. 


————————— 


The theory of integers is, today, in the 
same situation as were certain studies of 
functions before the invention of calcu- 
lus. Mathematicians, therefore, are forced 
to perform many and complicated calcu- 
lations in order to build up their demon- 
strations in this field. Eventually, of 


course, they may succeed in finding a 
method adapted to the study, in the same 
way that calculus was adapted to the 
studies of certain properties of functions. 

There are limited uses for the theory of 
numbers at the present time, at least in the 
field of applied mathematics. It is of no 
use in determining construction methods, 
for example, or in the study of the be- 
havior of physical systems, There is little 
doubt, however, that the invention of a 
method for studying the problems char- 
acteristic of integers would have inter- 
esting applications in certain branches of 
mathematics and physics. An important 
application is that of functions of which 
values are known at only certain points. 
The methods used for studying prime 
numbers could possibly be applied to 
these functions, simplifying the methods 
now in use. 


PRIME NUMBERS 


When applied to integers, the four arith- 
metical operations behave in a particular 
way: The sum of two integers is an in- 
teger, as is the difference and the prod- 
uct of two integers; but the quotient of 
two integers is not always an integer. 
A division x of a number y is an integer 
that is a factor of y. For example, 32 is 
4 times 8; therefore, 4 is a division of 32, 
and 32 divided by 4 is 8. 

Any integer other than 1, that has no 
divisor except itself and the number 1 
is said to be prime or a prime number. 
The number 1 itself may be considered as 
prime. All the integers may be divided 
into three classes: unity, which is another 
name for 1; prime numbers; and com- 
posite numbers. The latter are formed 
by the product of prime numbers. An 
integer that is neither 1 nor a prime num- 
ber, therefore, is a composite number— 
formed by the product of prime numbers. 


HOW MANY PRIME NUMBERS? 


It is not difficult to find prime numbers; 
those below 40 are 1, 2, 3, 5, 7, 11, 13, 17, 
19, 23, 29, 31, and 37. Notice that there 
are fewer prime numbers among the 
larger numbers. There are 4 primes less 


a simple world of 
many mysteries 


L iy 
ERATOSTHENES — A Greek astronomer, Era: 
tosthenes, devised a method ‘or finding all 
the prime numbers less than a given num 
ber. 


than 10, and 4 between 16 and 20; but 
only 2 between 20 and 30, aiid 2 between 
30 and 40. A list of more prime numbers | 
would show that they become increas- 
ingly less frequent in any set of larger: 
numbers. The assumption might be mat 
that their increasing rarity might finally 
lead to their complete disappearance: 
and at a certain point, there would be 
no more of them. This assumption leads 
to the conclusion that there would then 
be one prime number larger than all the 
others. This conclusion, however, is false; 
there is an infinite number of prime num 
bers. The demonstration of this fact 
simple and dates back to the days of 
Euclid. 

To show that an infinite number oF 
primes exist, start with the assumpti: 
that there is a prime number larger th: 
all others—the largest and the last pri 
number; call it p. From the general de 
nition of an integer there is always 
integer greater than p. Next form 
following product: 


(1559 599€4:505..... 


xp)tk 


that is, multiply all the positive integers 
together from 1 through p and add 1. 
The number obtained is not divisible by 


any num! 


1 to the 
factor c: 
numbers 
divisors 
In othe: 
divisib!: 
visible | 
c. In th 
equal tc 
any of 
which : 
constr 
a comp: 
given b: 
number: 
either a 
than p 
and all 
plus 1; o 
ber, but 
number 
taken int 
is necess 
der the 
prime, à! 
in the p! 
conside: 
bilities 
Thus, i 
number 
any arbi 
bers is i 
PIERRE 
tician tric 
determin: 
He reache 
bers with 


- less than p. In fact, adding 


luct means that a common 
* be found from among the 
than p that represent the 
first part of the expression. 
s, if in a sum (a+b), a is 
number c, the sum is di- 
ily if b is also divisible by 
ession above, b, which is 
certainly not divisible by 
ine numbers up to p, for 
visible. Thus the number 
the product plus 1 is not 
umber because it is not 
oduct of the known prime 
than p. The number is 
number, certainly greater 

e it is the product of p 
ther numbers less than p, 
in fact a composite num- 
ivisible by another prime 
had not previously been 
ount. This prime number 
:reater than p because, un- 
stion that p is the largest 
;e numbers less than p are 
t and have been taken into 
There are no other possi- 
number so constructed. 
case, there is a prime 

r than p, and since p has 
alue, the set of prime num- 


"MAT—This French mathema- 
‘tablish an a priori criterion for 
ether or not a number is prime. 
(false) conclusion that all num- 


torm (2?" + 1) are prime. 


THE SIEVE OF ERATOSTHENES 


A simple method exists for finding prime 
numbers less than a given number. The 
method was devised by the Greek astron- 
omer Eratosthenes, and dates back sev- 
eral thousands of years. It is not the only 
method, because other methods can be 
imagined, but it is a fairly practical one. 
To apply it, write all the positive integers 
between 1 and the given number; that is, 
write the set of all the whole numbers 
less than a given number. Cross out all 
the even numbers starting from 4, be- 
cause they are multiples of 2 and there- 
fore not prime. The next number greater 
than 2 that is not crossed out is 3. This 
number is divisible only by itself and 1, 
so it is a prime. Cross out all the multi- 
ples of 3 beyond 3. The next number be- 
yond 3 that is not crossed out is 5, and 5 
is divisible only by itself and 1, so it is 
prime. Cross out all the multiples of 5 
beyond 5. This process is continued with 
7, which is the next number not crossed 
out, and then the next, and so forth until 
the highest number in the series is 
reached. 


ist eerte Toe qos ds du) 
11 12 13 14 15 16 17 18 19 20 
21 22 23 24 25 26 27 28 29 30 
31 32 33 34 35 36 37 38 39 40 
41 42 43 44 45 46 47 48 49 50 
51 52 53 54 55 56 57 58 59 60 
61 62 63 64 65 66 67 68 69 70 


71 72 T3 74 75 76 TT 78 79 80 
81 82 83 84 85 86 87 88 89 90 
91 92 93 94 95 96 97 98 99 100 


In this process by the time 11 is reached 
subsequent attempts to cross out multi- 
ples encounter integers already crossed 
out. For example, the multiples of 23 
need not be crossed out because those 
multiples less than 100, that is, 23 x 2, 
23x3, and 23x4, have already been 
recognized as multiples of other prime 
numbers; that is, of 2 and 3. In general, 
when a number is reached that is just 
larger than the square root of the last 
number of the series, the crossing out 
can stop. 

This system of finding the prime num- 
bers, the "sieve of Eratosthenes," is so 
named because it is like a filter that lets 
through the primes and stops the non- 
primes. 


LEONHARD EULER — The Swiss mathemati- 
cian Leonhard Euler calculated many of the 
numbers of the form (22" +1) and proved 
that (22° + 1) is not prime because it is divis- 
ible by a prime number. This exception proved 
that Fermat's formula for prime numbers 


(2^ + 1) was not valid. 


MORE DIFFICULT PROBLEMS 
THAT HAVE NO SOLUTION 


Most of the problems of prime numbers 
are extremely difficult, and no solution is 
known for many of them. On the other 
hand, they are extremely simple to state. 
After proving that an infinite number of 
prime numbers exists, how is any one 
number determined to be prime or not? 
For example, is (275 —1) prime? The 
answer is not known, and there is no gen- 
eral rule for finding it. Moreover, there 
is no formula that represents even some 
prime numbers, let alone a formula for 
all of them. 

More than two hundred years ago the 
French mathematician Pierre de Fermat 
thought that all numbers of the form 
2?"--1) were prime. He was quite cer- 
tain of the claim, even though he never 
found a demonstration of it. The Swiss 
mathematician Leonhard Euler later 
tried to form all the numbers represented 
by that expression, and he found exam- 
ples such as n —5 for which the result 
(about 4 billion) is divisible by the 
prime number. With this he destroyed 
Fermat's claim. The claim is completely 
false, but no rigorous demonstration of 
its falsity has yet been found, other than 
a counterexample. 
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3 sides 5 sides 


7 sides 


11 sides 
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REGULAR POLYGONS AND PRIME NUMBERS 
—When the German mathematician Johann 
Karl Gauss was 18 years old, he showed that 
regular polygons with an odd number of sides 


Another apparently simple problem 
also awaiting a solution is the following: 
There are pairs of prime numbers that 
differ by only 2; examples are 3 and 5, 
5 and 7, 11 and 13, 17 and 19, 29 and 31, 
41 and 43, 59 and 61, and 71 and 73. 
How many such pairs are there? Are they 
finite or infinite in number? 


THE GOLDBACH CONJECTURES 


In correspondence between mathemati- 
cians Leonhard Euler and C. Goldbach in 
1742, there arose the conjectures that (1) 
any whole number can be expressed as 
the sum of three prime numbers and (2) 
that any even. whole number can be ex- 
pressed as the sum of two prime numbers, 


17 sides 


19 sides 


equal to (22^ + 1) can be constructed with a 
compass and a straightedge. These first "Fer- 
mat numbers" are 3, 5, 17, 257, and 65,537. 
The polygons in the illustration of 3 sides, 5 


That this second conjecture is true in 
à very large number of cases is not the 
least bit difficult to demonstrate. For ex- 
ample, 32 can be expressed as the sum of 
29 and 3. The number 30 can be writ- 
ten as the sum of 17 and 13, and so forth. 
Mathematicians have tried this process 
on many even numbers and have always 
found a pair of prime numbers whose 
sum is the given number. However, this 
does not mean that the operation is al- 
ways possible. In trying to demonstrate 
this conjecture, some mathematicians 
have given a partial proof; that is, they 
have expressed an even number as the 
sum of not only two prime numbers, but 
many more. Part of the conjecture, that 
any whole number can be expressed as 


23 sides 


Sides, and 17 sides are examples of these. 
Other polygons with odd numbers of sides E. 
be similarly constructed if their numbers of 
sides are the products of Fermat numbei 


the sum of only three prime numbers, 
remained unsupported until recently. 

In 1930, mathematician L. Schnirel 
mann proved that any whole number can 
be represented by the sum of at most 
800,000 prime numbers. In 1935, mathe- 
matician N. Romanoff offered proof that 
only 2,208 prime numbers were required: 
In 1936, mathematicians Heilbronn, Lan- 
dau, and H. Schnerk reduced the number 
further to 71, and in 1937 G. Ricci re- 
duced it to 67. i 

In 1937 also, U.S.S.R. mathematician 
I. M. Vinogradow proved that any large 
Whole number can be expressed as the 
sum of three prime numbers. Four years 
later, Vinogradow received the first Stalin 
prize for this work, 


THE POLAR 
da 


On a C: plane; that is, on a plane 
defined pair of intersecting axes 
(usually straight, perpendicular 
lines), « int is identified by a pair 
of num he Cartesian coordinates. 
Their si; nce is similar to that of the 
two coo s, latitude and longitude, 
that are ied on the Earth's surface 
and are : to describe the position of 
any loca! it. The Cartesian coordi- 
nate syst: devised by French philos- 
opher Rc escartes, is useful in relat- 
ing geo: problems to algebraic 
problem: 

Frequ in mathematics, or for that 
matter, ^ subject, complicated prob- 
lems se possible to solve until a 
simple n of representing the terms 
of the p: ; is devised. The advent of 
Cartesia ‘dinates is an example of 
such a ied representation. How- 
ever, the ian system is not the only 
system ^ h algebraic and geometric 
probler be related. 

Ona f the Earth, on which lines 
of latitn d longitude are shown, the 
lines of | le are perpendicular to the 
lines of | ude near the equator. These 
coordinate- «re similar to what is known 


‘al, or right-angle, Cartesian 
The intersections between 
5. lines of latitude, and me- 
, lines of longitude that are far 
from the equator and nearer one of the 
poles, look quite different; they certainly 
do not appear perpendicular. 

A long way from the equator, although 
still perpendicular at the points of inter- 
section, the coordinates seem oblique. In 
fact, the parallels have an increasingly 
larger radius of curvature, and the me- 
ridians move closer together toward the 
Doles, and do, in fact, meet at each pole. 
This arrangement of the coordinates is 
useful, and may even be the best possible 
for use on the Earth's surface. 

Returning to the idea of coordinates 
9n a plane other than Cartesian coordi- 
nates, the system of polar coordinates is 
another system in which the position of 


)RDINATES 


line locate a point 


a point is identified by a pair of num- 
bers. Although representing points on a 
plane with Cartesian coordinates has 
many advantages, other sets of coordi- 
nates are useful under certain circum- 
stances. 

In the article on the locus of points de- 
fined by Cartesian coordinates, the shapes 
of several geometrical loci were repre- 
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CARTESIAN COORDINATES AND POLAR CO- 
ORDINATES—Before examining how a point 
on a plane is represented in terms of polar 
coordinates, it is helpful to review the methods 
used to represent a point on a plane in Car- 
tesian coordinates. The plane in Illustration 1a 
is defined by two straight lines perpendicular 
to each other, intersecting at the origin, O; 
these lines are the x and y axes. To identify 
the position of a point P, two lines are drawn 
from P parallel to the two axes and intersect- 
ing the axes at a and b, as shown by the two 
broken lines. The position of any point is iden- 
tified in units of x and y as (x,y). For point P, 
the position is (a,b), meaning that P is a units 
from the y axis measured in the direction par- 
allel to the x axis, and is b units from the 
x axis measured along a line parallel to the y 
axis. The point is, therefore, identified by the 
pair of numbers that measures the length of 
the two broken lines. 

Illustration 1b shows a plane on which have 
been superimposed polar coordinates. These 
are defined by drawing from a center point O, 
called the origin of the coordinates, a hori- 
zontal straight line forming the axis of the 


a 


an angle and a straight 


sented by means of algebraic equations 
based on Cartesian coordinates. Several 
complex geometrical curves were ex- 
pressed by algebraic equations that were 
quite simple. However, certain geometric 
loci expressed by complex equations in 
Cartesian coordinates can be represented 
in very simple equations when expressed 
in other coordinates. 


polar coordinates. The balance of the plane 
is divided by drawing straight lines radiating 
outward from the point O and circles with the 
origin as their center. The radius of one of the 
circles is taken as a unit distance. A suitable 
circle can then be drawn with a radius cor- 
responding to any real number. The position 
of a point P is determined first by joining it 
to the origin of the coordinates by a straight 
line called a radius vector. The length of the 
line, shown heavier than all lines except the 
axis, measures one coordinate, the distance 
of the point from O. The angle formed by the 
radius vector and the axis, usually measured 
counterclockwise, is the second coordinate of 
the point P. The distance from the origin is 
usually identified by p, the Greek letter rho; 
the angle, by 0, the Greek letter theta. The 
two coordinates of a point are written (p,0). 

To summarize, Cartesian coordinates of a 
point are stated in terms of the two lengths 
of two line segments, while polar coordinates 
are stated in terms of the length of one line 
segment and an angle. Cartesian coordinates 
of a point are indicated (x,y); polar coordi- 
nates, by (o,6). 
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A TOWN DIVIDED BY POLAR COORDINATES 
—In the study of Cartesian coordinates, a map 
of Manhattan Island was shown as an example 
of the use of an approximate Cartesian system. 
Manhattan is divided up by a number of par- 
allel avenues and streets that are perpendicu- 
lar to the avenues. The illustration here shows 
the city of Milan, Italy, divided up as an ap- 
Proximate polar system. Milan has several 


radial arteries, starting from a center, that are 
intersected by a number of concentric ring 
roads. These latter are not exactly circular, 
but this map gives an approximation of polar 
coordinates. Although points in this city are 
not so identified, a given point in the city 
could be indicated by its distance from the 
center and an angle from Some street used as 
a reference axis. 


POLAR COORDINATES AND THE GEQ- 
GRAPHIC POLES—This diagram shows the 
arrangement of the geographical coordinates 
near one of the Earth's poles. The parallels 
on a globe are concentric circles around the 
pole; the center circle is the equator and the 
meridians are radial lines starting from the 
pole as shown. Near the poles, the geographi- 
cal coordinates are an exact example of polar. 
coordinates. The opposite pole of the Earth; 
is, of course, similar. The configuration of 
geographic coordinates of the poles is the 
reason for the name "'polar coordinates. 


NATURE'S APPROXIMATION OF POLAR CO- 
ORDINATES—Some spiders weave webs that” 
look much like polar coordinates. This illus- 


tration shows a lacy, delicate web made up of 


lines that radiate from a common point 
Around that point there appear to be many 
concentric, although hardly perfect, circles; 
The “circles,” however, are actually formed 
by one continuous line starting at the cont | 
point and spiraling outward to the edge of — 
the web. 
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LOCI IN POLAR COORDINATES 


rdinates are useful for describing 
metric loci in a simple way. A 


us consists of all of those, and 
ints that have some property in 
»xample, a circle is the locus of 
only those, points in a plane that 
yt from a certain point, the cen- 
r coordinates, the circle has an 
ple equation. 
a shows an origin O and an axis 
ordinates. An algebraic expres- 
m of an equation can be found 
:hown whose radius is 2 in. The 
locus of the points of the plane 
om the center O. These points, 
have a different value for 6, 
is the same for all of them and 
in. The equation for the circle 
be written as p — 2. 
5b shows Cartesian coordinates 
ame circle has been drawn; the 
+ y? = 4, which is obviously 
algebraically. In solving a geo- 
m algebraically, the choice be- 


a 
3 


tween Cartesian and polar coordinates is 
based on which of the two is the closest to 


b y^ 


the geometric form and properties of the prob- 
lem being solved. 


UND IN NATURE — Frequently, 
urves are most simply expressed 
dinates. An example is Archi- 
named for the Greek mathema- 
t studied it. The configurations 
of certain mollusks follow the 
urve. 

spiral is the locus of points 
^s from the origin are propor- 
ngle through which the radius 
|! point is rotated. The spiral's 


equation is, therefore, p = k0 with k the fac- 
tor of proportionality. A generalized shape of 
the curve is shown in Illustration 6b, but the 
curve can be smaller or larger; the curve is 
one produced by a certain value of K. If k is 
larger, the spacing between parts of the curve 
is larger as shown in Illustration 6c. If k is 
much larger, the spacing is proportionally 
larger, as shown in Illustration 6a. In all three 
examples, the equation is the same; only the 
magnitude of k changes. 
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JÈ 


The spiral's equation in terms of Cartesian 
coordinates is a much more complicated form; 
it is x? + y? =k arctan y/x. The arctan y/x 
(arc tangent y/x) is the inverse function of one 
of the trigonometric functions (see the article 
on trigonometric functions), and means the an- 
gle whose tangent is y/x. To use this Cartesian 
coordinate equation for the study of the move- 
ment of some body along this spiral-shaped 
trajectory, for example, would be complicated. 
The polar form requires far less calculation. 
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FORMULAS FOR THE CALCULATION OF AREAS 


' 


S = 1.72048 I? S = 2.59808 |? 


A 
S = 11.19615 |? 


S = 4.82843 |? S = 7.69421 |? 


B = area of base 
p = perimeter of base 
h 
$= h(2ra + cs) a 
(r + c) s = h (2ta - cy) s=B+ P 
I (r- e) 
" s 
s= 5s; + 1) 
2 S = mar + me? S= rs (r +r) 
E S=47r = S = 27rh 


= ab + hb + 
V h? + (b/4)* (a + c) 


THE LHEORY 


OF NETWORKS 


Mathem ; usually said to be a uni- 
versal s because of the general va- 
lidity of iclusions. This is true of 
all bran mathematics, but certain 
branche ) rich in application that 
they ar: ularly good examples of 
the unis » of mathematics. These 
include sy—the branch of geome- 
try deal: h the properties of figures 
that arc int and unaffected under 
any tran tion whatsoever, provided 
there are 'rations in the surface be- 
ing con: I. Topology is the most 
general « the branches of geometry. 
Projecti\: ! Euclidean geometry are 
special « of it. 

An im »t part of topology deals 
with n theory, which covers 
mazes. | neral sense, a maze is a 
confusio: ntricate passages, and in 
science | k theory has applications 
particul: operational mathematics, 
which « hes a criterion of choice 
between is known situations. 

If son nts are drawn at random 
and the wd by line segments, the 
result is a network, This particular 
type of trical figure has character- 
istics tha s interesting in pure math- 
ematics are in their practical ap- 
plicatio: ;owledge of the properties 
of netw: lows detailed planning of 
such diy tivities as the distribution 
paths for water, electricity, gas, and 
communications lines; automation, space- 
craft guidance, and air traffic control, 
as well as biological and chemical ex- 


periments, and planning for such activi- 
ties as basketball and football tourna- 
ments. An itinerary through a vast exhi- 
bition hall might be plotted so that a 
Visitor sees everything without ever re- 
tracing his path. A salesman's travels or 
a deliveryman's route can be planned 
With stops made at various locations so 
that the shortest possible distance is trav- 
eled, 

Even the simplest problems of net- 
work theory, however, require an un- 
derstanding of terms defining certain sim- 
ple geometrical figures. With this back- 
ground of knowledge, solutions can be 
found to some problems that would oth- 
erwise be almost impossible to solve 


without certain fairly detailed knowledge 
of the properties of the figures being 
studied. 

The networks in Illustration 1 look 
something like complex polygons for 
which it might be possible to calculate 
the length of the sides and the size of the 
angles, given certain starting data, In 
the geometry of networks, however, these 
quantities, and even the geometrical 
shape of the sides, are of no interest and 
are never taken into consideration. Prop- 
erties much more general are studied. 

The networks in the illustration could 
represent a complex shape or a partially 
completed basketball tournament, in the 
latter case the vertices, or corners at 
each point indicated with a letter, would 
stand for basketball teams. If the net- 
work in Illustration Ib shows the present 
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NULL, COMPLETE, AND COMPLEMENTARY 
NETWORKS—These figures serve to illustrate 
some definitions connected with networks. 

A collection of points drawn at random on a 
plane represents a null network (Illustration 
18). The points represent the vertices. A graph 
is not null if at least two points are joined by 
a line segment, whereas a null network con- 
tains only vertices. 

In Illustration 1b, the points of the preced- 
ing figure have been joined by line segments 
to form a nonnull network in which the line 
segments represent edges. 

The network with the largest possible num- 


o 
B 


an important chapter in topology 


situation in the tournament, it can be 
said that: 


A has played with BCH; 
B has played with ADFG; 
C has played with ADGH; 
D has played with BCF; 
E has played with FGH; 
F has played with BDE; 
G has played with BCEH; 
H has played with ACEG. 


The rational study of the properties of 
networks helps to plan any kind of com- 
plex tournament competition so that all 
the teams play in the best way and at the 
best moment, economizing on the num- 
ber of playing locations available and 
other related information. 

This, of course, is one of the simplest 
applications of network theory. 


ber of sides contains lines joining each point 
to all the other vertices. Such a network (lllus- 
tration 1c) is said to be complete. 

The networks in Illustrations 1b and 1c dif- 
fer only in that additional edges have been 
added to 1b to produce the complete network 
1c. A network such as that shown in Illustra- 
tion 1d, which contains the same vertices as 
the incomplete network of 1b and the edges 
needed to complete it, is said to be comple- 
mentary to 1b. The complementary network 
of a given network is, therefore, that network 
that completes it. 
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TRANSFORMATION OF NETWORKS — The 
complete or incomplete networks of Illustra- 
lion 1 are fairly complex; networks may be 
even more complicated than these, and a 
discussion of their properties becomes more 
difficult. The graphical appearance of a net- 
Work can always be varied, leaving invariant 
the properties of the relations between its 
vertices expressed by the edges. Illustration 2 
Shows some of the transformations that can be 
applied to networks. 

Illustration 2a shows a network with line 
segments joining the vertices. The networks 
in Illustration 1 were drawn similarly. However, 
the edges of a network do not have to be line. 
segments. 


PLANAR NETWORKS—So far, in drawing net- 
Works, an unstated convention has been 
heeded: when two line segments intersect, the 
intersection has not been marked with any 
particular sign, whereas the network's ver- 
tices, which could also be considered as inter- 
Sections, have been marked with small circles. 

Can a network with intersecting sides be 
transformed into one without intersections? 
The network (Illustration 3a) with six vertices 
has edges that intersect at five points, By 
simply changing the shape of the edges AC 
and AD to arcs, an equivalent network (Illus- 
tration 3b) without intersections can be drawn. 

The figure in Illustration 3c cannot be trans- 
formed in any way to remove the intersections. 
For some networks, therefore, it is possible to 
remove the intersections by changing the form 
of the curves joining two vertices, while for 
others it is impossible. 

A network that can be transformed into an 
isomorphic image that has no intersecting 
edges, except at the vertices, is said to be 
plane or planar. To draw a nonplanar network 
without intersecting edges, a third dimension 
must be used so that the edges can “jump” 
over each other. Planar networks and Planar 
isomorphic networks have great Practical im- 
portance. 


D! 
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The network in Illustration 2b is identical isomorphic image of a give vork, it may 
to the preceding one, except that edges BE be rather difficult to deter: vhether Ne 
and CE have been replaced by arcs of a more networks are isomorphic if t ok different. 
complex shape (B'E' and C’E’). Assuming that Illustration 2d shows two nv ks per) 
this network represents the matches in a clearly not isomorphic. One | our vertici 
tournament, it describes the situation just as and the other five. 
well as the network in Illustration 2a. Two such The networks of Illustratior are not lo 
networks with the same properties are said to morphic since they differ ir number ol 
be isomorphic, despite any difference in shape. edges. The networks of lllus: | 2f are t 
An arbitrary shift in the position of the morphic, having the same nu of vorio 
vertices, provided that the shift does not re- and, in each case, the sar vertices i | 
Sult in two vertices coinciding, transforms one joined. Isomorphic networks m natch in tl 


network into another that is said to be equiv- number of vertices, the numbe edges, and 

alent. This network (Illustration 2c) is, there- the identity of the joined pair of yero 

fore, equivalent to networks 1a and 1b. Here A’ joins with C’, G’, B’, D', and F’; and 
Although it is always fairly easy to find an is joined to C, G, B, D, and F. 
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A PRACTICAL APPLICATION: SUPPLY 
ROUTES— Illustration 4a shows three artillery 
atteries, A, B, and C, connected to three am- 
munition dumps, R, S, and T. Each battery 
Must have access to each dump so that there 


is always a supply of ammunition, even if two 
of the dumps have run out. The paths from 
any battery to any dump are shown in the 
illustration. However, the solution described 
by these paths is not satisfactory because the 


many intersections of paths would form easy 
targets. With this system, a single shell could 
knock out two paths of communication. If the 
three batteries and the three ammunition 
dumps are considered as the vertices of a 
network, can the network be transformed into 
a planar network? 

The system shown in Illustration 4b is a 
transformation of the previous network. The 
paths of communication have become longer 
and there is still one intersection, which exists 
because the circuit ARCSBTA is closed. Still, 
this network is superior to that of Illustration 
4a. 

In planning highways, civil engineers make 
use of the simplification of networks into 
planar networks. A well-planned road network 
(Illustration 4c) has a minimum number of 
intersections and crossroads, which hamper 
the speed and safety of drivers. Where an in- 
tersection becomes necessary, one solution is 
to build an overpass. 


THE PRINTED CIRCUIT PROBLEM—The illus- 
tration shows the conductors of a printed cir- 
cuit. The electronic components of a complex 
plece of electronic equipment are mounted on 
the other side of this insulated circuit board. 
By mounting the components directly on the 
board, a manufacturer can economize on costs 
and assembly time. 
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POLYGONS | classification and properties 
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One of the most interesting parts of ge- 
ometry is the study of polygons. Many 
people have a rough idea of what a poly- 
gon is, but to understand polygons fully 
a rigorous definition is required. Illus- 
1 


IFICATION OF POLYGONS—Ac- gons, the internal angles are indicated 
die e definition of a polygon olvan in AEE o ot Ae Eo 
n be con- í , 
structed with Maec paier sides, but hand, a coherent definition of an internal ang 
with widely differing geometrical properties. is stated by assuming s the angle it 
Illustration 2a shows substantially different lies to the left of the ls "d a e pa ai 
polygons, each of which has four sides. is traced in a pout loc Me. B 
The first figure in Illustration 2a shows a Note, however, that the E e $ ay 
convex, simple (or nonintersecting) polygon. traced starting at Sny yer € as is Eo 
Convex means that any two points on the direction of the path is coun n m e 
boundary or interior to the polygon define In simple polygons ae eumd e "n 
a line segment that is completely inside the angles is (n — 2) x ; Ki ue 
polygon itself. While polygon 1 is convex, number of sides of the povaa m "a 
polygon 2 contradicts the definition and is, ing polygons, üeweven, eu su y 
therefore, called concave. Polygon 3 is an greater than (n — 2) x a0 h i ani 
intersecting polygon according to the defini- Polygons may be pias ied, in an ral, a 
tion given in Illustration 1. In the case of regular or irregular (having, respect n d 
convex or concave but nonintersecting poly- of equal length and sides of unequal length); 


THE CONCEPT OF A POLYGON—There are 
two virtually equivalent definitions of a poly- 
gon. The first was formulated by the French 
mathematician L. Poinsot and is based on 
the consideration of the "corners," or vertices 
of the configuration. A polygon is a configura- 
tion with n vertices, shown here by solid black 
circles, and an equal number of line segments 
joining the vertices. The vertices have an 
order and the line segments join the vertices 
in that order. In the illustration, the points are 
labeled 1, 2, 3, 4, 5, and 6, and a polygon is 
formed by this series of points and the line 
segments joining them. If the lines, or sides 
of the polygon, meet only at the vertices, the 
polygon is said to be simple. Should the sides 
meet at other points, such as A and B in this 
case, the polygon is said to be intersecting. 
According to Poinsot's definition, it is essen- 
tial that the line segments that form the poly- 
gon by joining all the vertices in proper order, 
must terminate at the same vertex at which 
the polygon started. 

According to the definition of German math- 
ematician August Ferdinand Móbius, a poly- 
gon is a succession of a certain number of 
line segments, each of which has one ex- 
tremity in common with the extremity of only 
one other line segment, and starting from 
each of the polygon's vertices, it must be 
possible to follow along all of the line seg- 
ments and return to the starting point. 

It is interesting to note that, with the limita- 
tions introduced by Poinsot and Móbius, it is 
possible to distinguish a polygon from more 
general configurations such as the network, 
which is made up of a number of polygons 
according to the definition of the polygon 
given here. 


'rsecting (as previously de- 


as simple c: 
scribed); as x or concave; by the num- 
ber of side: > sides is a triangle, four 
sides is a © 'eral, etc.); and by the num- 
ber of conc and intersections, if any. 
The class n of a polygon becomes 
more comp he number of its sides in- 
creases. ^ urnber of sides increases, 
so does the r of possible combinations 
of intersec! id concavities. A polygon 
with three = e triangle, may be convex 
and nonints For the quadrilateral, as 


shown in l n 2a, there are only three 


combinatio: ə are 11 forms of penta- 
gons (Illus ‘b), Pentagon shapes range 
from the t convex, nonintersecting 
type showr to 11, which is said to be 
stellate be: ! its starlike shape. 
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THE TRIANGLE AND ITS SIGNIFICANT 
POINTS—The geometry of the triangle in- 
cludes certain significant points, lines, and 
curves. A significant point is one having spe- 
cific properties; such points are constructed 
from elements of the triangle itself. Certain of 
these points have been known since antiquity, 
and they are illustrated here. 

The three medians of a triangle, that is, 
the three lines that can be drawn from a 
triangle's vertices to the midpoints of the op- 
posite sides, meet at a point called the center 
of area or centroid of the triangle. Such a 
point is shown in Illustration 3a. If the tri- 
angle is not merely a drawing but has weight 
and a uniform density, this point, the centroid, 
is the triangular object's actual center of 
gravity. 

The altitudes of a triangle, that is, the 
perpendiculars that can be drawn joining a 
triangle's vertices to its opposite sides, meet 
at a point called the orthocenter as shown in 


tration 1 shows the definition of a poly- 
gon in terms of the points that make up 
its "corners." This definition dates back 
several centuries. The mathematicians 
of the 1600s, in fact, had a concept of the 
polygon close to the one shown in the il- 
lustration. In this field, mathematicians 
of that time had progressed beyond the 
geometrical ideas of antiquity that were 
codified in the works of Euclid. 

The geometry of polygons is a vast 
feld of study. This article summarizes 
the classification of polygons, the rela- 
tionships between the sides of a regular 


Illustration 3b. The orthocenter may be either 
inside or outside the triangle, depending on 
the shape of the triangle. 

The axes of a triangle, that is, the perpen- 
diculars raised from the midpoints of its sides, 
meet at a point called the circumcenter, as 
shown in Illustration 3c. 

The bisectors of a triangle's angles, that is, 
the lines that divide each angle in half, meet 
at a point called the incenter. The bisector 
of one internal angle and the two bisectors 
of the other two external angles meet at a 
single point as well. There are three of these 
excenters, as shown in Illustration 3d. 

Studies of the triangle carried out in the 
last several centuries have led to the dis- 
covery of a large number of other significant 
points; some of them are: Feuerbach's point; 
Nagel's point; Gergonne's point; the reciprocal 
points; Lemoine's points; isogonal, or inverse, 
points; isodynamic points; the Crelle-Brocard 
point; the Tarry point; and the Steiner point. 


polygon and the radius of an inscribed 
or circumscribed circle, and the construc- 
tion of polygons with a ruler and com- 
passes. 

The simplest of all polygons, a three- 
sided figure, is the triangle. Even in the 
relatively simple case of the triangle, 
little progress was made from the days 
of antiquity until a few hundred years 
ago. It was then that mathematicians be- 
gan to examine some properties of its 
significant points, many more of which 
were discovered than those known to 
Euclid. 


EULER’S LINE—Medians, altitudes, axes, and 
bisectors are all significant lines of a triangle, 
and they arise uniquely from each different 
triangle. There are significant lines also that 
are defined by the very nature of the triangle, 
in general, in terms of the significant points of 
the triangle. 

The most famous example is Euler's line, 
first demonstrated by the Swiss mathemati- 


cian Leonhard Euler. In any triangle whatso- 


ever, not only do the three medians meet at 
the centroid B, the three perpendiculars at the 
orthocenter H, and the three axes at the cir- 
cumcenter C; but the center of gravity, ortho- 
center, and circumcenter for any triangle lie 
on a straight line. The line joining them is 
Euler's line. 


CIRCLES AND CONICS—In a triangle signifi- 
cant circles and other conics, as well as sig- 
nificant lines, can be identified; some of them: 
are shown here. Some circles are determined. 
by the elementary significant points. Many 
other circles and other conics are associated 


THE CONSTRUCTION OF REGULAR POLY- - 
GONS WITH RULER AND COMPASSES-—It is I 


particularly interesting to determine which 
regular polygons can be constructed with 
ruler and compasses. The German mathemati- 
cian Johann Karl Friedrich Gauss showed that 
ruler and compasses can be used to construct 
Polygons whose sides are equal to certain 
Prime numbers when the number can be ex- 
Pressed in the form 


n=2 44, 
where u = 0, 1, 2, 3, and 4, the prime numbers 
are, respectively, 3, 5, 17, 257, and 65,537. For 
u = 5 the formula does not apply. These are; 
therefore, the only cases of polygons whose 
sides are equal to prime numbers that can be 


| 


with the tr 
Scend dir 
these curv 
significant 
conics rela 
known. 


jowever. Many of them de- 
m the projective theory of 
particular another 10 types of 
nd about 14 types of other 
he geometry of triangles are 


80 Constructed 
Constructions of a three-sided and a five-sided 


The diagram shows the simple 


Polygon. With unlimited patience, polygons 
TUE 7, 257, ana 65,537 sides can be similarly 
i srap F olygons with a composite num- 
Bus (dices ihat is, with a number of sides 
eet o a product of prime numbers for which 
TE id is possible, can also be con- 
es e with ruler and compasses. Polygons 
Cora oe the number of sides can also be 
pi hoes with ruler and compasses by sim- 
Eas the angles of those constructed 
eu ng to the rules described above. Trigo- 
the Y, utilizing different techniques, allows 

construction of any regular polygon, but 


such methods im n 
go beyond th 
B ne y e simple ruler and 


REGULAR POLYGONS—A polygon is regular 
when its angles are equal or, equivalently, 
when its sides are equal. Illustration 7a de- 
fines for regular polygons the inscribed circle, 
inside the polygon; the circumscribed circle, 
outside the polygon; the radius r, and the 
apothem a, which is the perpendicular from 
the center to a side. For a polygon as defined 
by Poinsot (Illustration 1), the characteristics 
shown in Illustration 7a are not as simple. 
In regular stellate polygons—lllustration 7b 
shows a nine-sided example—it is interesting 
to note that the polygon defines many more 
than two circles. The nine-sided stellate has 
four circumscribed circles. 


THE FOUNDATIONS 
OF GUCTIDEAINSGEOMEDRY . | 29 7 


The branch of mathematics now known ometry were the Egyptians, and the codi- postulate that the sho: distance be- 
as geometry came into being as a result fiers were the Greeks of the Alexandrian tween two distinct po is ~~ 
of practical necessity: farmers needed to school. The most important of these early along the straight line iing the two 
measure their land. Only centuries after Greeks as far as geometry is concerned f 
the science was born was a purely scien- — was Euclid, who lived at the end of the 
tific approach to the subject introduced. third century B.C. 3 

The pioneers in the development of ge- Despite Euclid's almost perfect codifi- 
cation of the geometry of his time, much 
of the precise significance of the subject 
was not understood until approximately 
the last century. Euclidean geometry is 
satisfying in that it is a faithful reflec- 
tion of the physical world in which 
man lives. For example, a fundamental 
notion of the geometry of Euclid is the 
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CONGRUENCE OF TRIANGLES—Two config- 
urations are congruent (or in a sense equal) 
if they coincide point for point when one tri- 
angle is Superimposed on the other. A large 
class of theorems of Euclidean geometry state 
conditions under which two configurations are 
congruent. Many of these theorems reduce to 
the basic theorems for congruence of triangles, 

Two triangles are congruent if they have two 
angles and the included side equal (Illustration 
2a); if they have two sides and the included 
angle equal (Illustration 2b); or if they have 
three sides equal (Illustration 2c). 


a C c! 


a+b 


TRANSFORMATIONS — In Euclidean metric 
geometry, properties of configurations that are 
invariant under rigid motion transformations 
are studied. In Illustration 1a, triangle A'B'C' 
is obtained from triangle ABC by a pure trans- 
lation. All points of triangle ABC are translated 
in exactly the same direction and exactly the 
same distance in the given direction. Thus, any 
Property of one triangle involving distance, 
area, or measure of angle is the same as in the 
other triangle, For example, in the first triangle 
the angle at B is a right angle. In the second 
triangle obtained by translation from the first, 
angle B' is also 90°. 

Illustration 1b shows a similarity transfor- 
mation. The second triangle is obtained from 
the first by multiplying the lengths of all Sides 
by the same positive factor. The transformation 
that produces the second triangle leaves all 
angles the same. Thus, œ = a, B — B'yz y. 
In particular, since the first triangle on the left 
is isosceles, so also is the Second. Because it 
can be demonstrated that any triangle with two 
equal angles has two equal sides, and because 
the small triangle on the left is isosceles, the 
transformed triangle on the right also has two 
equal sirles. 


THE PYTHAGOREAN THEOREM—One of the || 
most important and useful theorems of Euclid- 
ean metric geometry is the Pythagorean the- 
orem, which states that in a right triangle, the |: 
area of the square constructed on the hypol- 
enuse is equal to the sum of the areas of the 
Squares constructed on the other two sides. 
This is shown in Illustration 3a. d 4 
To prove the theorem, a square is oof 
structed with a side of length c, the hypot 
enuse of the given triangle. As in Illustration 
3b, a triangle is constructed congruent to br 
given triangle on each side of the square. This 
gives a new square with side a + b. The nN 
Square has an area equal to the four rig! 
angled triangles plus the area of the squeak 
on the hypotenuse. Thus a? + 2ab TD z 
2ab + c? from which it follows that a? + b? = 
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solution was subsequently 


ossible; however Archimedes 
naticians arrived at a suffi- 
ciently close approximation of the ratio of the 
Circumference to the radius to handle practical 


In addition to the classification of ge- 
ometries by the system of axioms and 
postulates that are assumed, other meth- 
ods of classification have been developed. 
The German mathematician Felix Klein 
defined different geometries by means of 
the concept of a transformation. If one 
geometric configuration is transformed 
into another by means of a translation, 
rotation, reflection, or any combination 
of these, the transformation is said to be 
a rigid motion, The study of properties 
of geometric configurations that are in- 
variant (not altered) under rigid motions 
is known as Euclidean metric geometry. 
Under rigid motions, distances and angles 
are preserved. If a configuration is trans- 
formed in such a way that each distance 
is multiplied by the same positive num- 
ber, the transformation is called a similar- 
ity transformation. Similarity transforma- 
tions preserve shapes of configurations 
but not size; in particular they preserve 
angles. Projective geometry is a study of 
the properties of configurations that are 
unaltered by projections; that is, projec- 
tive transformations. Although this branch 
of geometry originated in the problems 
of perspective drawing and the making of 
optical instruments, these practical appli- 
cations are now studied under the names 
of descriptive geometry and optics. 
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FORMULAS FOR VOLUME—Formulas for com- 
puting or measuring the volumes of relatively 
complex regions may be systematically derived 
by considering in sequence a chain of more 
simple problems. 

The formula for determining the volume of 
a right prism (Illustration 6a) is simple: the 
volume is the product of the area of the base 
and the altitude. 

The volume of an oblique prism (Illustration 
6b) is equally simple: it is also the product of 
the area of the base and the altitude. 

From the volume of an oblique prism, the 
volume of a rectangular or oblique pyramid 
may be calculated by means of comparison 
with the combinations of prisms as shown in 
Illustration 6c. 

The volume of a cone, which is similar to 
the volume of a pyramid, may be used to help 
determine the volume of a sphere (Illustration 
6d). 
At formulas for calculating volumes may be 
derived from the formula for the parallelepiped. 


THALES’ THEOREM — This theorem is mis- 
named because it was not discovered by 
Thales, but by unknown mathematicians. It is 
attributed to Thales because he was one of 
the first persons to put some order into 
geometry. 

The theorem states that a sheaf of parallel 
lines cuts two transverse lines in proportional 
segments: that is, the lengths of the segments 
constituting one line are proportional to the 
segments forming the other. Thus AB: DE = 
A'B’ : D'E’. 
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ELEMENTARY GEOMETRIC 
CONSTRUCTIONS 


As geometry evolved from the primitive 
concepts of the first Greek mathemati- 
cians, some problems proved to be ex- 
tremely difficult to solve even though 
they were attempted by the most learned 
of mathematicians of the time. Three 
such notable problems were the duplica- 
tion of the cube, the trisection of an 
acute angle, and, most famous of all, the 
squaring of the circle, 

Geometric problems differ by virtue of 
their degree, some being of higher de- 
gree than others. To explain what higher 
and lower means in this context, the 
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OPERATIONS WITH A RULER — The two in- 
Struments needed for all constructions of the 
first and the second degree are a ruler and 
a compass. This illustration shows construc- 
lions possible with a ruler, which is the only 
instrument needed to solve all first-degree 
problems. 

Given the straight line m and a segment of 
the line, AB, another segment whose length is 
equal to AB with its origin at C can be con- 
Structed (Illustration 1a). 

The sum and difference of two segments of 
the same straight line can also be constructed. 
For example, the straight line n contains the 
two segments, AB and CD. Using a ruler, CD 
can be "moved" to give C'D', in which C coin- 
cides with B. The segment AD' — AB 4- CD, 
Which means that AD' is the sum of the two 
Segments (Illustration 1b). In a similar manner, 
the difference may be found. 

A segment of a line may be found that is 
Some multiple of a given segment. Given the 
straight line p and Segment AB of it, the given 
Segment is repeated down the line starting at 
B some chosen number of times. In Illustration 
1c, AB has been repeated 8 times. 

Given a segment AB on a Straight line q, the 
line can be divided into any whole number of 
parts using only a ruler. Illustration 1d shows 
division by 3. From A draw any straight line s. 
On that line, draw any three equal segments 
AC, CC', C'C". Now join C" and B extending 
the line beyond q. On the extension, use the 
ruler to draw BD = BC”, If C'B is drawn and 
extended the same way, BD' can be drawn 
equal to BC’. Joining D and D', the line n 
parallel to AC" is drawn. On n mark the seg- 
ments DD" and D"D"', equal to each other and 
to DD’. After drawing these segments, connect 
the points D" with C’, and D™” With C. In this 
way, three parallels cut AB into three seg- 
ments, which are equal. This method can be 
used to divide the line into any number of 
equal parts. 

These examples have implicitly shown that 
given a line segment and a ruler, any related 
second line segment can be Constructed pro- 
vided the ratio between the lengths of the two 
line segments can be expressed by a rational 
number. 


and compass 


problem must be expressed as an alge- 
braic one; the degree of the algebraic 
equation is then the degree of the related 
geometric problem. The solution of the 
geometric problem consists of finding the 
solution of the equation of the equivalent 
algebraic expression. 

A geometric problem usually involves 
the determination or construction of a 
configuration whose elements have cer- 
tain well-known properties. Straight lines 
and angles may be constructed or opera- 
tions on lines may be made using only a 
ruler and compass, provided the con- 


solution by ruler 


struction can be translated into algebraic. 
operations or equations of the second de- 
gree or lower. 

The ancient Greeks did not know this 
fundamental property of geometric con- 
structions, so they did not know that du 
plicating a cube and trisecting an angle 
are of a degree higher than the second 
while squaring the circle requires tran: 
scendental numbers. Many mathemati- 
cians searched for solutions that could 
not be found using only the elementary 
methods possible with a ruler and com- 
pass. 
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This ap} ly haphazard search for 
solutions t > not available was not, 
however, : plete loss. In the course 
of the res nany new areas of en- 
deavor w: obably uncovered and, 
perhaps, | ilong to others for fur- 
ther inves ». It is more than likely 
that geom onstructions other than 
those orig sought were developed 
and added increasingly large store 
of informa vhich again led the an- 
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OPERATIONS WITH A COMPASS — Drawing 
ieee, Straight line requires an accurately 
Uu P3 Straightedge. It is, therefore, fairly easy 
raw a straight line. In the case of com- 
rh the situation is equally simple because 
i ram umant need only allow different radii 
set and locked, thus keeping constant 


cient Greek mathematicians and others 
into thinking about and investigating fur- 
ther problems. 

The value of such work was rather 
limited in terms of its application to prac- 
tical, everyday usage. Done purely in the 
abstract, and based on proportion, any 
construction could be repeated by some- 
one aware of those proportions. 

The means of making those proportions 
available to the craftsmen and techni- 


the spacing of the legs while the instrument 
is in use. Although these two basic geometric 
instruments are simple, they are intrinsically 
capable of a surprising precision, assuming 
that the instruments are properly used. 
Compasses allow the solution of problems 
that can be expressed by second-degree equa- 
tions as well as those of the first degree. Al- 
though a compass is considered to be of 
“higher order” than a ruler, it is simpler to il- 
lustrate what constructions can be carried out 
with it. A compass is used to draw a circle, 
given the center C and the radius R (lllustra- 
tion 3a); to determine the intersections of a 
circle and a line, given the straight line r, 
point P, which is the center of the circle, and 
a line segment R, which is the radius of the 
circle (Illustration 3b); and to determine the 
intersections of two circles, given P and P’, the 
centers of the circles, and given two segments 
R and R', respectively, the radii of the circles 
(Illustration 3c). Geometric construction with a 
compass can be reduced to these three opera- 
tions, used either in succession or repeated. 
Using only a ruler and a compass, not only 
can second-degree problems be solved; cer- 
tain problems of a higher degree can also be 
solved provided they depend on equations 
that can be reduced to a succession of linear 
or quadratic equations, which are, respec- 
tively, first and second degree equations. 


cians of the day, in the form of drawings 
and other specifications, and the transla- 
tion of that information into temples and 
other buildings, required persons as 
skilled and talented in their way as were 
the theoreticians in theirs. The means of 
transmitting the information in a usable 
form were simply not available. 


OTHER ELEMENTARY INSTRUMENTS—Other 
instruments used in geometric constructions 
ican be defined as elementary because they 
are used to carry out only those operations 
that can be performed with a ruler and com- 
pass. 

Illustration 3a shows a ruler with parallel 
edges, AB and CD. It can be used to solve 
all problems that can be solved with ruler 
and compass. 

Illustration 3b shows a bevel, which is a pair 
of straightedges fastened together at an angle 
less than 90°. It can be used to draw circles, 


E 
- 
| D 
e 
and hence to solve those problems that can 
be solved with a compass. 

Illustration 3c shows the square, which is a 
pair of straightedges fastened together at 90° 
to each other. By marking two points on a 
plane and aligning the two sides of the square 
at the points, circles can be drawn whose 
points are the trajectory described by the 


vertex of the right angle as the square is 
rotated in the plane. 
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METHODS 
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/OLVING GEOMETRIC PROB- 
hat construction can always 
ve geometric problems of the 
cond degree does not mean 
"ons are always easy to find. A 
certain nu) r of simple rules exist to help 
solve such blems; some of the methods 
are too compiex to describe in detail. 

In theory, however, the methods divide into 
analytic ones and synthetic ones. In all cases, 
me problem consists of advancing a proposi- 
Hop that is besed on geometric postulates or 
heorems already demonstrated to be true. 

The analytic method seeks a precedent from 
which it is easy to deduce the condition of the 
prenem, If it derives directly from a theorem 
wo already known, the result is immediately 

and. Otherwise, another proposition is 
Sought that admits of the first one as a conse- 
quence and that is easy to deduce from the 
original postulates. 
UI synthetic method, new propositions 
üt leduced from propositions already known, 
ntil the one needed is derived. 
" A second distinction can be made between 
Bh peenwituctivs methods of solving geometric 
‘oblems. A theorem or construction can be 


demonstrated either by looking for geometric 
loci or by the transformation of figures. For ex- 
ample, a demonstration is needed to show that 
the points on the bisector of an angle are the 
set of all points equidistant from the lines that 
form the angle. All that is needed is to find 
the locus of points equidistant from the lines 
that form the angle. A straight line that bisects 
the angle is the result. This is the method of 
demonstration by construction of a locus. 

The other method is transforming the con- 
figuration whose properties are to be demon- 
strated. For example, a demonstration is 
needed to show that two triangles with certain 
given equal elements are congruent. If the 
triangles are transposed one on top of the 
other, or if one is rotated or translated, a de- 
termination can be made as to whether they 
fit one over the other, and if they are, there- 
fore, congruent. This is the method of demon- 
stration by transformation. 

Illustrations 4a to 4i show several loci of 
elementary geometry. The collection of points 
in a plane forming the following loci is drawn 
in color: 


a. the locus of points lying a given distance 


from a given straight line; 

. the locus of points lying a given distance 
from a given point; 

. the locus of points equidistant from two 
given points; 

the locus of points equidistant from two 
given intersecting straight lines; 

. the locus of points whose distance from 
two given points is in a given ratio, pro- 
vided the ratio is not 1 to 1. When the 
ratio is 1 to 1, this reduces to case c 
above. 

. the locus of points whose distance from 
two given straight lines is In a given ratio; 

. the locus of points for which the differ- 
ence of the squares of the distances 
from two given points is constant; 

, the locus of the points for which the sum 
of the distances from two intersecting 
straight lines is constant; 

. the locus of the straight lines lying at a 
given distance from a given point. 


The series of diagrams |, k, and |, represents 
the most common elementary transformations. 
The series contains translation (k), similarity 
(j), and rotation about a line, or reflection (I). 
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THE CEASSICAI PROBLEMS | 


In another article it was shown that first- 
degree algebraic equations can be solved 
by using only a straightedge and that 
those of second degree require a compass. 
To solve problems of a higher degree, 
other instruments are required. Such facts 
are well known today; they evolved as 
the art of mathematics developed. An- 
cient mathematicians, however, were un- 
1 


DOUBLING THE CUBE—Given a cube, the 
problem is to find the length of the side of 
another cube whose volume is double that of 
the first cube. The solution is not to double 
the length of the side of the first cube. If this 
is done, the volume of the second cube is 8 
times that of the first, as shown in Illustration 
1a. A cube with volume double that of another 
has a side that is about one quarter longer 
than the side of the first, as shown in Illustra- 
tion 1b. 

The length of the side must be determined 
algebraically. Let / be the side of the given 
cube; its volume will be P. The side of the 
other cube can be called x; that cube's volume 
is X^, and it is to be double that of the given 
Cube. This relation can be written as the 
equation x’ = 2P, which gives the solution 
x = V. If | is equal to one, then the only 
thing needed is to find the construction for 
VZ, but no solution is possible using only 
ruler and compass, because this is a third- 
degree problem. 
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able to distinguish problems according to 
degree, so they tried in vain for solutions 
using what are now known to be inade- 
quate techniques. Early mathematicians 
probably recognized the difficulties of 
using only a compass to solve higher- 
degree problems, and some even tried to 
develop instruments to overcome these 
obstacles. 


The path toward solving the problem was 
opened in the fifth century B.C. by Hippocrates, 
when he recognized that finding the cube 
root of a line segment is the same as finding 
two proportional means between the segment 
and a line that is one unit long. Again using / 
as the length of the cube's side, the problem 
is to find two proportional means between / 
and 2/, as in Illustration 1c. 

This is the explanation from an algebraic 
viewpoint as to why doubling the cube re- 
quires the finding of two proportional means: 
Take any two line segments m and n. To find 
two segments x and y that are proportional 
means between m and n requires that 


Isolating the x term: 
x= mn. 
Because n = 2m 
x = 2m? 


arduous tasks 
of geometry 


THREE FAMOUS PROBLEMS 
ABOUT THE CUBE, THE ANGLE, 
AND THE CIRCLE 


The three problems that have come to be 
identified with classical geometers a 
the doubling of the cube, the trisection 
of the angle, and the squaring of the 
circle. There are good reasons why the: 


or 


x=mv2, 
which is the proportional relationship that de- 
termines the value of 2(/). The equation $0 
obtained is the mathematical formulation of 
the problem of doubling the cube. 

Finding these two proportional means Me 
Solved for the first time between the ene 
the fifth century B.C. and the beginning of t! E 
fourth by Archytas of Tarentum. He found th! 
solution by means of the intersection of b 
surfaces: a cone, a cylinder, and a torus vi 
zero internal radius: Illustration 1d. 

Later mathematicians used the intersection 
of curves. These were not elementary figures 
like cones, cylinders, and tori, however, bi 
more complex ones like the conchoid of Nico- 
medes, with the equation: 


(x? + y?) y — a)? = by", 
and the cissoid of Diocles: 


" 
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REDUCING PROBLEM OF TRISECTION 
—The prob ! trisecting an obtuse angle 
can be red to the trisection of an acute 
angle. The ABC, for example, can be 
broken dow a right angle and the dif- 
ference be the obtuse angle and the 
tight angle ht angle is ABD, which can 
be trisecte: ; an elementary construction 
with comp. ; straight edge. 

The rer acute angle, CBD, can be 
trisected, c: ird of this, DBE, when added 
to a third ight angle, DBD', gives the 
required s: The technique for trisecting 
an angle i: : in Illustration 3. 


three pro stand out. Some reasons 
are histo: r mythological In other 
cases, th: famous because they at- 
tracted the = cntion of famous mathema- 
ticians ot ause they stimulated the 
efforts of mony mathematicians. 


The problem of doubling the cube can 
possibly be traced back to a prophecy of 
the oracle of Delos, who recommended 
doubling the volume of a cube-shaped 
altar, From this, there arose the problem 
of finding by how much the length of 
the existing altar’s side had to be in- 
creased. This is why the problem of dou- 
bling the cube is sometimes called the 
Delian problem. 

Many scholars tried to solve the prob- 
lem: among them were Apollonius, Hero, 
and Plato. Some sources credit Plato with 
making an instrument to solve the prob- 
lem. Other instruments were devised by 
Eratosthenes and Descartes. Hippocrates 
showed that a solution lies in an equation 
of proportionality, 

The second problem, trisection of the 
angle, requires the value of one third of a 


TRISECTION OF AN ACUTE ANGLE—Draw 
any angle ABC. From point A draw AC per- 
pendicular to side BC; also from A draw AD 
perpendicular to AC (illustration 3a). Now 
draw segment EF=2AB on eit’ ər a separate 
piece of transparent paper or a stiff sheet of 
clear plastic (Illustration 3b), Put a pin in the 
vertex B of angle ABC, and lay rulers on line 
AC and line AD (Illustration 3c). Returning to 
the segment EF=2AB, extend line EF in both 
directions beyond points E and F. Make a 
gauge of this piece of plastic or paper by 
cutting a notch in it a short distance away 
from E on the extension of EF as shown in 
Illustration 3d. Insert a pin in the gauge 
through point E and another pin through point 
F. Place the gauge on the drawing of the angle 
so that the point E is on the ruler that is on 
line AC. Place the point-F pin on the ruler that 
is on line AD. Move the gauge, using the ruler 
edges as guides, until the extension of line 
EF passes through point B as in Illustration 3e. 
This now places points B, E, and F on a 
straight line. Press the pins into the drawing 
to establish the points E and F, and, after re- 
moving the gauge. mark the points on the 
drawing as in Illustration 3f. Draw line BF 
passing through point E. Join the midpoint of 
EF, which is M, with point A. 

Line BE and BC define one third of angle 
ABC. This may be proved geometrically as 


given angle. It is impossible in general 
to find this value using only a straight- 
edge and compass. There are certain cases, 
however, of which the most well-known 
is the right angle, in which the problem 
can be solved with a straightedge and 
compass. The trisection of an angle of 


follows: By definition EM=MF=AM=AB. An- 
gle MBA is equal to angle AMB because they 
are opposite base angles of isosceles triangle 
MAB. Angle AMB is external to isosceles tri- 
angle MAF, and thus AMB —2AFM. By defini- 
tion, AMB=ABM, thus ABM=2MBC, and the 
angle ABC has been trisected. 


120? can be done with elementary meth- 
ods by constructing a regular hexagon 
inscribed in a circle. 

In general, however, the problem of 
trisection can only be solved using more 
complicated analytical methods. Among 
those men who dealt with this problem 


73 


74 


A 


SQUARING THE CIRCLE—Solutions to the 
Problem of squaring the circle are possible 
using transcendental curves, or simply curves 
of a degree higher than the second. For ex- 
ample, the curve might be Archimedes’ Spiral 
or Hippias’ quadratrix. 

Hippias' quadratrix is the locus of the points 
of Intersection of two straight lines that are 
moving uniformly. The exact motion of the 
two lines is complex, The quadratrix is 

= ud 
X = ycot 2r" 
Archimedes' spiral has a simpler shape. When 
expressed in terms of polar coordinates, it has 
the equation: 


p = ad. 


are Pappus, Pascal, Maclaurin, Kempe, 
and Descartes, 

By far the most important problem, 
and one that cannot be solved with a 
straightedge and compass because it is 
transcendental, is the squaring of the 
circle, The problem is to find the side of 
à square having the same area as a circle 
of a given radius. 

The problem of squaring the circle is 
perhaps the most ancient and famous of 
the classical problems, While mathema- 
ticians eventually found a solution for 
the first two fairly quickly, a rigorous so- 
lution was not found for the third until 
the 1880s, when the mathematician Linde- 
mann showed it was a transcendental 
problem, The problem, therefore, could 
not even be solved using algebraic equa- 
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Squaring the circle by means of these 
curves, although perfectly acceptable in theo- 
retical terms, is of no practical interest. 
Neither in antiquity nor in modern times have 
these methods led to the discovery of the 
relationship between the circumference and 
the diameter of a circle, the famous z, which 
relationship is necessary to be able to square 
the circle. Archimedes obtained fairly exact 
values for z by the relations of polygons in- 
Scribed in a circle and polygons circumscribed 
around a circle. In modern times the value is 
determined by series calculation. 

The search for constructions that will give 
an approximate solution to the problem of 
Squaring the circle has always fascinated 
mathematicians. A way is shown here for find- 
ing an approximate value for the relationship 


tions of higher degree. In this case too, 
many scholars before Lindemann had 
tried their hand at solving this problem 
of squaring the circle. 


DESCARTES ON CONSTRUCTION 


René Descartes, in the classic treatise La 
Geometrie, considered "Problems the 
construction of which requires only 
straight lines and circles" He states, in 
translation, “Any problem in geometry 
can easily be reduced to such terms that 
a knowledge of the lengths of certain 
straight lines is sufficient for its [the 
problem's] construction, Just as arithme- 
tic consists of only four or five operations, 
namely, addition, subtraction, multiplica- 
tion, division, and the extraction of roots, 
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G 
between a circle's circumfere and its di- 
ameter by means of an elem y construc- 
tion (Illustration 4). 

A circle is drawn along v its vertical 
diameter AB. A line tangent to hen drawn. 
From A draw AC equal to th le's diam- 
eter; CD equal to 1/5 the circ adius; and 
DE equal to 2/5 the circle's us. On AB 
mark off AF=OD; then fro: draw FG 
parallel to OE. 

The distance AG gives »proximate 
measure of the length of the imference; 
it results in an error of about nillionth in 
the value of m. In fact, the r ;nship be- 
tween the lengths of AG and th= «ameter AB 
is 3.1415919 . . . as against the pted value 
of 31415926. . . . For simple cx! ulations the 
value is commonly taken as 3.1 

ne 


which may be considered a kind of divi- 
sion, so in geometry, to find required lines 
it is merely necessary to add or subtract 
other lines; or else, taking one line which 
I shall call unity in order to relate it as 
closely as possible to numbers, and which 
can in general be chosen arbitrarily, and 
having given two other lines, to find a 
fourth line which shall be to one of the 
given lines as the other is to unity (which 
is the same as multiplication); or, again, 
to find a fourth line which is to one of 
the given lines as unity is to the other 
(which is equivalent to division); or, 
finally, to find one, two, or several mean 
proportionals between unity and some 
other line (which is the same as extract- 
ing the square root, cube root, etc., of the 
given line)." 


THE GEOMETRY 
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Convertir metric problem into an 
algebraic : en helps find easy solu- 
tions to w! otherwise be a difficult 
problem. conversion, however, 
may obsci zeometrical significance 
of the prob 

A good »ple is provided by the 
problem v! ving the two tangents to 
a circle fr point outside the circle. 
Geometric he solution is found with 
ruler and « sses by finding the points 
on the circ: ough which the tangents 
pass. Thro ıt the construction of the 
tangents, |) ometrical nature of the 
problem is If the problem is con- 
verted to a ebraic one, things change 
radically, "| problem becomes one of 
finding th: ion to a system of equa- 
tions. Suc! oblem can be solved 


systems of Cartesian, polar, 
and cylindrical coordinates 


without knowing what the equations 
represent. 

Every geometric locus can be repre- 
sented in the Cartesian plane by means 
of a set of equations. Reverse reasoning 
shows that each equation represents a 
geometric locus. 

Accepting the fact that plane analyt- 
ical geometry is useful, it is natural to 
seek its extension in space. Just as a pair 
of numbers can be used to represent any 
point on a plane, so it should be possible 
to represent any point in space by means 
of a group of numbers, possibly using 
more than two numbers for each point. 

The algebraic representation of spatial 
figures is more complex than the alge- 
braic representation of plane figures be- 
cause of the added complication of a 


third dimension. 

The following illustrations show how 
points and some other simple geometric 
entities in space can be represented by 
numbers and simple formulas—the basis 
of analytical geometry of space, which 
deals with the algebraic study of the 
problems of three-dimensional, or solid, 
geometry. It also forms the foundation 
for the rather more complex study of the 
geometry of entities in more than three 
dimensions; such figures have no physical 
reality, but they throw light on the geo- 
metric behavior of simpler bodies. De- 
spite their lack of physical reality, figures 
in more than three dimensions, and even 
figures that can only be represented in 
spaces of infinite dimensions, find appli- 
cation in physics. 


CARTESIAN COORDINATES IN SPACE—These 
illustrations show how Cartesian coordinates 
are defined in space. 

Illustration 1a shows the Cartesian plane, 
in which the position of any point can be 
bated as a pair of numbers. The point P(2,3) 
5 marked on the plane. Any other point on 
he plane corresponds to a pair of numbers, 
just as any pair of numbers corresponds to a 
paint The pair of numbers (2,3) is insufficient, 
ever, to give the position of the point P^ 
(Illustration 1b), which is not on a plane but 


b 


in space. To represent the point P’, a third 
coordinate, showing the height of P', is neces- 
sary. In this case, P’ is above the position (2,3) 
at a height of 4 units. The Cartesian coordi- 
nates of a point in space are therefore the two 
coordinates (x,y) of the plane plus the coordi- 
nate z of height. The third axis is labeled z 
in Illustrations 1b and 1c. 

Cartesian representation in space is given 
by the intersection of three perpendicular 
planes. The intersections of the three planes 
define three straight lines, also perpendicular 


to each other, as shown in Illustration 1c. 
These are three axes used to define the Car- 
tesian coordinates, x, y, and z. The point P^ 
is the same in Illustration 1b and 1c, and its 
coordinates are (2,3,4). To determine these 
coordinates, a parallelepiped is constructed 
whose diagonally opposite vertices are the 
origin of the coordinate axes O and the point 
P’. The parallelepiped has three edges lying 
along the axes x, y, and z. The lengths of these 
three edges of the parallelepiped are the three 
Cartesian coordinates of the point P'. 
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only in the orientation of 4t 
and z axes are shown dire 
and upward, respectively. T 
in that they cannot be supe 
other by simple rotation o 
first set, 
right-handed, is the one nc 
second of the two sets is 
wise, or left-handed. All ar 


provided the same type is 
By convention, the counte 
usually used. 


THE COORDINATES IN OCTANTS—The two 
coordinate axes of a Cartesian plane divide 
it Into four quadrants. The three coordinate 
planes of space divide it into eight octants. 
The coordinates of points in each octant have 
different combinations of signs. The illustra- 
tion shows the coordinates of points that are 
all the same distance from the origin and lo- 
cated in each of the eight octants, The three 
coordinates all have the same absolute value. 
Only their signs change. The octants are num- 
bered in a counterclockwise Sequence be- 


ginning in the octant in which all the coordi- 
nates of the point are positive. The first four 
octants thus contain only those points whose 
third, or z, coordinate is positive, Subse- 
quently, the counterclockwise sequence is 
again followed for the four octants in the 
other one-half of space in which the points 
have the third coordinate negative, beginning 
with the octant in which the first two, or x 
and y, coordinates are Positive. Alongside each 
point are its coordinates. 


TWO SETS OF THREE CAF 
Illustrations 2a and 2b sh 
sets or triples of Cartesian 


considered cour 


can be represented in either 


OBLIQUE CARTESIAN COORDINATES—Apart 
from orthogonal, or right-angled coordinate 
axes, axes exist that are not perpendicular to 
each other; however, they are used infre- 
quently. An example is shown. The x and y 
axes are perpendicular to each other, while 
the z axis forms an oblique angle with both 
of them. In this case, the distance of the point 
from the plane xy is not calculated along the 
Perpendicular dropped from the point to the 
Plane (dotted line), but along the straight line 
Parallel to the z axis (solid line). 


SIAN AXES— 
two possible 
es that differ 
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i to the right | 
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ATE SYSTEMS—Other ref- 


are used for representing 
ome of these are shown in 


OTHER COORD 
erence system 
points in spac 
the illustration 
In Illustratic 
tesian coordi! 
three coordin 


which has orthogonal Car- 
ihe point is projected onto 
»es, and the three coordi- 
;oint's distance from the 


nates measu 
planes. This ame as drawing three dif- 
ferent planes n point in the space, with 
each plane p to one of the coordinate 
planes. In t >, then, a point may be 
located in 5; ihe three planes that are 
parallel to thy nate planes and that pass 
through the 

Polar or || coordinates for space 
(Illustration 5i imilar to those for a plane. 
The illustrat ws how they are defined. 
A point O is ı a plane as the origin of 
the system « yates. From O extend two 
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Straight lines, t and z, contained in the plane 
and perpendicular to it, respectively. The posi- 
tion of point P is determined by the distance 
PO, from the point to the origin; this distance 
is called the radius vector and is indicated by 
the Greek letter p. The angle $ formed by the 
straight line t and the projection of PO onto 
the reference plane is called the point's lati- 
tude; and the angle @ that is formed by the 
line PO with the perpendicular to the refer- 
ence plane is called the colatitude. Thus p, ¢, 
and 6 define the position of a point in space. 

As the illustration shows, the position of a 
point is on the intersection of the sphere 
(with center O and radius OP) with the 
semisegment of the cone, and the plane that 
contains the radius vector OP and is perpen- 
dicular to the reference plane. 

Cylindrical coordinates are derived from the 
polar ones used in the plane. As Illustration 5c 
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shows, cylindrical coordinates give the posi- 
tion of point P by means of a single horizontal 
plane in which the usual polar coordinates 
used in two dimensions are defined. 

The position of point P is therefore defined 
by the radius vector p, in this case the dis- 
tance from O of the projection P' of the point 
P onto the horizontal reference plane; the azi- 
muth angle 6, the angle of the radius with the 
axis t, and the height z, of the point P above 
the horizontal plane through O. The cylindrical 
coordinates locate a point by the intersection 
of a cylinder having a radius p, and having its 
axis perpendicular to the base plane; of a 
semiplane with the azimuth angle 0; and of 
a horizontal plane above the horizontal plane 
through O at a height z. These three geo- 
metrical figures intersect at only one point. 


THE CAVALIER PROJECTION—A solid figure 
can be represented on a two-dimensional 
plane using certain conventions, of which 
there are many, each with its own advantages 
and disadvantages. The disadvantages are in- 
evitable since something three-dimensional 
cannot be represented with accuracy in one 
plane alone. In the case of the three-dimen- 
sional figures used in analytic geometry, the 
cavalier projection shown in this illustration 
is used. 

The set of three Cartesian axes is arranged 
so that the z axis is vertical. The y axis is 
horizontal and directed to the right, while the 
x axis is placed along the bisector of the 
angle formed by the y and z axes. All the 
figures lying in planes parallel to the one 
formed by the yz plane are projected in their 
true perspective. For example, the illustration 
shows a cube with circles drawn on its faces. 
The two faces parallel to the yz axes are rep- 
resented by squares. Neither the circle on the 
front face nor the circle on the rear face (dash- 
line circle) is distorted. It is as if they were 
observed along a line of sight perpendicular 
to the face of the cube. 

All the other faces, however, are distorted 
and become parallelograms, and circles drawn 
on them become ellipses. 
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THE MEASUREMENT 


OF VOLUME 


Volume is the amount of space a thing 
occupies, as the volume of water in a 
pond or of air in a room. The early 
Greeks were interested in learning how 


1 


MEASUREMENT BY AN EXACT FORMULA— 
When a formula expressing a volume uses 
only a few dimensions of the solid, the calcu- 
lation is simple. The formula for the volume 
of a pyramid, for example, uses the height, h, 
and the area of the base, b. The formula for 
the volume of a pyramid is 


v= (3) bh. 


A LONG FORMULA FOR A SIMPLE FIGURE 
—Calculating the volume of a sphere is rela- 
tively simple; calculating the volume of solids 
derived from a sphere is more difficult. The 
illustration shows a spherical segment—the 
portion of a sphere between two parallel 
planes that sliced through a Sphere like the 
planes of two of the Earth's parallels of lati- 
tudes. If ^ is the height, or the distance be- 
tween the planes, and a and b are the radii 
of the circles limiting the spherical Segment, 
the volume is expressed by the formula 


V =iah (3b? + 3a? + h?) 
Besides the values for the geometrical dimen- 


sions of the solids, the formula contains the 
ratio m. 


formulas for three-dimensional figures 


to calculate volumes, and their studies 
led to the branch of mathematics that in- 
cludes the measurement of three-dimen- 
sional, or solid, figures. Texts of the Al- 


exandrine era displaye 
simple formulas for dete: 
that are still used toda; 
medes' most distinguish: 


A SIMPLE FORMULA FOR 
URE—The formula for an 

solid with its poles flatten: 
those of the Earth, is simple 


v= ($) Ta 
where a is the radius along 


the radius along the third. Tt 
ilar to that for finding the vc 


CALCULATING VOLUME BY MEANS OF A 4 
DOUBLE INTEGRAL—To calculate a volume 
delimited by a surface in space, by the Car- 
tesian plane xy, and by a curve drawn on the 
plane, the surface is considered as a geo- 
metric representation of a function of two var- z, 
iables: z = f (x,y). C is the curve on the plane 
xy. It marks the boundaries of a generalized 
cylinder that intersects the plane in space. The 
surface and the curve delimit the solid whose 
volume is to be calculated. The volume is 
taken to be composed of a large number of 
small, elementary prisms, each of which has a 
square base with sides dx and dy, measured, 
respectively, along the x and y axes. 

Generally, however, the base will be a rec- 
tangle. The height of the prism is the value of 
the function z at that point. If dx and dy are 
small enough, the volume of the prism is the 
same as that of a parallelepiped of the same 
dimensions. The upper base, however, is 
curved; it is not plane, a fact that would have 
to be taken into consideration if it were not for 
the fact that the dimensions of the prisms are 
taken to be infinitesimal. In the theory of dou- 
ble and triple integrals, as dx and dy tend to 
zero, the volume of the prisms may be taken 
as equal to that of an upright prism that has 
parallel bases. The volumes of all the upright 
prisms into which the solid can be divided may 
be summed up by the formula 

J f f(xy) dxdy, 

which is the double integral of f(x,y) taken over 
the contour C. 

Any solid bounded by a surface that can be 
expressed as a function of two variables can 
be broken down into such parts so that the 


volume of the solid can be calculated with this 
formula. 
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GULDINO'S Ti 
lows estimation 
Solids genera: 
or curved lines 
In Illustration Sa, the line of curve s in space 
is rotated about the axis r, lying in the same 
Plane, thus describing a curved surface in 
Space. Whatever shape curve s may be, a sim- 
Ple calculation will determine the area of the 
Surface generated. Guldino's theorem, often 
called Pappus’ theorem, provides a simple for- 
mula for this purpose. By finding the center of 
gravity of the curved line s, here assumed to 
be at B, and its distance, x, from the axis of 
rotation, the surface area is given by the cen- 
ler of gravity's path during rotation (the circle 
Whose radius is Xo) and the length of the line 
5. The area, S, of the surface is: S = 27X;5. 
The second of Guldino's theorems is used to 
Calculate volumes. It refers to figures gener- 
Riz by the rotation of a plane surface around 
i axis contained in the plane of the surface. 
n Illustration 5b, surface A, whose center of 
may is B, is rotated about the axis r lying 
olid a plane of the surface. The shape of the 
ig SO generated is toroidal, and its volume 
ere to the path during rotation of the cen- 
adn gravity of surface A (the circle whose 
fice A Xo) multiplied by the area of the sur- 
Miri The formula is V = 2zxcA. As in Gul- 
DA first theorem, Xo is the distance of the 
dede center of gravity from the axis of rota- 


'"EMS—Integral calculus al- 
! the surface and volume of 
‘ by the rotation of straight 
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A SPECIAL CASE—The shape of the Earth's 
“sphere” is a geoid, similar to that of an oblate 
ellipsoid. In the illustration, a geoid's section 
is superimposed on the section of an ellipsoid. 

The volume of a geoid is determined by 
using the simple formula for that of an ellip- 
soid (given in Illustration 3) and then estimat- 
ing the volume of the distortion that distin- 
guishes the geoid from a perfect ellipsoid. The 
usually available data on the distortion does 
not provide an accurate estimate of the ellip- 
soid's volume, however. Such accuracy would 
require determination of the equatorial and 
polar radii with a precision that cannot yet be 
attained with ordinary geodetic instruments. 
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was his discovery of the method for find- 
ing the volume of a sphere. (The volume 
of a sphere equals two thirds the volume 
of the smallest cylinder that will fit 
around the sphere.) At Archimedes’ re- 
quest, a sphere and cylinder were placed 
on top of his gravestone. 

The measurement of surfaces and the 
measurement of volumes involve similar 
geometric principles, the difference be- 
ing that areas of surfaces are measured in 
two dimensions while volumes are mea- 
sured in three dimensions. In some cases, 
a volume can be calculated by a simple 
formula that uses only a few measure- 
ments of the solid. 

In a number of other cases, the com- 
plexity of the shape of a solid demands 
the use of transcendental numbers or in- 
tegral calculus. 

Some volumes are defined by a tabula- 
tion of points that are contained in alge- 
braic expressions that define the shape of 
the surfaces that form the solid. Such 
calculations use formulas that give only 
an approximate result, the accuracy of 
which depends both on the precision 
with which the function describing the 
surface is tabulated and the ability of 
the calculator to devise proper proce- 
dures for estimating the volume. Calcu- 
lating the volume of a solid becomes the 
problem of determining how many times 
the volume of the unit cube is contained 
in the volume of the solid. 


APPROXIMATE METHODS—When general for- 
mulas or integral calculus are inconvenient to 
apply, volumes can be calculated by approxi- 
mate methods. For example, if the double in- 
tegration in Illustration 4 cannot be calculated 
in finite terms, the volume can be estimated as 
the sum of its parts. The method is to divide 
the solid into prisms, even if the prisms do not 
have parallel bases, and to total their volumes. 
This method is indispensable when the volume 
of a solid determined by points must be esti- 
mated, as shown here. An inexact knowledge 
of the points that determine the solid pro- 
duces an error, and there is also an accumu- 
lation of error during the summing operation. 
The finer the subdivisions of the surface, the 
greater the possibility of error. 

Approximate calculation, therefore, leads to 
two opposite problems. On the one hand, the 
subdivision must be fine enough to approach 
a procedure similar to integration. On the other 
hand, the volume must not be divided too 
finely, or the imperfect knowledge of the es- 
sential elements in the breakdown will lead to 
an accumulation of error that may render the 
calculation useless. Each case demands an 
approach based on the judgment of the cal- 
culator. 


THE METHOD OF INDIVISIBLES 


In the seventeenth century, the Italian 
mathematician Bonaventura Cavalieri set 
forth his ideas of “the method of indivisi- 
bles.” He stated that a line is made up of 
an infinite number of points, each having 
no magnitude; an area is made up of an 
infinite number of lines, each having no 
breadth; and a volume is made up of an 
infinite number of planes, each having 
no thickness. The volume of any solid fig- 
ure, then, equals the sum of the “stacked 
up” planes, each varying according to the 
cross section of the figure. This idea, simi- 
lar to the summing processes of integral 
calculus, predated the actual develop- 
ment of the calculus. 


FORMULAS FOR CALCULATING VOLUMES 
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POLY HEDRONS | the polygon extended into space 
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OLYHEDRONS — Regular poly- 
palynearong, made up of congru- 
of i at are regular polygons the angles 
aner perton of which are equal to each 
hedrons 1 Important property of these poly- 
S that a sphere inscribed in them is 
9r just touches, each of the faces 
i the circumscribed sphere is 
É re esa the vertices. 
drons me Hoe ions regular, convex polyhe- 
circumscribed n, each with its inscribed and 
number of f Sphere. Note that the fewer the 
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properties of the figures; that is, finding 
the formulas for surface and volume 
when given the length of the edges, the 


between the radii of the two spheres. These 
polyhedrons were known to Plato, from whom 
the name, Platonic polyhedrons, comes. 

For each diagram, the characteristics of the 
figure are shown: the number of faces F; the 
number of vertices V; the number of edges E; 
the number of edges of each face L; and the 
number of edges meeting at each vertex A. 
The surfaces and volumes of Platonic poly- 
hedrons are calculated by means of relatively 
simple formulas somewhat more complex than 
those for plane polygons. (See the articles in 
this book on the measurement of surfaces and 


number of faces and their shape, and the 
radii of the inscribed and circumscribed 
spheres. Eventually, it was learned that 


F 20 V 


the measurement of volumes.) 

Not all these characteristics were discov- 
ered by early Greek mathematicians, although 
Euclid devoted much study to the properties 
of polyhedrons. Many such characteristics 
were developed during the revival of mathe- 
matical studies in Italy during the fifteenth 
and sixteenth centuries. 

The Platonic polyhedrons shown here have 
the following names: 6 faces, cube, or hexahe- 
dron; 4 faces, tetrahedron; 8 faces, octahe- 
dron; 12 faces, dodecahedron; and 20 faces, 
icosahedron. 
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STELLATE POLYHEDRONS — Platonic poly- 
hedrons, shown in Illustration 1, are both con- 
vex and regular. This means that they are 
composed of regular and congruent polygons, 
and that among other characteristics of the 
Polyhedrons, the plane of each face leaves 
all parts of the polyhedron on one side of the 
plane. Shown in this illustration are polyhe- 
drons for which this last statement is not true. 
The plane of any face of these Star-shaped 
figures would intersect the polyhedron so that 
part of the polyhedron would be on one side 
of the plane and part would be on the other. 
Because of this, these polyhedrons are classi- 
fied as concave. Their name, stellate, comes 
from the Latin word stella, meaning star. 
Both of these polyhedrons may be “built-up” 
by first picturing a regular polyhedron of 12 
faces, shown in Illustration 1—the figure for 
which F = 12, A Polyhedron that has 12 faces 
is called a dodecahedron, Each of the faces 


F 


12 v-20 


E-30 L-5 A-3 


is a regular polygon wii 
gon. The illustration on 
result when on each fac 
ture is imposed. In the « 
a pyramidal structure | 
has 5 visible facets; the 
base of the structure 
too, are faces, but the w« 
to distinguish from the o 
the additional structure i 
tion 2b a more complex 
again on the faces of : 
Structure, however, has 1 
are visible on the cent 
hedron. 

Many varieties of struct 
on simple, regular polyhe: 
ures that are a delight to 
much of the rhythmic be 
in mathematics. 


lges—a penta- 
ge shows the 
further struc- 
Illustration 2a 
ad that, itself, 
; including the 
all of these, 
t is used here 
face on which 
d. In Illustra- 
e is imposed 
ihedron. This 
—10 of which 
of the poly- 


an be imposed 
producing fig- 
They display 
it is inherent 


THE PLATONIC POLY- 
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the polyhed: tudied by the early 
Greeks were ı special case of poly- 
hedrons, lim: the most simple and 
regular figure 

A polyhed iay be thought of as 
the generali in three dimensions 
into space of »-dimensional polygon. 
In general, ; gon is a closed figure 
bounded by zht line segments. A 
polygon may vex or concave, and 
intersecting intersecting. A convex 
polygon is or vhich the line contain- 
ing any edge es all parts of the poly- 
Bon on one sit: of the line. When one of 


its edges intersects some other edge, the 
polygon is intersecting. In three-dimen- 
Sional space, these definitions can be ex- 
tended to the case of polyhedrons, and 
thus a polyhedron may be thought of as 
a closed three-dimensional configuration 
composed of a finite number of polygons, 
each lying in a different plane. 


POLYHEDRONS 


The definition of a polyhedron just stated 
gives rise to many classes of configura- 
tions—too many, in fact, to study at one 
ee To start, therefore, a limitation will 
© Imposed on the definition, and a more 
Specific class of polyhedrons — convex 
Polyhedrons--vill be discussed. If each 
edge of a polyhedron is common to only 
© faces and if the plane of each face 


equal triangular faces of the tetrahedron; 3b 
shows the six equal square faces of the cube; 
3c shows the eight equal triangular faces of 
the octahedron; 3d shows the 12 equal pen- 
tagonal faces of the dodecahedron; and 3e 


leaves all parts of the polyhedron on one 
side of the plane containing the face, 
then the polyhedron is convex. Such a 
definition also requires that the polygons 
forming the faces of a convex polyhedron 
be convex, not concave or intersecting; 
in addition, the angles formed where the 
faces of the polyhedron meet must be 
less than 180°. Furthermore, the faces 
must meet only at the edges, otherwise 
the polyhedron would be intersecting. 

The surface of a convex polyhedron 
has two sides, and the surface divides a 
given space into two parts, the part in- 
side and the part outside the polyhedron. 
Every straight line that does not pass 
through a vertex intersects such a poly- 
hedron at only two points or never in- 
tersects it at all. A line through a vertex 
will intersect the polygon either at one 
point (the vertex) or at an edge contain- 
ing the vertex. 

It might seem that these definitions 
lead to such a simple and intuitive con- 
cept of the polyhedron that it is super- 
fluous to list them. These definitions, 
however, serve to limit the concept of a 
polyhedron to a rather simple case. If 
some of the limitations are not taken into 
account, then the scope is extended to a 
more complex class of polyhedrons. 

The Swiss mathematician Leonard 
Euler discovered a relation between the 
numbers of vertices, sides, edges, and 


shows the 20 equal triangular faces of the 
icosahedron. To make three-dimensional mod- 
els, trace the illustrations, cut along the bor- 
ders, fold the lines down, or inward, and paste 
the tabs in place. 


“handles” of a polygon. The concept of 
handles is discussed in the articles on 
topology; convex polygons have a zero 
number of handles, so that concept will 
not be discussed here. Euler’s theorem 
for a convex polygon states that the 
number of vertices V minus the number 
of edges E plus the number of faces F 
is equal to 2. Written as a formula, 
V—E+F=2, Eulerian polygons have 
certain other characteristics, some of 
which were discovered by Euler, others 
of which were discovered hundreds of 
years later by other mathematicians. 


PLATONIC (UNIFORM) 
POLYHEDRONS 


A uniform polyhedron has regular poly- 
gons for faces, and, in addition, all the 
vertices of the polyhedron are alike. 
There are only five such polyhedrons, 
known as Platonic polyhedrons because 
they appeared in Plato's system of na- 
tural philosophy. The polyhedrons are 
mentioned in Plato's Theaetetus and are 
also described in Euclid's Elements. 

Plato associated four of the five with 
his basic elements; fire, air, earth, and 
water. In that order, the polyhedrons are 
the tetrahedron; octahedron; cube, or 
hexahedron; and dodecahedron. The fifth, 
the icosahedron, he related to the uni- 
verse as a whole. 
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RADIOLARIANS — Among the microscopic 
kinds of protozoa, one of the most unusual is 
the Radiolarians, shown here, which are made 
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up of elaborate skeletons. The “spines,” con- 
verging at the center of the skeleton, project 
outward in a way that resembles the axes of 


i arity 
polyhedrons. Illustration 4b shows à sima 
to an octahedron; 4c is similar to or editor 
hedron; and 4e is similar to a dodecal 
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ang LNEDRAN POLYHEDRONS — Platonic 
in Illustr, ae polyhedrons, shown respectively 
that have lons 1 and 2, are composed of faces 
medean p M equal number of edges. Archi- 
in Which th yhedrons, shown here, have faces 
the ous le number of edges differ, although 
Seen, fo, ave the same length. This can be 
for example, in the blue polyhedron, which 


is made up of triangles and squares. Certain 
Archimedean polyhedrons have faces of only 
two kinds of polygons; others can be con- 
structed with three different kinds of polygons. 

The illustration shows some examples of the 
more simple polyhedrons of this kind. They 
can be formed from regular polyhedrons, in 
which all the faces are identical, by "cutting" 


off certain corners (vertices) of the latter. The 
blue polyhedron, for example, is formed by 
planes cutting a cube. The planes pass through 
the midpoints of the edges of the cube. 

Besides the Platonic, stellate, and Archi- 
medean polyhedrons, other, larger families of 
polyhedrons exist. They are, however, not as 
uniform as those discussed here. 
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PROJECTIVE GEOMETRY | 


The ancient Greeks, especially those of 
the Alexandrian School, devoted particu- 
lar attention to geometry because they 
saw it as an abstraction of the real world 
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THE CROSS RATIO OF POINTS—Although 
projective geometry deals with the projective 
properties of a figure—that is, the alignment 
of points and concurrence of lines (lines are 
said to be “concurrent” when they meet at a 
point)—a certain numerical property of lines 
and ranges of points is maintained during pro- 
jective transformations. This is the cross ratio 
of the points—an enormously important con- 
cept in all developments of projective geome- 
try. 
Illustration 1a shows four points ABCD ar- 
ranged at random on a straight line. The 
lengths of the segments AC, BC, AD, and BD 
are measured. From these lengths is formed 
the ratio of their ratios; AC/BC:AD/BD. The 
resulting number is called the cross ratio of 
the four-point group ABCD, and is indicated 
as (ABCD). 

Projective geometry demonstrates an im- 
Portant property of cross ratios: they do not 
vary when projected onto another plane. Illus- 
tration 1b shows the four points ABCD pro- 
jected from one plane to another from the cen- 
ter of projection Q. The four segments making 
up the cross ratio have different lengths; even 
more important, the higher ones are less dif- 
ferent than the lower ones, which have been 
projected a long way to the left. Despite this, 
if the new segments are measured and their 
Cross ratio formed, their cross ratio will be 
found to be equal in value to the cross ratio 
of the original ABCD. 
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—an abstraction through which they 
could deduce absolute truths obtained 
by generalizing individual cases. The ge- 
ometry of the ancient Greeks is called 
Euclidean geometry after Euclid, the 
mathematician who established its funda- 
mental postulates. Euclidean geometry is 
limited to those properties of geometrical 
figures that do not vary if the figures 
are translated, enlarged, or reduced. 

Today, Euclidean geometry is only a 
special case of a more general, projective 
geometry, which has taken an important 
place in mathematics since its evolution 
2 


THE CROSS RATIO OF LINES—Analogously 
with the cross ratio of points, a major role is 
played in projective geometry by the notion 
of the cross ratio of four concurrent lines such 
as those shown in Illustration 2a. The lines 
are a, b, c, and d; their cross ratio is formed 
by taking the double ratios of the sines of the 
angles between the lines and any fixed line 
of réference, 


If the cross ratio of the four lines is calcu- 


lated, the resulting value can be expressed as 
(abcd). Suppose now that several lines are 
drawn across the four-line group so that each 
has four points of intersection (Illustration 2b). 
The lines are identified in the figure as ABCD, 
A'B'C'D', and A"B"C"D". In Projective ge- 
ometry, it is shown that the cross ratio of any 
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One characteristic o jective geom- 
etry is that it can ofte: used to dem- 
onstrate very difficuli nonintuitive, 
theorems by means "ort and ex. 
tremely simple proof: cause of the 
originality of the th: 1s it demon- 
strates and the unexpe: {ness of some 
of its assertions, pri ve geometry 
seems far more magi: ind fantastic 
than the ancients thous), Euclidean ge- 
ometry to be; and this more than à 
proof of the power 1e projective 
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four-point groups created by the intersections 
of the four-point groups created by the inter- 
sections with the four lines a, b, c, and d al- 
ways results in the same value; that is, the 
Cross ratio (abcd): (ABCD) = (A'B'C/D') = 
(A"B"C"D") = (abcd). 

Illustration 2c shows a line r on which four 
points ABCD have been marked. Other points 
are placed at random outside the line on 
each of these is joined to the points mariae 
Previously. The result is an equal number o! 
groups of four lines—called rays of lines— 
all having the same cross ratio as the cross 
ratio (ABCD). Any other group of four fines 
intersecting the line r at A, B, C, and D wi 
likewise have the same cross ratio. 
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lines, four of them forming the sides (which are 
usually extended until they meet), and two 
other lines forming the diagonals. In Illustra- 
tions 3a, 3b, and 3c, the four vertices of the 
quadrangle are labeled P, Q, R, and S, and 
the points where the opposite pairs of sides 
intersect are labeled A and B. Let the line r 
be drawn through A and B and let the inter- 
sections of the quadrangle’s diagonals with r 
be labeled C and D. It can now be shown that 
for any quadrangle, the cross ratio of the four 
points ABCD is equal to —1; that is, (ABCD) 
= —1. For any quadrangle, the cross ratio 
will have the value —1. Four points, or lines, 
with a cross ratio equal to —1 are said to be 
harmonic. 


Demonstrating this theorem in the general 
terms used above would be extremely diffi- 
cult, so the general irregular figure is first sim- 
plified by means of a projection, Illustration 3d 
shows how to make the projection. The line r 
is projected onto the line at infinity and the 
quadrangle turns into a rhomboid, for which it 
is very easy to prove the harmonicity of the 
cross ratio. The cross ratio applies to all fig- 
ures obtained by projection from the simplified 
figure and, hence, to all quadrangles in gen- 
eral. The property is thus valid for all quad- 
rangles. This method of demonstration is 
called the Ponselet method. It is a funda- 
mental method used in many demonstrations 
of projective geometry. 
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APPLICATION OF THE PONCELET METHOD— 
This illustration shows another application of 
the Poncelet, or projection, method, to the 
theorem of homologous triangles. This theorem 
seems quite unusual when compared to the 
theorems of Euclidean geometry. 

If two triangles have pairs of homologous 
vertices aligned upon a common vertex o (II- 
lustration 4a), then the intersections of the 
pairs of corresponding sides are colinear. In 
ihe diagram, the homologous vertices are A 
and A’, B and B', and C and C’. The corre- 
sponding sides are AB and A'B', BC and B'C', 
AC and A'C'; their three intersections R, P, 
and Q are concurrent as indicated. 

illustration 4b shows how the figure is sim- 
plified through projection, resulting in immedi- 
ate proof of the theorem. The complex figure 
is drawn on plane z and projected from a point 
K situated on plane y, which contains the line 
of intersection QPR. The plane onto which the 
figure is projected is plane a and is parallel 
to plane y. Thus, the line QPR projects to in- 
finity, whereupon the sides of the triangles be- 
come parallel. The theorem is then easily dem- 
onstrated with the ordinary rules of Euclidean 
geometry. 
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DUALITY—This illustration shows simplified 
versions of the figures in Illustrations 2a and 
2b. Illustration 5a shows the invariance the- 
orem of the cross ratio for groups of four 
points obtained by intersecting the same four- 
line group with various secants, while Illustra- 
tion 5b shows the invariance of the cross ratio 
for groups of four lines intersecting any line 
at the same points. In projective geometry, 
each of these figures is called the dual of the 
other. A dual is a figure in which lines are re- 
placed with points, points with lines, concur- 
rent lines with colinear points, and colinear 
points with concurrent lines. 

Projective geometry demonstrates an inter- 
esting fact: if a theorem has been Proved for 


a figure made up of lines and points, the 
theorem is also valid for the dual figure made 
up of points and lines. The Pascal and Bri- 
anchon theorems on conics are a famous case 
of the theorem and its dual, 

Pascal's theorem states that, if six points 
are marked at random on a conic section 
(drawn as an ellipse in Illustration 5b) the 
Pairs of opposite sides will meet at three 
colinear points (on the line r). 

Brianchon’s theorem states that, if six tan- 
gents to a conic section are drawn at random 
(the tangents are shown in Illustration 5d as 
tangents to an ellipse), the lines joining the 
vertices of this six-sided figure will meet at a 
point. The point at which the lines meet is 


called the Brianchon point; the line r of Pas- 
cal's theorem is called the Pascal line. ái 

Demonstrating these two theorems regu 
proof for only one, since each is the dual E 
the other. Furthermore, since the project | 
a conic is still a conic, and all conics can "i 
obtained from each other by projection, E | 
Proof may be given for any conic. Thee 
of theorems highlights the effectiveness o! tia 
methods of projective geometry. These c 
ods can be applied to more complex b 
metrical figures to demonstrate simple, "s 
often nonintuitive, properties that would Eid 
impossible to prove with the methods o 
clidean geometry. 


GEC METRIC 
TRA JSFORMATIONS | 


mappings that unify 
many geometries into one system 


The ancien! mathematicians did 
the ground vr most of the tradi- 
tional, or ^ u, geometry, This ge- 
ometry forn ^e basis of most high 
school geo:: curricula until the re- 
cent introd: of new curricula, For 
some reaso: -ver—perhaps because 
motion see! slated to mechanics, 
considered | ve a less lofty art than 
mathematics Greeks did not con- 
sider the pr: is of geometric transfor- 
mations, Yet nmetry transformations 
are found in \istoric art and had long 
been in the non treasure of knowl- 
edge of all nd. 

Transforn geometric figure con- 
sists of mo) ; points in a carefully 
defined op to form a new figure 
whose sim to the original follows 
from the na the transforming oper- 
ation. For « , a triangle may be ro- 
tated 180° its base used as the axis 
of rotation rm a new triangle in the 
same plane ig the same base and 
having thc dimensions. The trian- 
gles are sy: sal with respect to the 
base line; i: the transformation can 
be made wii »e plane by reflection— 
“mirroring” t ertex to the other side 
of the base; thai is, by making A'O = AO, 
as shown in Illustration 1. 
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© axis of rotation 


A single point can be similarly trans- 
formed; point P, for example (Illustra- 
tion 2), can be reflected through a point 
O by placing the point at an equal dis- 
tance on the other side of point O, so 
that PO-P'O. In practice, however, 
Point P” (the mirror image of P) is usu- 


ally constructed with a compass; that is, 
P is rotated around O. 
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The transformations of reflection and 
rotation are, therefore, essentially similar 
if they are considered in n-dimensional 
space, which is based on a geometry that 
is not limited to a certain number of di- 
mensions. A simple rotation always pre- 
serves equal distances and angles and re- 
sults in symmetry with reference to the 
axis of rotation. Certain special combina- 
tions of rotations are equivalent to a 
translation. If triangle ABC (Illustration 
3) is rotated 180° around line l, a sym- 
metrical mirror image A'B'C' is obtained; 
if the triangle is then rotated again 
around a different axis, line m, the image 
A”B”C” is obtained. If lines | and m are 
parallel, this double rotation constitutes 
a translation; but if the two lines that 
form the axes of rotation intersect, such 
as lines l and n that intersect at O, the 
translation is a rotation around O of the 
triangle ABC to triangle A"B"'C^, If 


the parallel lines, such as ! and m, may 
be considered to intersect at an infinitely 
distant point, the translation by | and m 
may be similarly considered a rotation, 
in which case the angle of rotation is in- 
finitely small. 

Of the operations just performed; that 
is, the different rotations around separate 
axes, the rotation of ABC around l may 
be designated f, and the subsequent ro- 
tation around n may be designated g. 
The double rotation, or translation, may 
then be called fg. Imagine ABC first ro- 
tated around n and then rotated around 
l; an entirely different result is obtained, 
and consequently the operations fg gf, 
which means that the operations are not 
commutative, as multiplication is where 
ab — ba. 

All the transformations discussed so 
far have preserved the rigidity of the 
figures; angles and distances have re- 
mained the same. Projection is a kind of 
transformation that does not preserve 
rigidity. A simple projection within a 
plane is shown in Illustration 5. The 
points of segment AB of line l are pro- 
jected by rays, whose origin is point O, 
onto line m parallel to l. The projection 
has a point-for-point correspondence 
with the original, but the length of the 
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COMMUTATIVE AND NONCOMMUTATIVE 
TRANSFORMATIONS —The most common 
transformation is ordinary rotation. Generally, 
two or more successive rotations around the 
same axis are commutative, whereas transla- 
tions—that is, two or more successive rota- 
tions around different axes—are not commuta- 


line segment has changed in proportion 
to the distance from O; in other words, 
AB/AO — A'B'/A'O. When point C on 
a line k (which intersects line | at the 
point A) is projected from O onto line j 
(which line passes through A' and is 
parallel to k), the projected point C' is 
obtained; the triangles ABC and A'B/C' 
are similar—that is, they have equal an- 
gles and parallel sides. In fact, every side 
of ABC is effectively multiplied by a fac- 
tor A'O/AO. This multiplication may be 
considered a mapping, and the factor 
A'O/AO is the scale of map A'B'C' rela- 
tive to its original, ABC. 

Projections from one plane into an- 
other can be easily explored by means of 
a shadow game. Let a single light source 
be the origin of projective rays; the wall 
is the projective plane; plane figures can 
now be projected as shadows on the wall. 
By moving the figures between the light 
source and the wall, and the light source 
itself, the size and the angles of the pro- 
jectivity (the shadow) can be changed, 
but general order is preserved; a one-to- 
one correspondence exists between the 
points and lines of the projected figure 
and those of the projectivity. 

Projection of a solid from one three- 
dimensional space to another is more dif- 
ficult to conceive. Referring back to the 
"multiplication" of triangle ABC, the pro- 

jection of a solid may be thought of as 


tive (except in somé special cases, such as 
that shown in Illustration 6c). In Illustration 4, 
as in Illustration 6, the individual faces of the 
solids have been colored differently to show 
the exact nature of the transformations. 
Illustration 4a shows a ten-sided prism un- 
dergoing rotation a and a subsequent rota- 


the projection of a triangle from one 
plane to another (from an origin outside 
either plane), with subsequent merging 
of the point and the two planes, either by 
rotation or by projection. “Multiplica- 
tion" then presents a special case, for in 
such operations, angles and parallelism 
are not necessarily preserved. 

When the origin of a projective ray is 
taken to be at an infinite distance, the 
projecting lines become parallel. For ex- 
ample, the sun is so far away that its 
rays are for most practical purposes par- 
allel; a shadow cast by the sun may be 
considered a projectivity formed by par- 
allel rays. 

The projections by map makers of the 
Earth's surface represent transformations 
of the curved surface of the Earth either 
to a plane or to other curved surfaces— 
for example, to the surface of a globe. 
Inevitably, the differences in curvature 
distort both distances and angles. This 
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may be true even in 
small area; a distan: 
topographical map as 
actually be twice that | ver the folds 
and slopes and throug canyons of 
the terrain. Yet every element of the ter- 
rain can be represente: on the map, 
except points that are directly over one 
another; these would require angular 
projections or other transformation. . 
In any transformation, a set of points 
or lines in a figure is related to an equiva- 
lent set of points or lines in a way de- 
fined by the mapping operation. In à 
system of equivalent sets obtained by 
transformation, relations are dependent 
upon each other in a way that can be 
analyzed. They are said to form a geo 
metric group. The study of groups has 
had a unifying effect upon geome 
Geometrical relations existing on curve? 
surfaces can be related to those on a flat 
plane through projective geometry. 
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FLECTION—The illustra- 
»metrical transformations 


of the solids have been 
to easily identify them 
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: a rotation. A regular 
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igh an angle of 120° 
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ion is its original posi- 
tablished. A simple 360° 
tation for all figures. 
s a reflection. In an or- 


dinary mirror the distance between the virtual 
image “behind” the mirror and the mirror 
equals the distance of the reflected object, it- 
self, to the mirror. Geometric reflection of a 
solid likewise places each point of the figure 
at an equal distance on the opposite side of 
the reflecting plane. Note how the sides of the 
figure are juxtaposed by the reflection in such 
a way that no ordinary three-dimensional rota- 
tion can make them coincide with the original; 
left and right have been reversed. 
Illustration 6c shows a translation. Point P 
is first rotated through an angle around an 
axis perpendicular to the gray plane. In this 
way the image, point P’, is obtained. Subse- 
quently, P’ is reflected by the plane to form 
the point P". The reflection may be thought of 
as a special kind of rotation. In this case the 
transformations are commutative; P can be 
first reflected and then rotated around the 
perpendicular, and the same result is ob- 
tained. However, if the axis line were not per- 


pendicular to the plane, the operations would 
not be commutative. 

Illustration 6d shows inversion, a kind of 
multiplication. Parallel rays projecting from an 
origin point O go through all the points of cube 
ABCDEFGH. The points are now each equiva- 
lent to having been multiplied by — 1; on each 
projecting line, the point is moved to the other 
side of point O (on the extension of the line 
from the original point through O) at an equal 
distance from O. A few of the projecting lines 
through O are shown. In other words, on each 
projecting line, the point of the figure is re- 
flected through O. The resulting cube is the 
one shown at the right. If the center point of 
the cube is the origin of the inversion, the in- 
verted cube occupies the same space as its 
original. However, the sides have been juxta- 
posed in such a way that no ordinary rotation 
can make them coincide again; left and right 
have been reversed. 
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DESCRIPTIVE GEOMETRY 


Descriptive geometry is that branch of 
geometry that deals with the spatial re- 
lationships of points, lines, planes, and 


DESCRIPTIVE GEOMETRY IN PREHISTORY— 
Paintings of animals and plants survive from 
tens of thousands of years ago. An example is 
this wall painting from the caves of Altamira 
in Spain. Prehistoric figurative art was pro- 
duced for purposes of magic. The excellent 
perspective displayed in such paintings was 


1 


VICTORY BY REASON—Piero della Fran- 
cesca's "Flagellation of Christ" exhibits a 
mastery of perspective that leaps to the eye, 


other surfaces. Although in general, de- 
scriptive geometry has rather limited 
uses outside pure science, it does have 


intuitive rather than mathematical, as was the 
case in the Italian Renaissance. 

A STEP BACKWARD—Despite their knowledge 
of mathematics and their invention of geom- 
etry, the Egyptians had no sense of perspec- 
tive, as indicated by this fresco found in the 
tombs of Nebamori (15th century B.C.). 


2 


the figures of © ace 
on a flat surf: 


great value as the ba » much of 
architectural and mec} ıl drawing, 
because it provides the n for graphi- 

To show a rectangular with trees 
around it, the Egyptian p: depicted the. 
trees growing horizontally trees at the 
bottom of the painting we de to point 


upward. 


particularly in the architectural details. Per- 
spective problems inherent in figures and a 
distant landscape have àlso been resolved. 


Similar examples are to be found in other 
works of the Renaissance. 


—————— — cc NEM --- 


For example, 


sects a surface 


PROJECTION— 
tive geometry i: 
trates the princ 
with a point P | 
Side it. The tw 
each other (a! 
angle). From P 
the horizontal r 
at the intersect 
on the horizorit 
from P to the 

point P", Oth 
drawn for plane: 
90°, or for ple: 
those illustrated 
r M 


draw a project 


cal representati 
spatial figures o": 


study the prob! 


three-dimensional 
-dimensional planes. 
architect wants to 
f a line that inter- 
ice, it is useful to 


ssic element in descrip- 
ction. This diagram illus- 
orojection, which begins 

and two planes along- 
əs are perpendicular to 

they could be at an 
pendicular is drawn to 
ulting in the point P” 
s is the projection of P 
ie. Another line is drawn 
| plane, resulting in the 
»jection points may be 
ning an angle of less than 
arranged differently from 


on of the line—a projec- 


tion that is perpendicular to the surface, 


Which appears 


as a rectangular solid 


ie three faces. Such a projection is 
called an axonometric projection. 


A mechanical 


part and an architectural 


von are both three-dimensional ob- 
s pon who has to construct them 
eis is from a two-dimensional plan 
eee ree-dimensional information for 
e De is being constructed. Descrip- 
iios iid can also be used to deter- 
T » rules by which figures in space 

e represented in an artistic paint- 


ing or drawing. 


THE REMOTE ORIGINS 


Deca 
€scriptive geometry has its origins in 


THE FUNDAMENTAL THEORY OF PROJEC- 
TION—Every figure is composed of points. If 
it is desired to represent a figure on a plane 
surface, each point must be projected onto 
the surface. However, a single projection of a 
three-dimensional object onto a plane surface 
does not result in substitutability—the prop- 
erty of reconstructing the projected object 
unequivocally from the projection. 


the prehistoric past. It has developed as a 
science largely through the intuition of 
its practitioners, and it has received a 
truly rigorous codification only in the last 
three centuries. 

5 


a 


An example is shown in Illustration 6a: the 
projection of the circle C onto the plane r. The 
circle is parallel to r, whence its projection is 
a circle identical to the real one. If the pro- 
jected circle is drawn on a piece of paper— 
even with the knowledge that it is a parallel 
orthogonal projection—it cannot be estab- 
lished which figure has been projected. It 
might be the circle C, but it might equally well 
be the ellipse E. A single projection cannot 
give all the information required. 

In Illustration 6b are given two of the figure's 
projections, which allow reconstructions of the 
projected figure. The same circle as in the 
previous illustration is projected onto the 
plane r and, once again using parallel orthog- 
onal projection, onto the plane r' perpendic- 
ular to it. On r, the circle C is transformed 
into the circle C’, which is identical to C. On 
the plane 7’, however, it becomes the line C". 
On the other hand, the ellipse E gives a circle 
like C’ when projected onto r’. In both cases, 
the second projection allows reconstruction of 
the exact shape of the projected figure. 

The figure does not have to be projected 
onto a second plane surface. Only the center 
of projection must be changed; or, one oblique 
and one parallel orthogonal projection may be 
used, or else two oblique projections. It is 
more practical to use parallel orthogonal pro- 
jections onto two distinct planes, especially if 
the planes are perpendicular to each other. 


PARALLEL AND OBLIQUE PROJECTIONS — 
Illustration 4 shows only the principle behind 
the projection of a point. Illustration 5 shows 
three elaborations of the principle. For ex- 
ample, Illustration 5a shows a parallel orthog- 
onal projection (as in Illustration 3), in which 
the points are projected perpendicularly from 
infinity, onto the plane of projection. Illustra- 
tion 5b shows a central projection in which the 
projecting center is not at infinity, but at O, from 
which the points P and Q are projected to give 
the points P’ and Q’. The distance PQ is not 
equal to P'Q'. Generally, central projections 
do not preserve lengths. A case in point is 
perspective. 

Illustration 5c shows the case of a parallel 
oblique projection, where lengths are clearly 
preserved. This type of projection is called 
parallel because all the lines of the projection 
are parallel, and oblique because they are 
oblique to the plane of projection. The lines of 
projection are called projection rays. Here, 
there is an obvious analogy with light rays, 
which cast the shadow of the points forming 
the figure to be projected geometrically onto 
a plane surface. The center of projection lies 


at infinity. 
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The problem of representing the shapes 
of real, or three-dimensional, objects on a 
plane surface is the first problem of paint- 
ing—a problem that was occasionally re- 
solved with great mastery by neolithic 
painters, Compared with their work, the 
graphic techniques of the Egyptians are 
fairly primitive, as shown in Illustration 2. 
Both the Romans and Greeks used the 
elevation and plan of architectural struc- 
tures, while the texts of Vitruvius employ 
a geometrical terminology that has some- 
thing in common with the technical lan- 


guage of our own day. Perspective and 
axonometry are characteristic of the Ren- 
aissance from Paolo Uccello to Albrecht 
Diirer. Modern systems of perspective 
and axonometry stem from the scholars 
of the 1600s and 1700s, and particularly 
from the military engineers of the Napo- 
leonic era. Current methods of mechani- 
cal and architectural drawing date back 
to the French mathematician Gaspar 
Monge (1746-1818). 

The basic task of descriptive geometry 
is to represent a three-dimensional object 


COMPLEX FIGURES—The problem of repre- 
senting complex figures is identical to that of 
representing simpler figures. The solution can 
be derived from the rules of projection for 
lines, circles, and the higher curves. The illus- 
tration shows the parallel orthogonal projec- 
tion of a solid made up of two intersecting 
cylinders. The technique of projection requires 
that significant lines be imagined on the solid 


in two dimensions (that is, on a plane sur- 
face) with completeness and substitut- 
ability. Completeness means that the pro- -— 
jection must give all the required details 
of the object. Substitutability means that 
the projection must give all the informa- 
tion required to perform the reverse oper- 
ation and reconstruct the projected object: 
in space. Projections required for artistic 
purposes can do without substitutability, 
and sometimes even completeness, while 
mechanical projections must necessarily. 
have the property of substitutability, 


as an aid to defining its form. In this case, 
lines have been drawn to show the contours 
of the base, the intersection of the two cylin- 
ders, and the lines needed to generate them. 
In the projections, the lines to which these. 
parts correspond are easily identifiable. These 
lines define the shape the solid has in space, 
allowing imaginary reconstruction of the solid, 
starting with the projections. 


One of the most im- 
jescriptive geometry 
rthogonal, or Monge, 
their inventor. These 
! on three plane sur- 
each other and ar- 
sired with respect to 
he object is usually 


MONGE PROJECT: 
portant applicatio 
is the constructio: 
projections, name: 
are projections 0” 
faces at right ar 
ranged in the ma 


oriented appropriately with respect to the 
planes, so that one of its important planes is 
parallel to a plane of projection. As the illus- 
tration shows, two planes are sufficient for 
Monge projections. (A third plane may serve 
for clarification, so that the object can be re- 
constructed without excessive calculatons.) 
Monge projections are also important because 


they reduce the geometrical shapes of the 
lines of an object to projections that can be 
defined very simply in mathematical terms as 
functions represented in Cartesian space. The 
diagram shows two Monge projections of a 
connecting rod. 
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THE MAP-COLOR PROBLEM | 


The map-color problem is one of the most 
difficult in geometry; in fact, no complete 
solution has yet been discovered. The 
problem is to find the smallest number 
of colors needed to assign to the sections 
of a complex map so that any two adja- 
cent regions are different colors. The 
problem sounds simple, but it is not. 
The study of the number of colors re- 
quired is important in topology. Initially, 
this branch of mathematics arose from 
individual problems about the position 
of points in geometric figures, and the 
science was originally called analysis 
situs. Subsequently, it became an inde- 
pendent science, no longer related to the 


COLORING MAPS—A very simple map is ob- 
tained by drawing a circle in a plane (Illus- 
tration 1a). To color it, only two colors are 
needed, one for the area inside the circle, 
and the second for the area outside it. These 
are the map's two regions, because in planar 
maps all the subdivisions introduced into the 
plane by the edges of the network delimiting 
them must be taken into account. Illustration 
1b is another example of a map that can be 
colored with only two colors, 


original formulations based on geometric 
entities, 

In its current state, topology’s general 
construction enables its results to be 
linked up with other, higher branches of 
mathematics. Thus, progress in topology 
has repercussions in all of the most ad- 
vanced branches of mathematics. 

It is important to characterize surfaces 
by means of topological invariants, or 
characteristics that do not change during 
a specified transformation. One of these 
invariants is precisely the smallest num- 
ber of colors needed to color the most 
general map drawn on a particular sur- 
face. For the plane and the sphere, this 


la 


lllustration 1c is a map requiring three 
Colors. Note that regions touching only at a 
corner are not considered adjacent. Even if 
the square is divided into a larger number 
of rectangular regions than the nine shown. 
only three colors are needed. 1 
1 A slightly more complex example (Illustra- 
tion 1d) is a circle divided into segments. In 
this case also, three colors are sufficient. 

Even though the map in Illustration 1e is 
apparently less complex than that in Illustra- 


a problem that has 
not yet been solved 


number is not known with certainty, It 
is known that in order to satisfy the re- 
quirement for different colors of adja- 
cent areas, six colors arc enough to use 
on any plane map. H: 
possible to show that 


five colors are needed. “he demonstra- 
tion of this is omitted ':---, because it is 
rather elaborate, but «ich knowledge. 


does not prove that fis 
smallest number of co 


is always the 
> needed on a 


planar map. In fact, despite the efforts 
of many mathematicians. 10 one has ever 
managed to devise a platar map so com- 
plex that it cannot be pwinted with only 
four colors. There remains doubt, how- - 


tion 1d, four colors are needed. Four colors 
are the most that has, in fact, ever been foun 
necessary to use on a planar map according. 
to topological rules. The difference between 
this case and the previous one is that here 
the circle is divided into an odd number of 
segments rather than an even number as in 
the first example. 

Even in the much more complex map shown 
in Illustration 1f, four colors are enough. 


OREM — The six-color 
y map can always be 
To prove this, two 
ust be accepted. The 
s is omitted here. 
that the number of 
y map does not change 
and degree-3 network 
network is one in 
t at each vertex.) The 
t each regular, planar, 
as at least one region 
e edges as shown in 


THE SIX-COLOF. 
theorem states tl 
colored with six 
properties of may 
proof of these pr 
The first prope 
colors used to co! 
if only a regular, ^ 
is considered. (^ 
which three edge 
second property 
and degree-3 ne! 
with a maximum 


ever, that unde onditions five colors 
are sufficient. 

It is surpris 
as the torus, i 
complex than 


t, on a surface such 
is apparently more 
Jane or the sphere, 


the problem termining the color 
—— 

3 THE PROBLEM JLORS ON A TORUS— 

While it is fairly deal with planar maps 


because the enii ace can be seen at one 
glance, the situ s more complex with a 
torus because | f its surface is hidden. 

The following | are necessary to make 
a torus starting ‘=m a rectangle; the steps 
help show why sev=n colors are needed for a 
map on its surface, illustration 3a shows a 


À c 


aa 


Illustration 2a. 

The six-color theorem is demonstrated as 
follows. Suppose that a map with (n — 1) re- 
gions can be colored with six colors. If six 
colors can be shown to be also enough for 
a map with n panels, the theorem will be 
proved. 

By virtue of the second property, there is a 
region f that does not have more than five 
edges. Consider one of the edges, s, that 
places f in contact with the adjacent region f^ 
(Illustration 2a). Now eliminate the edge s 
from the map with n regions, and a map with 


invariant should have been solved. In 
the case of the torus, it is already known 
that seven colors are enough to color any 
map on its surface. Maps have been 
drawn on a torus that cannot be painted 
with less than seven colors, thus ruling 


rectangle ABCD. The rectangle is rolled into 
a tube. The corners A and B then coincide, 
and C and D coincide (Illustration 3b). The 
tube is then bent into a circular shape so that 
side AB is joined to side CD (Illustration 3c). 
The torus is now complete. 

When the original rectangular surface (ll- 
lustration 3d) is made into a map, knowing 
that the rectangle will be made into the sur- 


n 
A 


(n — 1) regions results, in which regions f 
and f^ are combined (Illustration 2b). The hy- 
pothesis is that a map with (n — 1) regions 
can be colored with six colors, so this map 
can be colored with six colors as well. 

If the edge s is now reconstructed, a map 
with n regions results. This map, too, can be 
colored with six colors. In fact, this region has 
five edges, and borders on a maximum of five 
regions. One color is, therefore, left over to 
color region f, now reconstructed (Illustra- 
tion 2c). 


out any number less than seven as suffi- 
cient. Thus, for the torus, the color, or 
chromatic, invariant is certainly seven. 

The anomaly of the simple analysis of 
the color invariant of the torus is ex- 
plained here. 


face of a torus, seven colors are needed to 
color it, rather than the four that were enough 
for an ordinary rectangle. The reason is im- 
mediately obvious, because the corners AAAA 
all coincide, as do sides a with b, and c with 
d. This means that each region of the map 
has a common frontier with the other six. The 
four green corner regions join to form a 
single green region. 
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transforir ‘ions 


TOPOLOGICAL PROPERTIES 


1 
EG | 


TOPOLOGICAL TRANSFOR ONS—Topo- 
logical transformations are ) types, one- 
to-one and continuous. In a o-one trans- 


formation each point in ! iginal figure 
corresponds to only one | n the trans- 
formed figure, and each p n the trans- 
formed figure corresponds t one point in 
the original. In a continuo insformation, 
two points sufficiently near « ther in some 
sense on the original figur: "sufficiently 
near each other" on the tr rmed figure. 


Illustration 1a shows a v simple trans- 
formation. The circle on th is distorted 
into the curve on the right some of its 
properties have survived; A B, which lie 
inside or outside of the circ! pectively, are 
transformed into A' and B' 

Illustration 1b shows a m mplex trans- 
formation. The circle is cu point P and 
submitted to one-to-one and nuous trans- 
formations. When the ends e curve are 
separated as illustrated in »cond figure, 
the curve is not topologic quivalent to 
the closed curve of the cir en the ends 
are rejoined, however, as i third figure, 
a curve is obtained that is alent to the 
original circle. 

The curve on the left in ation 1c re- 
sembles an ellipse. On the : it has been 
twisted so that points A anc jincide. This 
transformation is not a topc al one, how- 
ever, since two points, rathe: ^ one, of the 
original figure correspond tt single point 


in the transformed figure. 

Illustration 1d shows anoth: example of à 
nontopological transformation. The circle on 
the right has been cut and deformed so that 
it no longer lies in the same plane as the 
original on the left. With the cut ends Sepe 
rated, two points in the transformation cor 
respond to one point in the original. 

Illustration 1e shows a topological trans- 
formation of surfaces. A ring is cut along the 
line PP’ and a cut end is twisted one com: 
plete turn; the ends are then put back to- 
gether so that they coincide again. All the 
other pairs of points on PP'—such as M and 

’—that coincided on the original, coincide 
on the transformation. 
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Topology is the 
sophisticated, b 
its influence is f 
of mathematics 
ometry of dis 
properties of 
changed unde: 
formation. A | 
is a collection : 
be squeezed in 
being change 
2 


zest, yet the most 
of geometry, and 
{most every branch 
imes called the ge- 
topology studies 
that remain un- 
ral kinds of trans- 
f clay, for example, 
sical points that can 
erent shapes without 
ologically. Distance 


between points on the surface of the 
clay may change, but the relative order 
of the points stays the same. In the same 
manner, a circle drawn on a sheet of 
rubber can be visualized as stretched 
into another circle, a triangle, or an el- 
lipse. In every case, the figures are topo- 
logically equivalent. 

While some of the basic theorems of 
topology seem simple—even intuitively 
evident-they frequently require ex- 


TOPOLOGICAL. 
properties are th 
topological tran 
point keeps its 
curve during a ' 

Another topo 
nectedness" of 
curves are draw 


)PERTIES — Topological 
at are preserved during 
ations. For example, a 
ion inside or outside a 
ogical transformation, 
| property is the “con- 
igure on which closed 
example, a closed curve 


b 


is drawn on the torus in Illustration 2c, but 
the surface is not separated into two regions, 
and the figure is still connected. However, on 
a sphere or in a plane (Illustrations 2a and 2b) 
any closed curve separates one part of the 
surface into a region distinct from the other. 
The relationship of elements in a plane fig- 
ure is another topological property. The num- 


tremely sophisticated methods of proof. 

The tenets of topology are applicable 
to geographical mapping; to the study of 
networks for the distribution of utilities 
such as gas, water, and electricity; and to 
military logistics. Because topology is not 
limited to quantitative problems, it is ap- 
plicable to the social sciences; in partic- 
ular, an approach to psychology has been 
proposed that is based on topological 
space. 


ber of regions R; of arcs and edges A; and of 
vertices, V; always follows the formula V — A 
+R = 2. In Illustration 2d, for example, in- 
volving six vertices, three faces, and seven 
edges, the relation given by the formula holds: 
6 — 7 + 3 = 2. This relationship holds for any 
network in a plane. 


cylinder is bent so that two points on its sur- 


the sphere is transformed into a finite portion 
of a cylinder, which in turn is transformed into 
a spiral (Illustration 3b). The sphere and spiral 
are topological equivalents. However, if the 


tae COMPLEX TRANSFORMATIONS—Spa- 
ae Mene lermeione are even more varied than 
sd ose for plane figures. For example, Illus- 

ation 3a shows a spherical surface. Suppose 


face are made to coincide, the resulting figure 
(Illustration 3c) is not topologically equivalent 
to either the sphere or the spiral cylinder. 
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TOPOLOGICAL PROPERTIES 


IN SPAGE 


The intuitive study of topology is 
rather distant from the usual rigor ap- 
plied to most scientific study of subject 
matter based on axioms; but the intuitive 
approach is used to avoid difficulties in 
description that would make the argu- 
ments of topology much more difficult to 
understand. In order to understand the 
topology of ordinary space and of space 
of more than three dimensions, a grasp 
of topological transformations is neces- 
sary. 

In describing the topological proper- 
ties of plane figures, the equivalence of 
a circle and any plane surface delimited 
by a closed outline is usually cited. Two 
regions are said to be equivalent when 
one can be changed into the other by a 
movement that leaves sufficiently near 
points sufficiently near, and that main- 
tains the connections of the regions in- 
tact, This is easy to understand in a 
1 


TOPOLOGICAL EQUIVALENCE—An important 
problem in topology is to show that two sets 
of points are equivalent. All that is required 
to demonstrate this is to find a topological 
transformation that maps one set to the other. 
An infinite number of these transformations 
exist, but only one is required to ensure the 
equivalence of the figures. 

A more complex problem is to show that 
two regions are not topologically equivalent, 
in which case it Is sufficient to show that no 
topological transformation exists that will map 
one to the other. It is clear, however, that this 
approach is not only impractical but is actu- 
ally impossible directly. On the other hand, 
one of the pair of regions needs only to be 
shown to have some topological property that 
the other does not. If a given region has a 
certain topological property, all the other sets 
of points derived from it must have the same 
property; but if a region does not have the 


unilateral and bilateral surfaces 


plane, but less so in space. For example, 
suppose a topological transformation is 
required that will make two regions such 
as a tetrahedron and a cube coincide. 
The two regions are, in fact, topologically 
equivalent. If the pair of regions is imag- 
ined as real objects, of which one must 
be distorted until it can be superimposed 
on the other, the surface of one will have 
to be cut in order to place the first of the 
pair inside the other before distorting the 
second one. 

In geometry, regions are conceived as 
a collection of points, and superimposi- 
tion of the two regions is only obtained 
by moving these points. If this movement 
leads to an even momentary superimpo- 
sition of the points, they can be imagined 
as having coincided, and none of the dif- 
ficulties found in the world of real objects 
will interfere. 


Sometimes difficulties of a higher order 


property, it cannot be the image of the first 
under some mapping or transformation. If it 
were so transformable, the property would be 


preserved. 


Suppose this approach is followed to show 
that the sphere (with all the regions topologi- 
cally equivalent to it) and the torus (with all 
the regions obtained from it by topological 


transformation) are not equivalent. 


It must be remembered that a property of 
the sphere is that any closed curve drawn on 
the surface of a sphere separates part of it or 
divides it, in a sense, into two parts (Illustra- 
tion 1a). On the torus surface (Illustration 1b), 
however, some closed curves can be drawn 
that do not separate the surface (as is the 
case with a sphere). This is clearly a topo- 
in the two figures. 
It can be said, therefore, that no topological 
transformation exists that will map the sphere 


logical property that differ: 


to the torus. 


are met. For example, a circle can be cut, 
a knot tied in it, and then the two cut 
ends rejoined. The resulting curve is top- 
ologically equivalent to the circle, but 
this can be seen only if the curve is 


COMPLEX SPATIAL FIGURES—One particu 
type of complex spatial region can be formel 
by joining two toruses together. The simples 
way of doing this is to first make two hol 
in the surface of a sphere, and then stick thi 
two ends of a bent tube into them. This operâf 
tion is known as adding a “handle” to the 
sphere. Further handles can be added, thi 
Producing an object that is increasingly M 
plex from the topological viewpoint. For we 
sets on spheres to which handles have u 
added, some topological theorems are Ul 
tremely complicated; others are simple. ily 
example, on a torus, which is topological 
equivalent to a sphere with a single 
the four-color problem of the planar 
comes a seven-color problem. a 
There is a transformation leading Me 
sphere with four handles to a button with 
holes (Illustration 2a), which shows that 
two figures are topologically equivalent. 


handle; 
map be 


3 | VARIET 


is said to be connected 
ints can be connected to 
of a curve made up of 
3 io the surface itself. If the 

the points falling within 
a are topologically equiva- 
ə surface is said to be a 


when each of 
any other by 
points all belor 
surroundings 

a connected : 


lent to a circ 
variety. 
Illustration ws a curve made up of 
all the points : and belonging to the cir- 
a 
imagined a: g in space, a space that 


was certain it necessary to represent 
the origina! e, However, to describe 
the proper f a set of points such as 


ONE-SIDED SURFACES—A rectangle cut from 
Spo of paper (Illustration 4a) is a two- 
s led surface. This means that the rectangle's 
Oundary must be crossed in order to join a 
Point on one surface to a point on the other. 
aut the two short sides of the rectangle are 
Wd together so that one arrow in the figure 
; nverted relative to the other, a one-sided 
pee is obtained, in which there is only one 

ce and one boundary. For proof of this, mark 


cumference of a circle. It is not a variety 
because the surroundings of all its points do 
not form a set topologically equivalent to a 
circle. The points falling on the circumference 
can give rise to a shape like that of Illustration 
3a’—a shape that is not equivalent to a circle. 

A circle—that is, the collection of all points 
from which the points of the circumference 
are excluded (Illustration 3b)—is a variety, 
because none of its points is on the circum- 


the Klein bottle, three dimensions are not 
enough; at least four are needed, a condi- 
tion that transcends the ability of the 
human mind to grasp its real structure. 


a point on the surface and then draw a line 
down the surface's axis from this point. The 
line will, after two circuits around the figure, 
arrive back at the original point on the surface 
without crossing its edge (Illustration 4b). In 
addition, starting from any point on the edge, 
a path can be traced that will arrive back at 
the original point without crossing the surface. 

If this one-sided strip is cut along its axis, 
it will not split into two separate pieces but 


ference, and the area surrounding each point 
is topologically equivalent to a circle. 

The surface of a cube with a line stuck into 
one face (Illustration 3c) is not a variety. The 
point of contact between the cube and the line 
is not surrounded by an area of the required 
type; the faces of the two cubes in Illustra- 
tion 3d that have a vertex of one are not touch- 
ing. The point of contact does not have sur- 
roundings topologically equivalent to a circle. 


Before working with the higher-order 
problems of topology, the fundamental 
properties of topological sets of points in 
three dimensions will be explained. 


into another completely connected object half 
the width of the original (Illustration 4c). A 
further cut along the axis of the second strip 
produces two pleces each of which is one 
quarter the width of the original; although 
separated, the pieces will be intertwined like 
the links of a chain. This surface is known as 
a Móbius strip, named after the German math- 
ematician August Ferdinand Móbius, who in- 
vestigated its properties in detail. 
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THE KLEIN BOTTLE—An example of a compli- 
cated surface with only one face is the variety 
named after the German mathematician Chris- 
tian Felix Klein. Although the illustrations give 
an idea of how to construct this object, it can 
be neither properly constructed nor properly 
illustrated in three-dimensional space. At least 
four dimensions are needed to represent it 
adequately. 

The stages in constructing the Klein bottle 
are as follows: Roll a rectangle into a tube 
(Illustration 5a), enlarge the lower part of the 
tube (Illustration 5b), and bend the upper part 
of the tube downward. The aim is to join the 
lower and upper ends (Illustration 4c). The 
joint has to be made through the wall of the 
enlarged part of the bottle. This is necessary 
only because the bottle is being portrayed in 
three dimensions. In four dimensions, the 
problem of the joint would not exist. In the 
illustration, the points of the tube and the 
bulge of the bottle seem to coincide (Illustra- 
tion 4d), but such points should be considered 
as not being an intersection. 

The surface of a Klein bottle is one-sided, 
and any two points on the surface can be 
joined without crossing the surface—except 
where in three dimensions the surface seems 
to intersect itself at points that would not exist 
in four dimensions. 


SIMPLIFICATION OF CLOSED TWO-SIDED 
VARIETIES—The variety shown in Illustration 
6a is closed and two-sided; it can be simplified 
by first cutting it in order to eliminate the 
knot, and then joining it up again unknotted. 


The next step is to reduce the shape of the 
variety to a sphere with two handles (lllustra- 
tion 6b), one for each ring remaining. 

Itis much more difficult to guess what trans- 
formations are needed to simplify the more 
complex case illustrated in Illustration 6c. d 
Sphere can have a negative handle, obtaine 
by puncturing the sphere in two places V 
introducing a tube inside the sphere and at 
taching the tube to the two orifices. A sphere 
with a negative handle can be changed into 
a torus or a sphere with an external handle. 
The surface in Illustration 6c is, therefore 
topologically equivalent to that in Illustration 6d: 


SURFACES WITH HANDLES | 


A surface v candles is a complex con- 


cept, but it interesting one. In this 
article, the elementary properties 
of such suri vill be explained. 

A handle added to a sphere by 
inserting h: torus (doughnut shape) 


CONNECTiViTY—The idea of connectivity of 
Surfaces is best examined using examples. 
Consider the external, closed curve in Illustra- 
ton la, that is, the boundary of the region. 
earn at any point, the curve can be fol- 
hee round to return to the starting point, 
S path at all times remaining on the curve. 
milar curves can be drawn smaller than the 
ee curve—each one "contracted" rela- 
te to the previous curve. The diagram shows 
ae Successive stages of contraction, each 
Eod of which is a topological transformation. 
ntually the contraction produces a curve 
So small that the whole of the curve is the 
pent P. This stage, contraction to a point, is 
ER na topological because the result vio- 
ial the definition of a topological transfor- 
CS All the points of the original curve 
Td und to the single point. Despite the 
ied at this transformation is not topological 
je ansformation is useful for measuring con- 
i ivity, an important characteristic of sur- 
aces, 
sor, Soheralizaton. of connectivity is shown 
RE isk (Illustration 1b); it is a region that 
that n important property. Any closed curve 
A can be drawn within it—not necessarily 
curve that has the shape of the boundary 


into the sphere after removing two circles 
from the spherical surface. Topologically, 
a sphere with a single handle is equiva- 
lent to a simple torus. 

In the article on the map-color prob- 
lem, it is shown that no map on a plane 


1b 


of the disk—can be contracted to a point 
without ever leaving the set of points interior 
to the disk. A collection of points with this 
property is said to be simply connected. This 
may seem to be a simple concept, but the 
following examples show that there are com- 
plications. 

Consider some curves on a disk that has 
a hole in its center (Illustration 1c). Such 
curves are made up of points external to the 
smaller circumference and internal to the 
larger one. Some curves can be drawn here 
that are not reducible to a point by means of 
the transformations used in the first figure 
(Illustration 18). Such transformations allow 
contraction to a point without moving outside 
the boundary of the region. In Illustration 1c, 
curves r and s can be reduced to a point 
within the confines of the disk but curve t 
cannot. This means that a disk with a hole in 
it therefore is not simply connected. 

A case that is even further from a simply 
connected region is a closed figure contain- 
ing four holes (Illustration id). The curve 
drawn interior to the region cannot be trans- 
formed to a point without moving outside the 
boundaries of the figure. 

Regions that are not simply connected, how- 


closed bilateral 
surfaces 


or sphere has ever been drawn that re- 
quires as many as five colors in order to 
avoid having the same color on adjacent 
sections, but no one has so far managed 
to demonstrate that four is sufficient. In 
the case of the torus, the number required 
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ever, can be simplified by means of appropri- 
ate "cuts." A cut in this context means the 
elimination of the points on the region form- 
ing a line between two appropriate points on 
the boundary of the surface. 

In Illustration 1e, for example, the cut AB 
reduces the region to a simply connected re- 
gion. The figure becomes simply connected, 
and curves of type m can no longer be drawn 
on it as some points of that curve would lie 
off the region. Curves of type n can be drawn 
on the region, and they, of course, can be 
reduced to a point. 

Topologically speaking, a disk with four 
holes can easily be reduced to a simply con- 
nected region by means of the four cuts AB, 
CD, EF, and GH (Illustration 1f). Within the 
simply connected region obtained in this way, 
curves can be drawn that can be reduced to 
a point by means of the transformation dis- 
cussed in Illustration 1a, although such curves 
are of a complicated shape. One of them is 
shown in the diagram. 

A surface that is not originally simply con- 
nected that is made so by means of cuts, will 
be made disconnected by further cuts, at least 
if the surface in question is of the variety 
shown here. 
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is greater—it is seven—as shown in that 
article, 


EULER'S RELATION 


A map drawn on a plane will always 
be simpler than a map drawn on a sphere 
that has a number of handles. A measure 
of the greater complexity of surfaces with 
handles is given by Euler’s theorem, 

There is a precise relationship between 
the number of faces, edges, and vertices 
of a network drawn on a plane or on a 
sphere. On a sphere with handles, Euler's 
relation between the faces, edges, and 
vertices of a network becomes rather 
more complicated, as will be explained 
in this article. 

Euler's relation, which is 


V-E+F=2, 


holds for any simple polyhedron, as 
shown in the article on polyhedrons. The 


PLANE AND SPHERE — The plane and the 
sphere are spaces with rather similar topologi- 
cal properties, but they are not exactly, mathe- 
matically equivalent. A transformation that 
makes possible the study of similarities and dif- 
ferences between the sphere and the plane is 
the polar projection. Such a projection is 
made by projecting from a pole every point 
of the spherical surface onto a plane, on which 
there will be one point corresponding to each 
point on the sphere. The transformation ob- 
tained is the projective transformation of the 
sphere to the plane. The topological proper- 
ties of the sphere are thereby preserved 
through this particular topological transforma- 
tion. However, given that the pole N is located 


relation—in which V is the number of 
vertices, E is the number of edges, and F 
is the number of faces—also holds for 
other three-dimensional figures as well. 

Imagine a polyhedron as a thin, readily 
deformable shell that can be stretched 
and distorted to any shape. Initially, such 
a polygon is composed of flat faces and 
straight edges; but, if deformed, the faces 
and edges may become curved. 

Euler's relation holds for this new con- 
figuration as well, because the formula 
relates the number of faces, edges, and 
vertices—not the shapes of faces, edges, 
and vertices. 


TOPOLOGICAL 
TRANSFORMATIONS 


To understand the concept of surfaces 
with handles, a knowledge of topological 
transformations is required. A few im- 
portant ideas concerning transformations 


diametrically opposite point S, which is the 
point of tangency between sphere and plane, 
N lies at infinity relative to the plane (Illustra- 
tion 2a). N, therefore, is a singular point, 
because it cannot be given a coordinate in 
finite terms. Thus, the plane has one inac- 
cessible point, while the corresponding point 
on the sphere may always be found at a finite 
distance from any other point on it. 

The fact that the plane has one point at 
infinity has certain effects on the general prop- 
erty of a closed curve, as shown in Illustration 
2b. Such a curve can be reduced to a point 
in two ways: by making it smaller as indicated 
by the diminishing set of curves similar in 
shape to the starting curve, or by enlarging the 


are stated here. (See the = ticles on to- 
pology for more detail cussions, ) 
A topological transfor tion of one 
space to another require- at for each 
point on the original t exists only 
one point on the other; conversely 
and furthermore, both tt ginal trans- 
formation and its inverse ust be con- 
tinuous. The definition : ch a trans- 
formation, therefore, re »s that the 
surface cannot be torn o: «ctured. 
The most readily grasp: lea of topo- 
logical transformation is of twisting 
or stretching the surfac one figure 
into that of another wii. ut rupturing 
the surface and without verging two 
originally distinct points >to a single 
point. If these condition: l, then the 
two figures are said to be opologically 
equivalent. A polyhedron example, is 
the topological equivale f an apple, 
and a ring is topologica! suivalent to 


a doughnut. 


curve infinitely. This second transformation i$ 
not valid because it is an improper transforma- 
tion. It is therefore said that only a curve in- 
terior to the given curve can be transformed to 
a point, while one exterior to the given curve 
and surrounding it cannot be transformed 10 
a point. 

On the sphere, a curve divides the surface 
into two parts, and every curve lying on E) 
of the two half-spheres can be transforme 
into a point. In Illustration 2e, the heavier line 
shows a curve that divides a sphere into hs 
parts. The lighter curves show how the initial 
curve can be reduced to a point by carrying 
out the transformation in either of the two 
parts into which the sphere is divided. 


EULER'S A 
HANDLES- 
maps with 
may therefo 


panels nor | 


are one ins 
Satisfy Eule 

With thes 
Surfaces wi 


where V is t 
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pees 


)N FOR SURFACES WITH 
relation is valid only for 
connected panels. Maps 

have any multiply connected 

ie up of closed curves that 

» other if such maps are to 

ation. 

itations, Euler's theorem for 

:umber of handles states that 


E+F=2-2p 
number of vertices, E the num- 


ber of edges, F the number of panels or faces, 
and p the number of handles. 

The exact value must be found for each of 
these quantities. It is also important that one 
or more handles be eliminated from the figure 
if that can be done without altering the net- 
work; the number of p should be reduced to 
its effective value. For example, if a network 
is drawn on a sphere and subsequently a 
handle is added without interfering with the 
network, p = 1. In other words, the right side 
of the equation that represents Euler's relation 


is 0, because 2 — 2(1) = and only the 
sphere is considered. 

To understand why Euler's relation Is gen- 
erally valid, it should be noted that the rela- 
tion holds for the plane and the sphere, given 
that these are only particular cases of sur- 
faces with p = 0 handles. In the simplest case 
of a surface with handles, there is only one 
handle and the surface is a torus. 

The relation can be explained by means of 
a simple map drawn on à torus (Illustration 
3b). Count the elements of which it is com- 
posed. There is only 1 vertex and 2 edges. (On 
a sphere, these two circles would have formed 
two vertices and four edges. The number of 
faces on the torus is only 1. Using Euler's 
theorem, V-E+F=1-24+1=0. The 
right-hand side of the relation is zero because 
p equals 1. Thus 2 — 2p = 0, and the rela- 
tion has been demonstrated. 

The very simple case of the sphere has im- 
portant applications to the case of polyhe- 
drons. 

In the case of a sphere with two handles, 
calculating the elements becomes slightly more 
complicated. Illustration 3a shows a map that 
makes use of both handles. Note that there 
are four vertices: A, B, C, and D. The edges 
are: AB, BC, CD, and DA on the equator; the 
edge on the left handle passing through A; 
the edge on the right handle passing through 
C; and the two arcs of the meridian, DB and 
BD. There are, therefore, 8 edges in all. There 
are 2 faces. The handles allow joining up the 
faces lying north and south of the equator. 
Euler's relation is therefore valid; in fact, 
V-E+F=4-8+2= —2. Because there 
are two handles, p = 2; and 2 — 2p equals —2. 


Geometry has been called the art of argu- 
ing well from badly drawn figures. Be- 
cause of the difficulty of sketching three- 
dimensional figures, in the study of the 
geometry of space, it is extremely im- 
portant to develop the ability to produce 
mental images of the figures involved. 
The less an actual drawing of a figure is 
used, the faster geometric reasoning can 
take place; mental images, in general, are 
better than drawings. It is impossible to 
establish any course of exercises or ex- 
periments that can be used to develop the 
imagination, but this article contains 
some geometric problems that can be 
done for fun while utilizing the imagina- 
tion in reasoning about complicated fig- 
ures, 

The solutions to the problems are 
given. This may seem to defeat the pur- 
pose because of the temptation to look 
at the answer. However, the problems 
and their solutions are interesting to read, 
and because the problems are simple and 
the solutions complicated, most likely the 
solutions will be forgotten and the prob- 
lems remembered. At some later date, 
then, with the book not at hand, similar 
problems may come to mind and will 
have to be solved again, 
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THE PROBLEM OF THE SLICED STOPPER— 
Another interesting group of problems con- 
cerns the shape that a single body must have 
if it is to pass through holes of several differ- 
rent shapes. The board shown in Illustration 
2a has several holes in it and the sizes of 
these holes are related to one another. The 
top hole is a square and the middle hole is 
a triangle, but not just any triangle; the base 
and height of the triangle are equal to the side 
of the square. The lower hole is a circle, whose 
diameter is equal to the side of the Square. One 
solid figure is required to fit through all the 
holes in such a way that each hole is com- 
pletely filled by the figure as it passes through. 
The solid may be turned or rotated to any 
orientation to fit the holes. 

It is interesting to work out this problem 


from the shape of the hoi: 
shown in Illustration 2b. 

The required solid is « 
away parts of a cylinder in 
circle forming the cylinder 
same diameter as the circu 
of the cylinder must be ec 
the square. The upper edi 
cut solid must be equal in 
of the square, or, phrasec 
edge must be a diameter 
forms the base. 

Illustration 2c shows how 
made by cutting off parts : 


solution can be verified quic 


holes in a piece of cardb: 


razor blade to trim a cylinc 


required shape. 


‘he solution is. 


other way, th 


cylinder. 
by cutting tl 
and using | 
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)F, THE SPIDER AND THE 
most famous of geometric 
am of the spider and the 
simple one that made its 
ı an English newspaper in 
a problem is described in 
a rectangular room, the 
described geometrically 
d, are six surfaces (four 
d the ceiling). A spider A 
Il and a fly B on the facing 
s far from the ceiling as the 
The spider wants to catch 
yossible time, which means 
hortest path from A to B; 
ky pads on its feet so that 
the ceiling as well as the 
cause A and B are located 
e parallelepiped, the short- 
B might seem to be ACDB. 
however, will be found to 


CUTTING PROBLEM—It is 
doughnut only three times 
o obtain 13 pieces. The il- 
»w to cut the doughnut, or, 
ropriate mathematical term, 
shown is an ideal one, and 
to make with a knife. If the 
slowly, however, using a 
of hard material, it is pos- 
j pieces. 
utting" a body means inter- 
ine. From a practical point 
mething means passing a 
> that it is divided into two 
a shows the doughnut and 
t be made to achieve the 


be AEFGHB. 

This solution can be found using imagina- 
tion alone, with this principle underlying the 
solution: If the parallelepiped were developed, 
or opened up completely, on a plane, the 
problem would look simpler; so imagine the 
room developed on a plane, as shown in Illus- 
tration 1b, and the solution is obvious. The 
straight line forming the shortest path be- 
tween A and B on the plane is the line 
AEFGHB. 

Starting from this problem, other similar 
problems dealing with some shapes other than 
a parallelepiped can be imagined. A similar 
problem involves a cylindrical glass 10 in. high 
and 6 in. in diameter. Inside the glass, 2 in. 
from the rim, is a dab of honey. On the out- 
side and 2 in. from the bottom, a fly is diamet- 
rically opposite the honey. The problem is to 
find the shortest path the fly must follow to get 
to the honey. 


required result. The planes show the positions 
of the knife. Illustration 3b shows the lines of 
intersection formed by the cutting planes on 
the doughnut's surface, and Illustration 3c 
shows the doughnut divided into its 13 pieces 
by the cuts. 

Some of the pieces, such as those on the 
far left and right, are extremely large. Others 
are no more than splinters. It is an interesting 
exercise to imagine what proportions the 
doughnut must have for the 13 pieces pro- 
duced by the cuts to be more nearly equal in 
size, which is an exercise left to the reader. 
Another exercise is to find the maximum num- 
ber of pieces that other shapes can be divided 
into by a small number of cuts. 


IMPOSSIBLE JOINTS—The cube in Illustration 
4a is split into two halves that are fastened to- 
gether by means of joints that seem improb- 
able at first glance. A dovetail can be seen on 
each face. The dovetail joint is frequently used 
to fasten together two pieces of wood securely. 
The joint usually prohibits or limits motion be- 
tween the two parts in a direction parallel to 
its top edge, as shown here. This apparent 
impossibility stems from the notion that inside 
the cube the sections forming the joint must 
extend perpendicularly behind the dovetail 
faces. However, Illustration 4b shows that the 
two parts can be moved relative to each other. 
The dovetails are not perpendicular to the 
faces but are at an angle to them, as shown 
in Illustration 4c. 

This solid is not an easy one to make, either 
in metal or in wood. The greater challenge, 
however, is to form a mental image of its con- 
struction. 
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THINGS THAT LOOK THE SAME IN Two 
VIEWS — In the mind of a draftsman, solid, 
three-dimensional figures are converted into a 
number of plane views, which when taken 
together properly define that solid. 

A solid is usually shown in orthogonal, or 
right-angle, Projection with three views—side, 
front, and top or bottom, as required. In some 
instances more views may be needed. 

In some few Cases, such as the drawing of 


a right circular Cylinder, only two views are 
needed if they are Properly selected. Another 
example is that of a right circular cone, which 
would be described sufficiently in a side view, 
Showing the triangular Shape, and a top view, 
Showing a circle and the vertex of the cone. 
A side view and a view from the bottom of 
the cone on the other hand would not be 
adequate. 


It might be thought that a Sphere, any view 


MOSS 


of which is a circle, could be properly ara 
on two views. As a drawing without a legen i 
the two views, projected in the oro 
System, do not define a sphere; a third vie! 

is required. 

S here are several ways in which d 
Simple two-view drawing might be Interpres sa 
this also shows why a third view is requis. 
The pictorial view indicates the actual shap! 
of the solid. 


[am 
THE SEARCH FOR SYMMETRY—One of the 
en rigorous exercises of the imagination is 
o determining symmetry in regular and 

Jess regular solid bodies. The aim is to obtain 

JE arrangement of all the axes, points, and 

- iu anos of symmetry. Frequently the only thing 
MM be used is the imagination because a 
model of the body is either too complex to use 
9r cannot be made at all. 
mus determination of symmetries is useful 
lis gay in the study of geometric figures but 
d n the field of chemistry. The analysis, for 

ample, of the infrared spectra of a com- 


pound requires an extremely clear understand- 
ing of the symmetry of the molecules involved. 

To introduce this problem, a simple solid— 
a cube—is used: the corners have been cut 
off. It can be seen that it has the same ele- 
ments of symmetry as an ordinary cube. It is. 
interesting to determine the elements of sym- 
metry wholly in the imagination before looking 
at the illustration. 

Illustration 6a shows the axes of symmetry 
of the cube. Illustrations 6b and 6c show the 
planes of symmetry, and Illustration 6d shows 
the center of symmetry. 


For this case and other simple cases where 
cardboard models can be readily made, they 
will prove useful in finding the elem of 
symmetry. 

Illustrations 6e and 6f show the elements of 
symmetry of one kind of four-atom molecule; 
Illustrations 6g and 6h show the symmetry of 
another kind of four-atom molecule. Note how 
the molecule's symmetry varies according to 
whether the peripheral atoms are equally 
spaced around the core as they are in Illus- 

tions 6e and 6f, or whether the angles differ 
as they do in Illustrations 6g and 6h. 
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THE TRIGONOMETRIC 
FUNCTIONS | numbers for lines 


One of the elementary theorems in geom- triangles, or figures reducible to triangles, 
etry states that any triangle is com- given a minimal number of elements 
pletely defined if three of its elements that define the entire figure. Innumera- 
are known, at least one of them being 
a side. If two sides and the included an- 
gle of a triangle are known, or else two 
angles and a side, the entire triangle can 
be constructed. The need for construct- 
ing triangles may not be clear, This ar- 
ticle on trigonometry will show that such 
constructions are, indeed, quite im- 
portant, 

A navigator who wants to know the 
distance from one point to another mea- 
sures some elements of a triangle, one 
side or angle of which is unknown, work- 
ing out the others by calculation. For 
him, the distance between two points is 
frequently the length of a side of a tri- 
angle, and so he uses the theorem stated 
above. 

In a great many situations, triangles 
are used in the solutions to problems; 
in civil and mechanical constructions, in 
drawing, in physics—the list is almost 
endless. In all applications, however, the 
length of the sides of triangles and the 
size of their angles may be determined, 
given as few as three of the six elements 
of a triangle-three sides and three 
angles. 

These problems cannot always be 
solved using elementary geometry alone, 
Which helps reach a solution in very 
special cases. The Pythagorean theorem, 
for example, produces the solution for 
the length of one side of any right-angle 
triangle when the lengths of the other 
two sides are known. In a right-angle tri- 
angle, if one acute angle is known the 
size of the other is also known by defi- 
nition, because a right-angle triangle has 
one right angle of 90°, and the sum of 
all three angles is 180°. The third angle 
is, therefore, 180° less the sum of 90° and 
the known angle. 

On the other hand, a problem like that 
of working out the length of two sides 
when the third is known along with an 
angle adjacent to that side, cannot be 
solved by ordinary geometric means. 

Trigonometry resolves any problem re- 
lated to the geometric construction of 


SIMILAR GEOMETRICAL FIGURES — These 
illustrations show right-angle triangles that 
differ only in the lengths of their sides—their 
angles are all equal. In each triangle the angle 
adjacent to the horizontal side is about 47°, 
but the horizontal sides of triangles a, b, and 
€ are, respectively, 1 in., 2 in., and 5 in. (the 
triangles are not drawn to full scale). Before 
showing how the methods of trigonometry can 
be used to find the length of the vertical sides 
in these triangles, the relationship of the three 
angles in any triangles should be reviewed. 
From geometry it is known that the sum of the 
angles of any triangle is 180°. Each of the tri- 
angles in the Illustration has one 90° angle 
and one 47.5° angle; therefore, the third angle 
of each triangle is 180° less 90° + 47.5°, or 
180° — 137.5? which is 42.59. 
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THE FUNDAMENTAL PROBLEM OF TRIGO- 
NOMETRY—The triangle shown here has an 
angle of 47.5? between the horizontal side and 
the hypotenuse, but its horizontal side is 7 in., 
Which means that its dimensions are 7 times 
that of triangle a in Illustration 1. How long is 
the vertical side? 

All right-angle triangles with the same base 
angle, in this case 47.5°, have the same pro- 
Portionality between vertical and horizontal 
sides. Once this Proportionality is found, it 
can be multiplied by the length of the horizon- 
tal side, 7 in., in order to determine the length 
of the vertical side. For this purpose, tables 
give the values of the Proportionality. The 
value of the Proportionality for 47.5° is approx- 
imately 1.09, and the length of the vertical side 
is, therefore, about 7 in. X 1.09 or 7.63 in. 
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trigonon anc 
“measure.” 
function jus 
angle. For 1( 
about 0.36; 
0.84; for 50 
1.78. Thus t! 
a triangle wt 
angle is, r 
50°, and 60 
tangent of « 
which, resp: 
1.16 in., 1.6: 


3 


be found by multiplying the 


CAL FUNCTIONS—In ll- 
al side of a right-angle 
owing another side and 
le. Is it also possible to 
2m for other sides and 


THE TANGENT FUNCTION— The trigonometric 
function—the tangent of the angle in question 
—was described in Illustration 3. A graphic 
e answered by extend- 

» solution to other right- 

al right-angle triangles 
same base, about 2 in., 

n 3). The vertical sides 
ths, but all of them lie 
al line that rises from the 

> base. The size of the 
lifferent for each triangle. 
10°; for another, it is 
and so forth up to 60°. 
vertical side is equal to 
ase and the relationship 
is used in Illustration 3. 
erefore, the relationship 
es, and that value times 
ise is the length of the 
lue of the relationship de- 
le is chosen, and is, there- 
the angle. Because this 
lve a problem of the tri- 
t is said to be the trigo- 
of the angle. The name 
from the Greek words 
meaning "triangle" and 
me of the trigonometric 
bed is the tangent of an 
alue is about 0.18; for 20°, 
about 0.58; for 40°, about 
it 1.19; and for 60°, about 
iths of the vertical sides of 
e is 2 in., and whose base 
vely, 10°, 20°, 30°, 40°, 


THE HEIGHT OF LUNAR MOUNTAINS—The 
mountains on the moon throw shadows on the 
surface around them, and these shadows en- 
able astronomers to calculate the mountain's 
height above the surrounding surface. The 
angle of inclination of the sun’s rays falling on 
the moon's surface at that moment and at that 
point must be known for the calculation. This 
angle can be worked out fairly easily from 
certain astronomical data. 

The method of solution is shown schemat- 
ically in the small drawing. AB is the length 
of the shadow, BC the (unknown) height of the 
mountain. The angle CAB is the angle formed 
by the sun's rays with the horizon. Because the 
triangle so formed has a right angle, the prob- 
lem can be resolved with this formula: BC, 
which is the unknown height of the mountain, 


igle by 2 in., the results of 
are about 0.36 in., 0.72 in., 
38 in., and 3.46 in. 


5 


description of the tangent can be seen from 
the following construction. Given an angle M, 
as shown in triangle a, a segment of unit 
length MN is drawn horizontally, starting at 
the vertex M. Using M as center, the arc NO 
is drawn. A line from N is drawn so that NP 
is at right angles to MN. The line NP is tangent 
to the arc NO. Geometrically interpreted, the 
length of the tangent NP is the trigonometric 
tangent of the given angle M. Theoretically, 
from such drawings, tables for the values of 
the trigonometric tangent could be compiled 
for any angle whatsoever. In practice, how- 
ever, there are better ways of constructing 
such tables. The more practical ways of 
constructing tables of tangents (and other 
trigonometric functions) make use of deeper 
properties of the functions than have been 
described here. 


equals AB, which is the length of the shadow, 
multiplied by tan CAB, which is the tangent 
of the angle between the sun's rays and the 
horizon. The tangent of the angle CAB is ab- 
breviated as tan CAB. 

The length of shadow on the moon's surface 
must be known in feet or meters to obtain the 
height of the mountain in, respectively, feet 
or meters. To determine this measurement, 
astronomers first established the distance of 
the moon from the Earth at the time of the 
observation. 

This method for measuring the height of the 
mountains on the moon was utilized by the 
Italian astronomer and physicist Galileo. Be- 
cause he was one of the first to examine the 
mountainous surface of the moon, the method 
is sometimes called Galileo's method. 
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A MISSILE’S TRAJECTO! 
serves to illustrate a sim 
and cosine functions. A 
launched at an angle of 6 
so that it is kept to a s 
After traveling 100 miles, v 
tude above the Earth's 

To solve the problem, 
is constructed; its hypoter 
scale of the diagram, is 
miles, such that the hy 
angle of 67? with the basc 
the missile is calculated a: 
hypotenuse and the sine 
BC = AC sin CAB. To de 
missile is from the launc! 
sured along the Earth's s 
as AB, the following forn 
AC cos CAB. 


OTHER TRIGONOMETRIC/ 
An angle A is drawn (the 
angle whatsoever). A se 
AB is marked out horizonte 
that has the angle's vertex 
drawn. A perpendicular CD 
horizontal line from C. This 
The segment DC is called the 
CAB, while AD is called the 
Sine is abbreviated as sin, à 
breviated as cos. As the angle 
do the values of these other 
functions. The sine and cosine 


5AB varies, S0 


— 


This problem 
e of the sine 
ile has been 
is controlled 
t-line course; 
ill be its alti- 


angle triangle 
terms of the 
alent to 100 
se forms an 
Ititude BC of 
roduct of the 
base angle: 
how far the 
pad, as mea- 
, and shown 
used: AB = 


—_— 


JNCTIONS — 


may be any 
f unit length 
d the arc BC, 
its center, is 
opped to the 
ats AB at D. 
e of the angle 
gle's cosine. 
osine is ab- 


gonometrical 
are useful in 


Solving geometric problems for which the tan- 
gent cannot be used, as shown in the follow- 


ing illustration. 


ee = 


APPLICATION OF PLANE 


TRIC- ONOMETRY 


Trigonomet ; applications in physics, 
chemistry, :: matical analysis, topog- 
raphy, and logy. In fact, an under- 
standing igonometric functions, 


ibed in another article, 
with which the dimen- 
ane figures can be de- 
ample, however com- 
vgon may be, it can be 
ito triangles. If enough 
parts are known, all the 


which were 
is a valuabl: 
sions of ma 
termined. F 
plex a plan: 
broken dow 
of each tria 


other dimen of the polygon can then 
be calculate technology particularly, 
dimensions ileulated by making use 
of trigonom: functions. 

Where o! limited degree of pre- 
cision is re d, a slide rule can be 
used, Whe: treme precision is re- 


ical and electronic cal- 
d for calculations. For 
ver, a table of the values 
d simple long-hand cal- 


quired, me 
culators ar: 
many uses, | 
of function 
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THE LAW OF COSINES—Solving a triangle of 
which one angle and two adjacent sides are 
known is readily accomplished with a formula 
known as the law of cosines; this relation is 
HR known as the generalized Pythagorean 
aua, Consider the triangle in Illustration 1a, 
ns len the known sides are the heavier 
pie a and b; in this triangle angle C is also 
nown. The problem is to find the value of 
E €. The generalized Pythagorean formula 


c = Va? + b? — 2ab cos C. 


(HC Simple Pythagorean formula known 
Tom geometry is: 


c= a? + b? orc = Va + b7 


culations are adequate. This article will 
show the solution using trigonometric 
formulas of any plane triangle. 


UNDERSTANDING THE 
TRIANGLE 


The trigonometric functions may be used 
to calculate the remaining elements of 
a triangle when only some of the ele- 
ments are known. To define a triangle, 
any one of the following group of ele- 
ments must be known: (a) an angle and 
the two adjacent sides, (b) three sides, 
or (c) a side and the two adjacent 
angles. 

In addition to the simple ratios that 
define the trigonometric functions, there 
are certain formulas that can be used to 
determine the unknown elements of a tri- 
angle. Not all the formulas give a result 
with the same precision. It is not that 


Ic 


Note that the two formulas differ by the term 
—2ab cos C. The generalized formula is ap- 
plicable to any triangle. The simpler formula 
is applicable only to a right angle triangle. 
The generalized formula can be applied to a 
right angle triangle as in Illustration 1b; in this 
case, C = 90°, and cos 90° = 0. The general- 
ized formula for this case is then reduced to 
c = Va? + b7, which is the same as the sim- 
pler relation. To understand the use of the 
term —2ab cos C, two examples will be shown. 

The value of the term —2ab cos C when 
angle C is small, for example as in Illustration 
ic, is —2ab, because for very small angles 
the cosine is almost 1. The value of the term 
would be the product of —2ab X 1, or almost 
—2ab. Subtracted from the sum of the two 


resolution of the triangle 


there are precise and imprecise formulas; 
the precision of a formula depends on the 
values of the elements used in the for- 
mula. 

Accuracy of either angular or linear 
measurements can affect the precision of 
the solution of any problem. Linear mea- 
surement is required for each of the three 
groups of data needed for the solution of 
triangles. Angular measurement is re- 
quired for two of those groups. Because, 
in any case, three measurements are 
needed, at least three possibilities of 
error exist even before the beginning of 
calculations. 

The choice of the tables of values of 
the functions can also affect precision. 
For example, four-place tables show the 
values of the sine and tangent equal up 
to a two-degree, twenty-minute angle. 
Five-place tables show them equal only 
up to an angle of fifty-nine minutes. 


Id 


squares of the sides adjacent to angle C, this 
makes the value of c small. On the other hand, 
in a triangle in which C is very large and close 
to 180°, cos C approaches —1, and the term 
—2ab cosC is added to the sum of the 
squares. 

It is not, unfortunately, easy to use this 
formula with logarithms. Because the formula 
contains either two sums or a sum and a dif- 
ference, as well as squaring and extracting 
roots it is necessary to use numbers for the 
first group of those operations and logarithms 
for the squaring and extracting of roots. 
When repeated applications of the formula 
are required, however, the problem is solved 
by using either mechanical or electronic cal- 
culators. 
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THE AREA OF A TRIANGLE—For a triangle 
in which two sides and the included angle are 
known, the area is expressed simply by the 
formula: 


S = (1/2) ab sin C. 


In this equation, S stands for area; the other 
symbols are the same as those used in the 
Pythagorean formula in Illustration 1. C is the 
known angle, and a and b are adjacent sides.) 

This equation for area using the trigonometric 
relation is related to the simple geometric 
formula for the area of a triangle, S = 1/2 x 
base X height, except that the height is ex- 
pressed as a ratio that is a trigonometric func- 
tion. The value of the height is given by b sin 
C, which explains the meaning of the formula. 


OTHER FORMULAS—If three sides of a tri- 
angle are known, more complex trigonometric 
formulas can be used to compute the value of 
the angles. For example in the case of Illus- 
tration 3, angle A may be found from the fol- 
lowing formula for the cosine of one-half of A: 


A_ P(P — a) 

px ga 
where P is the semi-perimeter (one half perim- 
eter), that is: 


P='a(a+b+c). 


With three sides known, the formula used to 
calculate the triangle’s area, S, is: 


S = VP(P = a) (P= 6) (Po). 


THE PRECISION OF THE FORMULAS—Par- 
ticular care must be taken in choosing the 
formulas used in solving a triangle. Before 
solving a practical problem by trigonometry, 
formulas to be used should be examined to 
see if they lead to a satisfactory degree of 
accuracy. 

In Illustration 5 a triangle is shown in which 
angle A is rather small. The value of this angle 
and the lengths of the sides b and c are 
known. To find a the generalized Pythagorean 
relation can be used. But in this case it should 
be remembered that the value of cos A is 
close to 1 for small angles, and thus the sum 


MORE COMPLEX SHAPES—Using trigonom- 
etry, it is possible to solve irregular as well as 
regular polygons by breaking the polygons 
into triangles. In Illustration 4a, the four-sided 
polygon, or quadrilateral, has been divided 
into four triangles. If side AB is known, along 
with the four angles marked in the illustration 
(two formed between sides and two between 
the sides and diagonals) the other dimensions 
of the quadrilateral can be found. 

The triangles ABC and ABD can be solved 
separately. In this way, the lengths of sides 
AC and BD are determined. Once known, these 
two lengths can be used to determine the 
length of side CD in terms of another triangle, 
for example BCD, or ADC, from which angles 
C and D are then, respectively, determined. 

Illustration 4b shows a much more complex 
figure that can also be broken down into trian- 
gles that lead to a solution. Much more cal- 
culation is required for this complex figure, 
which is a network. Such a solution frequently 
starts by a precise measurement having been 
made for the length of the side AB, called the 
triangulation base and, subsequently, the an- 
gles needed to solve the triangles ABC, ABD, 
and ABE. All the elements of the polygon 
ABCDE are then known. From these dimen- 
sions the other elements of the network can 
be found to determine the positions of F, G, 
and H. 

In recent years, an instrument has been 
used in surveying (in which triangulations are 
frequently made) using techniques that derive 
from the techniques of radar. Distances are 
determined from the intervals of time required 
for a series of impulses to reach a reflector 
and return to the source that contains the 
originating transmitter. Such an instrument 
might be used to determine distances in the 
kind of network shown here. (The angles could 
not be so measured. This means that the 
trigonometric formulas would be different from 


of the squares of b and c approaches the 
value of 2 bc cos A. The radicand of the for- 
mula therefore becomes the difference be- 
tween two numbers that are almost equal and, 
in terms of percentage accuracy, the impreci- 
sion of the difference becomes very large. 

If a high degree of accuracy is important 
this fact might make advisable a further mea- 
surement, for example of angle C. The tri- 
angle can then be solved by means of the 
sine law rather than the cosine law. Using the 
sine law involves division by a small number, 
(which usually means a large percentage er- 
ror), but the error may be less than that pro- 


H 
"A 
those used in the previous ussion of the 
network, as only angles art quired to be 


calculated. 


duced in using the cosine law. 

The steps of a solution of a network such as 
the one shown in Illustration 4b should be 
carefully laid out. Determining the length of @ 
side such as FH depends on measuring the 
line AB and all the angles that intervene v 
tween AB and FH. Each operation involve: 
introduces new errors that will be added 19 
those of the previous operations. In carrying 
out such work, it is frequently necessary 1o 
limit the accumulation of errors by introducing 
an accurately measured side in the middle o! 
the network. 


ELEMENTARY TRANSCENDENTAL 


TIONS 


se, the word transcen- 
which can be under- 
but cannot be demon- 


FUN 


In the genera! 
dental means « 
stood in the : 


strated in exo ence. In mathematics, 
however, the i is applied to certain 
1 


SOME ELEM ARY TRANSCENDENTAL 
FUNCTIONS— ration 1 shows the curves 
for a few eleme" transcendental functions. 
Some appear | identical with others; for 
example, the < ind the cosine are repre- 
sented by two 5 of identical shape. The 
curves do, hoy have different values as 
they are separa »y a value of z/2 along the 


x axis. 
Illustration 1 hows the exponential func- 
tion; the equat sy=ex. Forx=0, y is 


equal to 1; y rat 
larger. 
Illustration 15 
function. This 
nential function 
are rotated 90 


y becomes infinite as x gets 


the natural-logarithmic 
» is similar to the expo- 
coordinate axes, however, 
the counterclockwise di- 
rection and tt turned through 180°. The 
equation repr: ting the logarithmic func- 
tion is y = log x. Logarithm and exponential 
functions are s of each other. The nat- 
ural logarithm exponential function is 
log y = log e* is, log y 2 x. 


Both the ex; ential and logarithmic func- 
tions are define’ not only for real values of a 
number, but for complex values. In other 


words, the v. 
puted—even 


f the function can be com- 
; a complex number. 


Illustration the sine function. The co- 
sine curve can $e obtained from the curve for 
the sine funct by shifting the latter 90° to 


the left along th: 
to 1 divided by i? 
the cosecant 
to the sine cu 


x axis. The cosecant is equal 
sine so that the curve for 
iid bear a reciprocal relation 
The cosecant has points at 
infinity where sine function equals 0 and 
points at 1 wi the sine equals 1. Similarly 
lhe secant function is the reciprocal of the 
Cosine. 

Illustration id shows the tangent function, 
Which becomes infinite for x = 909. It is a 
Periodic function, and slightly more than one 
full period has been shown here. 

Illustration 1e appears at first glance to be 
a parabola, but it is the hyperbolic cosine. 
It is one of the functions that are said to be 
hyperbolic because they can be defined in 
terms of sectors of a hyperbola, just as some 
trigonometric functions are said to be circular 
because they can be defined in terms of the 
Sectors of a circle. As the curve for the hyper- 
ae cosine approaches the value of x = 0, 
um Curve more resembles a parabola. For 
arge positive or negative values of the inde- 
Pendent variable, the curve approaches the 
positive part of the exponential curve. The 
unction for the hyperbolic cosine is stated 
as y = cosh x. 

The other hyperbolic functions are stated 
a y = tanh x, and y = sinh x, respectively, 
Or the hyperbolic tangent and hyperbolic sine. 


the mathematics that 
amazed the philosophers 


functions and values. Given a function, if 
its value can be obtained for any point 
whatsoever by means of a finite number 
of elementary arithmetic operations (ad- 
dition, subtraction, multiplication, divi- 


a 


E 


180° 270° 360° 
1 
| 


sion, and extraction of a root), then the 
function is said to be an elementary ana- 
lytical function. An example is 


y= (14x433), 


*Y 
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2 
EULER’S FORMULA — On the basis of the 
formulas relating the trigonometric functions 
to the exponential, Euler's formula relates 
four of the basic numbers in mathematics. 
(e,i, +1, and 7). The expression can be writ- 
ten eif = cos + isin 0. Replacing 0 with 7, 


a 


which is the measure in radians of the angle 
180°, the formula becomes eiT = —1. The 
number e, shown in Illustration 2a, is the base 
of natural logarithms, 2.71828; e also repre- 
sents the base of the exponential function 
(even if there is an infinite number of other 


b (5 
À 


exponential functions deri 
a base other than e). The n 
inary unit defined as the 
as shown in Illustration 2b 
resents x = +1, and Illustr 
7, which is 3.14159. 


from this with 
ber i is the imag- 
are root of ~1, 
stration 2c rep- 
^ 2d represents 


If an infinite number of operations is 
needed to express the value of a function, 
then it is said to be transcendental, for 
example, y =e”, where e is the base of 
natural logarithms, is a transcendental 
function. To obtain the value of the func- 
tion at a point, for example for x — 0.579, 
an infinite series must be calculated, 
which literally requires an infinite num- 
ber of steps, but in practice only a finite 
number of steps can be used to calculate 
an approximation to the true value of such 
3 


THE EXPONENTIAL FUNCTION — Every ele- 
mentary transcendental function can be ex- 
pressed in exponential terms. Note, for ex- 
ample, the relationship between exponential 
and hyperbolic functions. By definition, the 
hyperbolic cosine is: 


prope 
2 


The hyperbolic-cosine function can then be 
drawn using the values for ex and e-* shown 
in Illustration 3a. To find the value of cosh x 
at a given point xo, draw a line parallel to the 
y axis passing through the point, This line in- 
tersects the two exponential curves at two 
points, and y; and y's and 


Yo + Y'o 
er 0753 


cosh x = 


cosh x = 


Working in the same way, the coordinates of 
other points of the function, such as x,, can 
be determined. The curve of y = coshx is 
shown in Illustration 3b. The other hyperbolic 
functions can be stated similarly: 


ex — e-x 


sinh x 2 


dnx et. 
ex + e-x 

The exponential function is related to the 
logarithm; the circular and hyperbolic func- 
tions are related to the exponential. Thus, all 


a function. Transcendental functions were 
known to mathematicians even before the 
infinitesimal calculus was devised. 


ELEMENTARY 
TRANSCENDENTAL FUNCTIONS 


Among the transcendental numbers, there 
are some that are said to be elementary, 
others are said to be nonelementary. 
There is no real difference between the 
two categories. Those said to be elemen- 


the elementary transcendental functions can 
be related to each other because they can be 
traced back to a common origin. 


tary, in general, are t ted to great 
precision and are usua eadily avail- 
able; an example is 7, t! tio of the cir- 
cumference to the dian of a circle. 

The elementary tran lental func- 
tions can be seen to be ed when ex- 
amined in the field of c x functions, 
which this article will n er. This ar- 
ticle will, however, sh: w the ele- 


ions appear 
1e functions 
"ships exist 


mentary transcendental 
to the mathematician, w 
represent, and what re 
between certain functio 


Tables of elementar ıscendental 
functions were construc on after the 
functions were discover: ic first to be 
tabulated were the trig: ;etrie, loga- 
rithmic, and exponential ! ions. Later, 
the needs of mathematics «sed the con- 
struction of tables of othe: ‘inctions. 

Logarithms and trigonometric func- 


tions are probably the two most widely 
used transcendental functions. For usual 
applications in science and technology, 
tables with precision up to five decimal 
places are adequate. For greater accu- 
racy, tables with greater precision are 
available; for special applications, there 
are tables of values with 18 decimal 
places. 

The tables of exponential functions can 
be used to construct others, for example, 
tables of hyperbolic functions. ; 

For modern professional computation 
large computers are available that can 
be used to evaluate a series and thus ca^ 
culate the value of functions with extreme 
accuracy and speed. This makes the use 
of tables superfluous. If a value of a func- 
tion to 20 decimal places is needed, a fast 
computer will determine the answer M 
something less than one-thousandth of a 
second. 


SPHERICAL TRIGONOMETRY | 


etry is useful in scien- 
s in everyday activity. 
ommon usages is in 
ı sea and in the air the 
stance and position in- 
of a problem in spher- 
n which the spherical 
solution is known as 


Spherical trig 
tific work as v 
One of its n 
navigation. B 
determinatio 

volves the so! 
ical trigonon 

triangle requ 


the astronomical triangle. One of its ver- 
tices is at the pole star, one is at the ze- 
nith, and the third at another locatable, 
charted star. 

The subject of spherical trigonometry 
is somewhat more complicated than that 
of plane trigonometry but many of the 
definitions and problem-solution tech- 


triangles on 
the sphere 


niques are similar. In plane trigonometry 
the basic figure is a triangle formed by 
three coplanar, intersecting straight lines 
on a common plane. In spherical trigo- 
nometry the basic figure is again a tri- 
angle, but the figure is formed by three 
intersecting great circles on the surface of 
a common sphere. 


1 

— 
DEFINITIONS, ‘ENTIONS AND PROPER- b 
TIES—A sphe y be defined as a circle 


if a plane circle is ro- 
diameters as the axis of 
ormed in space will be a 
! circle is really a “great 
great circles exist on the 
because any plane pass- 
netric center of the sphere 
t circle at the intersection 
e surface of the sphere. In 
plane p passes through the 
» and produces the great 
he length of a great circle 


of revolution. 

tated with one 
rotation, the s 
sphere. The re 
circle.” Innum: 
surface of a sp 
ing through the 
will produce a 
of the plane a 
Illustration 1a 

center of a s 
circle marked 


is 360 degree: c. When the radius of the 
sphere is kno ength in linear units (feet, 
miles, etc.) c. found. 

If a plane ssed through the sphere 
without passir igh the center of the sphere 
a smaller cir produced. Thus plane p' 
intersects the e at m, a circle obviously 
smaller than / yes such as p’, when inter- 
secting a sph : shown, produce a “small 
circle.” All cles of a sphere are 
smaller than : eat circle. All great circles 
of a sphere identical in all geometric 
properties, 

The point « on to all great circles in a 
Sphere is th: ometric center, O, of the 
Sphere. If an ) points, here shown as A 
and B, are c: ished on the surface of the 
Sphere and i: »sitions not diametrically op- 
posite, a plane ray be established to include 
the points A, and O. These three points, 


which determi the plane, also lie on a great 
circle of the «^^ere. Points A and B, on the 
Surface of the sphere, determine arcs AB 
and BA. Arc AB, shown as a heavy line, is the 
Shortest of the two arcs and is known as the 
geodesic line. Its length is stated in degrees 
of arc. Knowing the radius of the sphere, de- 
grees of arc may be readily converted to linear 
dimensions. Arc BA is the great circle less the 
arc AB. 

In Illustration 1c (p. 118) a plane p is passed 
through a sphere to determine the small circle 
m. Note that point O does not lie in plane p. 
Phrough O and perpendicular to plane p a line 
S drawn intersecting the surface of the sphere 
at C and C’, The point C, nearest to plane p, is 
the spherical center of circle m. Any number of 
great circles may be drawn with their com- 
on diameter being the line COC’. Each of 

ese great circles will also have in common 
Point C and some point on the circumference 
of Circle m. The arcs, rs, are segments of 
arpar circles. The broken lines that extend 
Hee the intersections of any great circle with 
: Small circle to the spherical center, O, are 
SUE and are radii of the sphere, or spherical 
i In Mustration 1d, an arc A, of a great circle 
The arn intersecting an arc a of a small circle. 
tog broken lines T and t are drawn tangent 
ra A and a at the point of intersection of 
‘an "a Which is the vertex of a triangle. The 
he a between these tangents is taken as 

e interior angle of that vertex. Angles at 


other vertices are measured similarly. 

In Illustration 1e, planes p and p', contain- 
ing, respectively, great circles A and A' are 
shown passing through the center, O, and the 
points C and C' of a given sphere. Because 
the planes contain great circles having a com- 
mon diameter CC’, the angles between the 
intersecting great circle circumferences and 
the angles between their planes are equal. 

A great circle indicated on a sphere may 
be used as a reference from which other 
circles may be located. This is much the same 
method of location used in plane trigonometry 
where cartesian coordinates are used. In the 
case of the sphere, however, degrees of rota- 
tion are used as measured from a chosen ori- 
gin as one of the coordinates, and the length 
of arc in degrees as the other coordinate. The 
great circle M in Illustration 1f (p. 118) is 
used as a reference. An axis perpendicular to 
the plane of M is erected and its intersection 
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SPHERICAL TRIANGLES—Three points on the from the opposite angle. This aids in defining 
surface of a sphere partially define the vertices the property of a spherical triangle by stating 
of a spherical triangle; as shown in Illustra- that the sum of the interior les is always 
tion 2a as A, B, and C, but one further point greater than 180°. Looking at the larger tri- 
is required—the center of the sphere, point O. angle, A'B'C', in the figure makes this state- 
A spherical triangle is formed by the inter- ment more apparent. Additionally, the value of 
section of three great circles. A great circle any exterior angle of a spherical triangle is 
is determined when two points on the Surface greater than the difference, and less than the 
of the sphere and the center of the sphere sum, of the two opposite interior angles. 
lie in the same plane. Passing planes through The relationships of the sides are simply 
points A, B, and O; B, C, and O; and C, A,and stated: The sum of the sides of the triangle 
O will produce three great circles intersecting can never be zero, or no triangle exists; tie 
on the surface at A, B, and C. Lines from Point maximum value of the sum of the sides is 360°. 
to point on the surface of the sphere are seg- The small triangle, ABC, in Illustration 2c, IS 
ments of the circumference of the great cir- the same as the small one in Illustration 2b. 
cles. These arcs are therefore the shortest The sum of the interior angles is obviously 
Surface distance between any two points, and just slightly more than 180°. The next bb. 
ABC is a spherical triangle. The length of any triangle, however, has interior angles of E 
Side of a spherical triangle, in light of this each, for a total of 270°, an impossibility n 
definition and construction, can never be a plane triangle. The largest triangle is shown 
greater than 180°, as one whose interior angles are nearer 180°, 
In Illustration 2b, triangle ABC is Shown with the sum of the interior angles approach; 
quite small and with nearly straight sides; the ing 540°, the largest possible with a spherica 
sides, however small, do bend slightly away triangle. 


with M is shown by the points C and C’. These 
points will be the points of intersection with 
M of any great circles produced by passing 
planes through the line defined by CC’. The 
illustration shows three such planes, p', p", 
and p"' and their circles, M’, M”, and M”. To 
find a point on any of the three great circles, 
or any other point on the sphere, the great 
circle M is taken as one reference and is 
called a meridian, or the equator. The inter- 
section points, C and C’, are customarily 
called poles. 

To locate a point on either side of the 
equator, M distance may be measured from 
the meridian in a positive or negative direc- 
lion. But one more reference axis is needed. 
Assuming one of the planes, p', and half of its 
great circle M' to be a second reference, the 
arc from C to C' in plane p’ can be used as an 
axis from which measurements in degrees 
may be taken. 

Two great circles, M and M', are shown on 
the sphere as intersecting at C. Erecting a 
perpendicular through each circle at O, and 
extending these to the surface of the sphere 
produces the points A and B. A and B are 
poles, respectively, of circles M and M’, A 
plane passing through A, B, and O produces 

another great circle, perpendicular to circles 
M and M', and with one pole at C. The angle 
AOB defined on this last circle by the poles 
A and B, through O, or AOB, is equal to the 
angle at C between the circles M and M’. 


SIMILARITY ^ EQUALITY — Spherical tri- (a) three equal sides; appli 
j i cabl: 

T Rn D TO Beni maa Ci 
similarity or « ity other triangles. Only (b) three equal angles; ¢ 4 
three such ties exist with the plane plane ade ea Mc ela Diane (ata spel. ort sappieeule: io 
figure. With 1 cal wigna it is assumed (c) two sides and the included angle; ap- (f) provided the angles are not right angles, 
that el w bi yee conditions are plicable also to plane triangles two angles and the side opposite one of 
establishe : equal diameter. These six (d) one side and the two adjacent angles; them; not applicable to plane triangles. 
properties 5 applicable to plane triangles aio 


; 
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CEBERICNL EXCESS—Spherical excess is the | | SOLUTIONS OF SPHERICAL TRIANGLES — sina = sincsinA = tan b ctn B 
flerence between 1809 and the sum of the | | Although more complex than the solution of sinb — sin c sin B = tana ctn A 
Pra. of a spherical triangle. The greater the | | plane triangles, the formulas derived for the SE acon a Ore emia gine 
pherical excess, the more the spherical tri- | | solution of spherical triangles are both numer- cos B = cos b sin A = tana ctn c 


ous and valuable. Those shown here are the 
most generally used, but many more exist for Given three sides and one angle, the following 
application to the many special cases that may be best used for a typical, non-right tri- 
occur. The equations shown here, in general, angle. Take B as the given angle, then: 
express a relationship between four variables. 
Thus, solutions are possible when only three cosc = cos b cosc + sin b sin c cos A 
variables are initially known. Usually it will bé Given three angles and one side, a: 
necessary to use more than one of the equa- 
tions to completely solve a particular triangle. cos A = —cos B cos C + sin B sin C cos a 
Note that the length of the side of a spherical Given two sides, a and b, and two OEC 
triangle is normally expressed in terms of de- angle included bütwBon the aiden: h 
grees of arc; it follows that trigonometric func- e 
tions are directly related to those aoe sel cos c = cosa cos b 

i le ABC, in Illustration 5a, is $ 
isque and c. Angle Cis aright Given two adjacent sides and their opposite 
angle and side C is the hypotenuse. The per- angles: 
tinent formulas for the solution of the right sina sinb sinc 


triangle are as follows: si 


Tue differs from a plane triangle. In this 
Mies the small triangle ABC is shown with 
done Doer equal and interior angles whose 
this Yn about 180°. The spherical excess in 
fias angle is very small. Triangle A'B'C' also 
(ted small spherical excess even though 
of ae. h great difference between the lengths 
im e A'B', and sides A'C' or B'C'. As one 
Wen Ld increases significantly, as in this 
Wines case, the other angles show a sig- 
angi ini decrease in value, and the sum of the 
at es still remains close to 180°. In the form 
an equation, the spherical excess, e, is 


€-a By 180° 


w 
here a, 8, and y are expressed in degrees of 


arc and symbol M Fi à 
angle. lize the interior angles of a tri 
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FUNCTIONS AND GRAPHS | 


The development of the concept of func- 
tion stems from the work of René Des- 
cartes, who, in 1630, set forth his ideas of 
x and y coordinates. From these coordi- 
nates—Cartesian coordinates—came the 
idea that one variable can be expressed 
in terms of another. For example, x can 
be expressed in terms of y. 


The word function itself was first used 
by Gottfried Leibniz to describe certain 
characteristics of points on a curve. The 
use of the word in its current meaning, 
equations consisting of constants and 
variables, is credited to J. Bernoulli. 

The ideas of the analysis of functions 
were set forth by some of history’s great- 


y = (1/2x 


1 2 3 


A COMPARISON OF A FAMILY OF LINEAR 
FUNCTIONS—The illustration is a graph of 
functions in the region from the origin, x 2 0 
and y — 0, to approximately x — 5 and y=4. 
This group of related lines, or family of lines, 
y = nx, passes through the origin. Varying the 
value of the coefficient of x, which is n, 
changes the slope, which is the angle the lines 
form with the x-axis. The coefficient of x is 
also the numerical value of the tangent of that 
line. 

The coefficients of the graphed lines vary 
from 20 on the left to 1/20 on the right. The 
central line, y — x, has 1 as the coefficient of 
X; this line lies at 45? to the x axis, and refer- 
ence to tables of trigonometric values shows 
that the tangent of a 45° angle is 1.0000. Mea- 
suring the angles formed by the other lines 
and then checking trigonometric tables, will 
further prove this statement. The value of the 


y = (1/10)x 


y = (1/20)x 
4 5 


tangent, as an angle increases from zero to 
90°, rises from zero to infinity. (The values of 
the tangent rise rapidly after an angle reaches 
about 87°.) 

Referring to the first line to the left, y = 20x, 
the equation may quite literally be read and 
interpreted as “the value of y is twenty times 
the value of x,” and this will apply for any 
arbitrary value assigned to x. The equation 
also indicates that a change in one unit of 
value of x will result in a twenty-unit change 
in y, which is another way of stating that the 
value of the tangent of the line is 20. 

The equation of the line closest to the x 
axis in this graph, y = (1/20)x, may be read 
in a like manner; it states that y is 1/20 the 
value of x and indicates that a twenty-unit 
change in x is necessary to cause a unit 
change in y. The intervening lines of the fam- 
ily may be interpreted in a similar manner. 


infinites 


and infi simals 
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; PARABOLA— 
a first-degree 
^ of a second- 
e the graphs 
abola, y = x^. 
^g to the right. 
gion from the 
what greater 
's through the 
- 0. When the. 
ihe value of y. 


COMPARISON OF A LINE 
A straight line is the gra 
equation; a parabola is th 
degree equation. Shown 
of the line, y = x, and t} 
Only that part of each gra 
of the y axis is shown in 
origin to x and y value 
than 1. The line, y — x, 
origin because when x — 
value of x increases one : 
increases an equal amount! 


On the other hand, y — shaves differ- 


ently, although when x = © 0 for y = X. 
For increasing values of x, x is less than. 
1: when x = 1/4, y = 1/ vhen x = 1/2, 
y — 1/4; when x = 3/4, 3/16. Finally, 


1e point where 
| the parabola, 
aphs, therefore, 


when x = 1, y = 1, and this | 
the two functions, the line a 
are of equal value, and the ¢ 
coincide. 

Up to x = 1 the function y = x increases) 
value faster than does y = x’. Beyond x= 
conditions are different. For the line, at x = ji 
y = 2; but for the parabola, at x = 2, y E. 
Therefore, the value of the parabola at X — 
is twice that of the line, and for increasing 
values of x beyond x = 1, the difference p. 
tween the two functions increases by the dif- 
ference between the value of x and the square 
of x. , 

The tangent of an equation of the first. a 
gree, a line, is equal in value to the coeffic a 
of the x term. In the case of y = x, the coe 
cient is 1, and the equation could be M 
y = (1)x. Careful graphing would reveal | 
the point at which the tangent to the paral o 
is equal to one is at x — 1/2: this can be d 
firmed mathematically. The 45? tangent od e 
parabola would not be y — x. Its equa i 
would be of the form y = nx + b, which M. 
not pass thru the origin. For values less ia 
x = 1/2, the parabolic function takes an n 
to the horizontal that is less than that of y a is 
Beyond x = 1 the tangent to the parabola 
always greater than the slope of the line. 


TUS FUNCTION Y = x COMPARED TO FUNC- 
ong OF HIGHER ORDER—A group of func- 
an ane up to the fifth order are shown 
? e between the origin and the values of 
atthe y slightly greater than one. Note that all 
ess SEN pass through the point (1,1) be- 
tine mad to any positive power is still 1. 
eS is ation y = x^, therefore, when y =1, 
Sea or any value of n. Note that as the 
or d or degree, of the equation increases, 

e values of x greater than one, the curves 


est mathematicians, including Joseph La- 
ne and Jean Fourier. More modern 
i tio analysis is the work of Augustin 
uchy, Georg Riemann, Karl Weier- 
strass, and others. 
ue ers of infinity and zero, sym- 
e dia Y M and 0, respectively, play an 
» part in function analysis. The sys- 
m of Cartesian coordinates implicitly 


of higher order swing ever closer to the y axis, 
and with increasing values of x, the function 
tends to infinity. For values of x less than one 
the curves of higher order tend to move away 
from the y axis and, at the same time, move 
closer to the x axis as they approach zero. 
Therefore, the point at which a tangent to the 
curve is tangent to the line y = X intersects 
the higher order curves at a greater value of x. 

The equations shown here are the least com- 
plex of the higher order equations in that the 


recognizes infinity and zero, with the 
“ends” of the x and y axes, by definition, 
lying at infinity and the intersection of 
the axes at zero. The concept of infinity, 
however, is not limited to the “ends” of 
the axes. With this information as a basis, 
it is possible to predict the way a func- 
tion—or the phenomenon it represents— 
will perform under certain conditions. 


independent variable consists of only one 
term: the x” term. However, à study of the 
simpler functions is needed as a basis of 


comparison when more complex functions 


occur. 

The curves shown rise in degree by a factor 
of one, except the graph of y = x°/2, shown as 
a broken line, which indicates that a family of 
curves exists with degrees of fractional values 
as well as degrees of whole numbers. 


In science and engineering, frequently 
a process is described by the word ex- 
ponential, meaning that the process fol- 
lows the form of an exponential function; 
a phenomenon is called linear, meaning 
that the phenomenon is represented by a 
straight line; parabolic, if its graph is a 
parabola; hyperbolic, if its graph is hy- 
perbolic; and so forth. 
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COMPARISON OF EQUATIONS OF POLYNO- 
MIALS—The two functions graphed here are 
y=x* and y = x? + 3x4+ x^. The curves 
appear to intersect only at the origin; there 
may be one or more intersections elsewhere, 
and these would be found if the functions were 
plotted over a greater region than shown. 


As the number of independent or de- 
pendent variables increases, the problem 
of graphing becomes more difficult and 
special techniques must be adopted to 
make a geometric display at all possible. 
If, for example, both x and y are complex 
numbers then a direct geometric repre- 
sentation would require a four-dimen- 
sional geometry. Techniques for geomet- 
ric representation in such cases are an 
important topic in the theory of func- 
tions of a complex variable. 

In the 1960s, with a large variety of 
computers available to the applied math- 
ematician, the importance of graphic 
methods has diminished. In principle, 
however, many important numerical 
techniques may be used graphically, and 
in fact arose from graphic methods. 

Because most phenomena may be rep- 
resented by the graph of a function, much 
importance is attached to interpreting 
such graphs. This article outlines some 
of the rudimentary methods of analysis 
that may be applied to the functions. 
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HYBERBOLIC FUNCTIONS 
INFINITY—This graph show 
lateral hyberbolas of the forr 
tions for n = 1, 2, and 3 ar 
gion from the origin to ap 
and y = 10, for only positive 
In the case of the equilater 
x tends to zero, y tends t 
approaches zero, x tends to 


do the curves ever pass throi 


in fact, does either arm of th 
through either axis. All of th 
pass through the point x — 

A similar family of curves 
in the opposite quadrant of t 


tem and they would be iden 
cept with one arm pointing : 


axis and the other pointing t 
low the x axis. All of these < 
through the point x = —1 
course, none would pass th 
Functions in this family are 
tinuous for all values appro 
This family of curves ap 
either axis is approached. F 
ues of x, the functions appr 
family y = x^ approaches in 
ing values of x). After the poi 
of the function equals one, 
tically increasing arm of the « 
to the y axis, or x = 0. 


PROACHING 
mily of equi- 
1/x^. Func- 
wn in the re- 
nately x 2 3 
5 of x and y. 
»erbolas, as 
y, and, as y 
y. In no case 
the origin or, 
ve ever pass 
illy of curves 
=1. 
! be graphed 
ordinate sys- 
in form, ex- 
along the y 
left and be- 
would pass 
~1, and, of 
the origin, 
) be discon- 
zero. 
) infinity as 
reasing val- 
nfinity. (The 
ith increas- 
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CONCEPT OF DERIVATIVES | 


The mathe! 
conceived m 
the calculati 
and ratios, : 
cumference 


—— 


POULTRY RA) 
concept of à 

terms of a sir 
chicken. Illust 
that interests 

a chicken fror 
dicates, durin: 
weighs only : 
slowly, and w 
the next is mi 
percentage of 
when the bird 
say, after abo 
eat more, ar 

After the ten 

one day to th 
be seen on 1! 


of ancient Greece 
s as the science of 
geometric magnitudes 
s the ratio of the cir- 
- diameter of a circle, 


the ratio of the side to the diagonal of a 
square, and the determination of the 
square root of a number by geometric 
construction. The mathematical and geo- 
metric entities they studied represented 


the mathematics 
of variation 


either static magnitudes or could be rep- 
resented by static magnitudes such as a 
well-defined triangle, circle, or ratio. 
Eventually, however, the concept of 
variability began to find its way into 


i AS A FUNCTION — The 
iive may be introduced in 
'unction: the growth of a 

la is a plot of the data 
Itry breeder: the weight of 
; to day. As the graph in- 
irst days of life a chicken 
ounces; it will grow very 
difference from one day to 
amounting to only a small 
previous day's weight. But 
attained a certain weight, 


ı days, it will be bigger, will 


| also grow more rapidly. 
the weight difference from 
t increases rapidly, as may 
ph. If, however, the growth 


of the bird continues beyond a month or so, 
which is the period to attain the market weight, 
its increase in weight will be either greatly re- 
duced or will cease altogether. If the bird 
reaches the weight of two pounds in about one 
month, much more than two months are re- 
quired for the bird to double that weight. The 
poultry breeder will therefore find it advan- 
tageous to slaughter the bird after one month 
or so because after that time it would grow 
much more slowly. The rate at which the 
weight increases is of more value than the 
weight itself. 

Illustration 1b is the graph of the rate of in- 
crease in weight during each day of the bird's 
growth. Joining the points that represent this 
information produces a new curve. The rate 


may be nearly zero at the times that the chick 
grows slowly—during the first few days of its 
life and also for the period starting at about 
the 25th day of life. The curve shows higher 
values at the points corresponding to the days 
when growth is more rapid. This curve, derived 
from the one showing the weight as a function 
of the age of the chicken, represents the rate 
of weight change as a function of age. It is 
called a derived function of the previous func- 
tion, or, more simply, the derivative. 

The derivative offers a different view of the 
original function. In this case, it puts the 
poultry breeder in the position of determining 
the best age for buying and selling chickens 
in order to make the greatest profit. 
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age in days age in days 
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minutes 


THE DERIVATIVE MEASURES THE RATE AT 
WHICH A PHENONENON OCCURSC—In a pre- 
vious article, functions representative of sev- 
eral phenomena were studied. Here some of 
them will be analyzed using the derivative, Il- 
lustration 2a is the graph of a function that 
represents the varying lengths of a burning 
candle. The graph is simply a straight line that 
slopes downward, because the length of the 
candle decreases with time. The derived func- 
lion is constructed by determining the rate of 
variation of the original function. Here this 
variation is represented by the decrease of the 
length of the candle because at each minute 
during burning, the candle is shorter than it 
was the previous minute. The rate of decrease 
can also be measured as the number of inches 
by which the candle is shortened during each 


minutes 


minute that it burns. 

In Illustration 2b the distance between the 
vertical lines represents one minute. The 
amount by which the candle has Shortened 
during each minute of burning is found by 
measuring how much the original function has 
decreased in the interval defined by a pair of 
vertical lines. 

The decrease for each minute is plotted on 
a third graph, Illustration 2c. Because the 
length of the candle decreases by the same 
amount during any one minute of burning, this 
Second-derived function consists of points 
that all lie at the same distance above the 
horizontal line. This Second-derived function — 
the second derivative—indicates that the ac- 
celeration of the rate of burning is zero. 


——— Gc po 


mathematics; for exam the way the 


area ot the square vari ith the length 
of its side. To think : ? area of the 
square as varying in rci 1 to the length 


of its side, consider th: 
sible squares and imag 
in increasing order of 

side. For every value c 
responds one (and on! 

area. Toward the end : 
century Isaac Newton à 
nitz set forth the conc: 
as a correspondence of 


as of all pos- 
hem arranged 
length of the 
de there cor- 

value of the 
> seventeenth 
ottfried Leib- 
of a function 
ots and num- 


bers and of the conce E the rate of 
variation of a function 

When applied to the tudy of func- 
tions, this concept beca: :e foundation 


mathematics 
point in both 
roblems that 


of a large part of mo: 
and represented a turn 
science and technolog 


had previously been ! with diff- 
culty using exclusively al geometry 
could now be solved si: vith the help 
of this new method of lation. 
Within the period o latively few 


forecast the 
dies, and to 
:gnetic phe- 
the stresses 
structure of 

possible to 
netric figure 
right be, as 


years, it became possib! 
motions of the heaven! 
develop a theory of cle 
nomena, of fluid motion 

and strains that occur 

complicated shape. It b 
calculate the area of ans 
no matter how intricate 


long as the figure could represented 
by means of a mathema al equation; 
the same was true for volume of 


three-dimensional figures. In à few years, 
man's knowledge of mathe:atics and ge- 
ometry made more progress than had 
been made in two thousand years. 

The branch of mathematics that brought 
about this expansion of knowledge i 
known as infinitesimal analysis or infini- 
tesimal calculus or, more simply, calculus. 
The following few examples will help to 
illustrate the first fundamental concept 
of the infinitesimal calculus: the deriva- 
tive of a function. 

The derivative of a function can be 
constructed graphically or it can be calcu- 
lated by algebraic methods. The concept 
of a derivative constitutes one of the fun- 
damental instruments of pure mathe- 
matics and finds practical applications in 
physics, engineering, and geometry. 
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LGCELERATION IS THE DERIVATIVE OF VE- 
Gardener ITH RESPECT TO TIME—Iilustration 
Elona at 5 the path of an automobile moving 
road Hd It is a simple route: the initial 
distance is straight and level; after a certain 
BY a ides a rise (2) occurs, and this is followed 
(s again e (8). For another distance the road 
curve (5) Stelght and level (4), followed by a 
straight une leat part of the route is again a 
car must stop. (6) until the point at which the 
Tee 3b shows the velocity function. 
tothe to eine its run at the left, the entrance 
celerate ae from which point it starts to ac- 
will be mai car then attains a velocity that 
will slow aintained on all straight stretches. It 

down when the road rises, and it will 


acceleration 


run a little faster on the descents; it will also 
slow down as it enters the bend, and at the 
end of the road it comes to a stop. With this 
description of the motion in mind, the diagram 
showing the velocity of the vehicle can be in- 
terpreted at any point. The diagram of the 
velocity of the car consists of straight lines 
that are horizontal when the car is maintaining 
a constant velocity, or lines that slope upward 
or downward whenever the vehicle is accel- 
erating or decelerating. 

Illustration 3c is the acceleration function, 
which is the derivative of the velocity function. 
The rate of change of the velocity, the accel- 
eration, is positive in the first part of the 
straight and level section; then the velocity 
remains constant, and the acceleration is zero. 


Then the car moves up the rise where the vari- 
ation of the velocity from one instant to the 
next is decreasing, so the car decelerates. The 
graph then shows à value that is negative, and 
the derivative function shows à straight line 
below the horizontal axis. 

The other parts of the derivative are inter- 
preted in a similar manner; the derivative is 
negative when the vehicle slows or brakes to 
a stop. It is positive when the vehicle increases 
its velocity going down a hill or leaving à 
curve; it is zero on straight roads that are 
traversed at constant velocity. 

The derived function of the velocity of any 
moving body represents the acceleration to 
which the body is subjected. 
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DIFFERENTIALS | etracitet inanitesimal calculus 


In the analysis of a function the varia- 
tion of the function around one of its 
points is sometimes required. For exam- 
ple, in examining the logarithm function, 
the value of the logarithm of 3.001 might 
be required when the value of the loga- 
rithm of 3 is known. Differentials can be 
used to determine this value. Although in 
this case it would be quicker to look at 
1 


DERIVATIVE AND DIFFERENTIAL—This curve 
is the graph of a function with a single vari- 
able, x; the function is called f(x). Assume that 
the value can be found for f(x) for some point 
x. Assume also that the value can be found for 
the function for some other point, x + Ax, 
which is a point slightly farther from the origin 
than x, The distance Ax need not be of in- 
finitesimal length; it may be some finite dis- 
tance. At the point x + Ax, the value of the 
function is f(x + Ax). From this can be estab- 
lished the value of the derivative of the func- 
lion using the value of x to establish the 
tangent, T, to the curve at P. 

Let Ay refer to the change in value of the 
function caused by the change Ax in the value 


Y 


a table of logarithms to determine the 
log of 3.001, the case is cited to help de- 
fine a differential: a differential is some 
increment—or change—of the indepen- 
dent variable of a function. 

Differentials are used in the analysis of 
measurements of physical magnitudes, 
for example, to analyze the effects on po- 
tential errors. 


of x. The diagram shows the Ay can be approx- 
imated as {'(x)Ax. This value is not exactly 
equal to Ay but very close to it; Ay gets in- 
creasingly nearer the dimension of f'(x)Ax as 
the interval Ax is made to decrease in size. 
In Illustration 1b the curve of the previous ex- 
ample is shown with P at the same point (x,y). 
In this case, however, the increment dx is in- 
finitesimal rather than finite, and it has the 
infinitesimal component dy along the y axis. 
Here f(x + dx) = f'(x)dx exactly. The expres- 
sion dx is called the differential of the inde- 
pendent variable x, and f(x + dx) — f(x) = dy 
is called the differential of the dependent vari- 
able, y. The derivative is the ratio of the two 
differentials: f'(x) = dy/dx. Based on this nota- 
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y = f(x) 4Y 


The derivative of 
the slope of the tan 
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A SIMPLE APPLICATION—It is not difficult to 
apply the reasoning of Illustration 1. One prob- 
lem, for example, might be to find the value of 
the log function for x = 3.001 when the log of 
3.000 is known to be 0.47712. The problem 
may be stated as: x = 3, Ax = 0.001, and log 
X — 0.47712; find log 3.001. The solution 
sought, then, is a value for Ay = f'(y) (Ax), or 
the product of the first derivative of log x mul- 
tiplied by the value of Ax. The evaluation, there- 
fore, is of only the principal part of Ay, but the 
closeness of the calculated value to the actual 
value will prove to be a Satisfactory approxi- 
mation. The statement of the solution is 


M(x) = 1log e= i (0.4343). 


For x 2 3 the expression becomes f'(x) = 
1/3(0.4343) = (0.333) (0.4343) = 0.14475219, 
or f'(x) = 0.1448. 

But Ay =f"(x)Ax, and Ax = 0.001, so 
f'(x)Ax = (0.1448) (0.001) = (0.0001448). There- 
fore the value of log 3.001 = (0.47712) 40.5 
(0.0001448), or log 3.001 = 0.4772648. Seven- 
place logarithm tables show the value of log 
3.001 to be 0.472660, indicating the accuracy 
of the calculated value to be at least five dec- 
imal places. 
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D ERRORS IN MEASURE- 

find an application in the 

measurement. The direct 
^eve on indirect measure- 
sed briefly here. 
measure the height of a 
lower. The indir measurements required to 
accomplish this are the distance, b, from the 
Observer to the base of the tower (at its cen- 
ler) and the angle of elevation, 6, from the 
observer to the top of the tower. The formula 
Used in the ind measurement is: 


height = base times the tangent of the 
angle of elevation, or 


h = btan 0. 
Suppose that the base, b, measures 100 me- 
05 X 0.1 meter and the angle, 0, is 30° + 
has What errors in the calculation of the 
eight may appear? 
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DIFFERENTIATION IN TWO VARIABLES—This 
three-dimensional diagram in Cartesian coor- 
dinates (Illustration 3) represents a two-vari- 
able function, z = f(x,y). The pair (x,y) of the 
independent variables, and the height, z, locate 
point P. The two coordinates x and y are in- 
creased by dx and dy, respectively. Corre- 
sponding to x + dx and y + dy in the xy plane, 
a new point, P’, is found at a height of z + dz. 
(In this case, P’ is less than P; a decrease of 
the function corresponds to an increase of the 
coordinates x and y at this point of diagram.) 

The value of dz is calculated in a manner 
similar to that for functions with a single inde- 
pendent variable. To describe all the calcula- 
tions would be too complicated here. The 


The area of any rectangle is S = xy, where 
x and y are the dimensions of the sides. If the 
sides are increased by Ax and Ay, respectively, 
the increase of the area is 


E as 
AS = ic Ax + SU Ay 


In this case: 


E rm 
Ax TY gy ax = 0.035 Ay = 005. 


Therefore, 


AS = 5.0 x 0.3 + 3.0 x 0.5 = 
0.15 + 0.15 = 0.30 


The verification can easily be made with the 
geometric formula. The area of the enlarged 
rectangle is 5.05 x 3.03 = 15.3015. The area 
of the rectangle before enlargement is 15. The 
difference is 0.3015. The error therefore 
amounts to about 5% of the increased area. 


Remember that h is a function of two vari- 
ables, the base and the angle of elevation. A 
change in either or both of these measure- 
ments, then, will have an effect on the cal- 
culated height of the tower. Should both the 
angle and the base dimension be taken at their 
greatest positive error the height will be in- 
creased; should they be taken at their greatest 
negative error, the reverse is true. 

Using the conditions of measurement given, 
b=100+0.1 meters and 0= 30° + 0.5°, 
the solution may be written in the total differ- 
ential form as: 


6h 6h 
Ah = 5p 4° + so 49 


Working through the expression with the 
proper numerical substitutions shows the pos- 
sibility of error sufficient to increase the as- 
sumed height of the tower by 1.2147 meters. 


b 


E 


formula, however, that solves the problem is: 
ez 6z [74 êz 
dz = — i I. I 
x dx + ty dy, where x and y 


are the partial derivatives of the function z. 

These derivatives, each a derivative of the 
function with several variables, are taken suc- 
cessively as if the function had only first one 
variable and then the other variable. This is 
done by assuming first that one variable is 
constant and then that the other variable is 
constant. 

In order to distinguish the partial derivative 
from the ordinary one, the symbol 6 is used 
instead of the d, which is used for the ordinary 
differential and its derivative. 


The example shown in Illustration 4b, which 
is related to that of Illustration 4a, shows a 
problem in three dimensions and shows the 
case for the use of a differential formula with 
three variables. The actual calculations will be 
omitted here. 


4a 4b 
: 


In Illustration 5b, it is assumed that the 
angle was measured perfectly and the base 
dimension measured incorrectly, b" being the 
false dimension. When this situation occurs it 
may be seen that the error in the height mea- 
surement will be equal to the dimension h’, 
which can be calculated to be about 0.57 
meters, 

In Illustration 5c, it is assumed that the base 
dimension was taken quite correctly and that 
there was an angular discrepancy of 0.5*. 
Should this be the case, there will be an error, 
h", in the tower height of 1.16 meters, an 
amount about twice as great as the error found 
when the base measurement was Incorrect. It 
follows that greater care must be taken with 
angular measurements because an angular 
measurement is nominally made optically, 
measuring from a fixed point, as in the case 
of the tower measurement. 
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SEARCHING 


FOR 


EMPIRICAL FUNCTIONS 


The research scientist who has finished 
an experiment must make an analysis of 
the data he has recorded. Sometimes, he 
knows the mathematical function that de- 
scribes his data. For example, if he has 
measured the potential difference at the 
terminals of a certain circuit for varying 


temperatures he knows that the data are 
a parabolic function. He need only plot 
his data points as a graph, plotting poten- 
tial differences against temperature, and 
then connect the points with a parabolic 
curve. The equation of the specific curve 
can be found in a number of ways. 


THE CASE OF THE GENERALIZED PARAB- 
OLA—In many cases, it is not easy to estab- 
lish, a priori, the nature of the curve, and the 
problem has to be approached by trial and 
error. For example, it is possible to determine 
if empirical data are the form y = cx", where 
n is a whole number, a fraction, or even an ir- 
rational number; the equation is the general 
equation of a parabola. 

The points in Illustration 2a do not form a 
straight line. Any straight line drawn through 
the points leaves an unequal number to the 
right and left of it. At the left portion of the 
line, many of the points lie below it, then most 
of them appear below it; at the right, most 
of them appear above the line. This means that 
the points do not describe a linear function 
and that some other function must be found. 


a Bee 


Assuming that the points are distributed ac- 
cording to the curve y = cx", both the value 
of c and n must be determined in order to con- 
Struct the curve and to determine the equation 
that represents the function. 

The logarithm of both the sides of y=cx"is 
log y = logc +n log x. This expression states 
that log y is a linear function of log x. Thus, 
if axes are drawn divided into logarithmic 
scales, and the points of the function drawn 
on these axes, the points will fall on a straight 
line, provided that the form of the function 
is y = cx”, the generalized parabola. There 
is no need to take the logarithms of the 
two magnitudes measured. The points must, 
however, be plotted on two logarithmic axes. 
Graph paper with such divisions is readily 
available. Illustration 2b shows on log scales 
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the points of the same fu that is shown 
in Illustration 2a plotted rdinary scales. 
Once the line is drawn, t^ lion for it can 
be found. The slope of !! measures M, 
the exponent of x. In this the slope is 
0.65. From Illustration 2b, ti- point at which 
the line intersects the y a» he value of c. 
The equation, therefore, is y 1 Tots 


A similar solution when « 
that the points must approxi 
a parabola utilizes a table of square roots. The 
values of vy as a function of x must be tabu- | 
lated; the graph is drawn on Cartesian axes on 
Which the y axis shows the values of the 
Square root of y, and the x axis shows the 
values of x. Both scales are linear. 


HYPERBOLIC LAWS—To determine if a given 
set of data follows a hyperbolic law, points can 
be plotted on axes, the relation between which 
is hyperbolic. Suppose that certain points as 
in Illustration 4a are represented by a law of 
the type y = c/x. The curve is a portion of a 
a 


SINUSOIDAL FUNCTIONS—Sine and cosine 
functions are oscillating curves. For this rea- 
son they are used to represent physical phe- 
nomena that rise and fall, repeating over and 
over again. 

A graph with the distribution of points as 
shown in Illustration 5a suggests a sinusoidal 
function. The period of oscillation of the func- 
tion and the amplitude of the function must be 
known to construct the function itself. These 
two characteristics are, respectively, the dis- 
tances between the “crests” or the “troughs” 
of the curves; and the height of the curve, 


EXPONENTIAL. FUNCTIONS—The distribution 
9f points around a curve following an expo- 
moa law looks like the example shown in 
i ustration 3a. If these points are plotted on 
log-log axes (both axes logarithmic), the graph 
Will still be a curve. 
fi oun that the data are of an exponential 
ja ci on and therefore of the type y = ab. The 
cane of the right-hand side of the equa- 
the in a linear function: cx log b + log a. If 
oa unction is drawn on semilogarithmic axes 
a y one axis logarithmic), the points fall on a 
raight line as in Illustration 3b. 


~but not for all intervals. Thus it is neces- 

Saty to obtain enough data so as to com- 

Pletely define the function. 

A Seeking a function that will describe 

qe phenomenon is often compli- 
y error in measurements. Plotted 


hyperbola. To produce a straight line repre- 
sentation of a hyperbolic function one of the 
axes, in this case the x axis, must be made to 
correspond to the values of 1/x. From the 
slope of the straight line, the value of the 
constant c can be determined. 


b 


which is measured vertically from the crest to 
the trough. If these two magnitudes are fairly 
constant in time, a simple sinusoidal function 
can represent the data. A general equation of 
such data could be y = a sin n0. 

In the case of the data shown in Illustration 
5b, the period of oscillation of the function re- 
mains fairly constant, but the amplitude pro- 
gressively diminishes. The representation, 
therefore, is not exclusively sinusoidal. The 
general equation of this phenomenon is 
y =e cos (bx + c). 
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points then appear dispersed around the 
graph of the function that seems best to 
represent the phenomenon. 

In this article, several ways of finding 
a function that represents a set of mea- 
sured points will be shown. One method 
utilizes Cartesian axes divided not into 
equal units but into units that represent 
other values; for example, instead of E 
2, 3, and so on, the units can be log 1, 


log 2, log 3, and so on. Sometimes both 
the x and y axes are divided into identi- 
cal units; for example, both x and y axes 
are logarithmic divisions. Other cases re- 
quire one axis to be logarithmic and the 
other, standard equal units. On these spe- 
cial axes, points are plotted, and if the 
resulting function is a straight line, the 
kind of function is determined from the 
kind of axes used. In general the eye can 
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determine whether points are aligned 
well around a straight line. The eye ca? 
not distinguish as well the distribution 9 
points around a graph of second-degree 
and higher-order graphs, all of which are 
curves. 3 
Another method of finding a function 
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THROWING DICE—If two perfectly regular 


dice are throw: 


they can fall on any of their 


Six faces. There is no physical law predicting 


to evaluate the degree of danger in- 
volved. 


CHANCE EVENTS 


The concept of probability is applicable 
to those events that may take place or 
may not take place, according to chance. 
To understand what types of events are 
appropriate, it is useful to discuss some 
examples. If a perfectly regular die is 
thrown, it may turn up showing any one 
of its six faces. The appearance of any 
particular face after the throw is known 
as an event, and it depends on chance 
alone. There is no physical law that per- 
mits an accurate determination of which 
face will appear. If the die has not been 
loaded, no face is privileged; and on any 
given throw, any one of its six faces may 
appear with equal likelihood. 

Consider the case of a student on his 
way to school. Whether he is questioned 
about his homework when he gets there 
is something that depends only in part 
on chance. The teacher will not consider 
it necessary to question each member of 
the class. The choice of which student to 
query is decided on the basis of definite 
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a preference in the appearance of one face 
rather than another. This depends only on 
chance. 


the mathematical method for forecasting 
events governed by chance 


criteria (which the students will cer- 
tainly try to find out so that they will 
know whether to do their homework). 


WHAT IS PROBABILITY? 


A simple example will help in under- 
standing the concept of probability. In a 
throw of dice, the 2 is desired. It is im- 
possible to know in advance whether the 
2 will come up, because the other 5 num- 
bers may just as well appear. If the 2 
comes up, the event could be credited 
to luck, because the dice did what was 
wanted. The 2 appears on only one face 
of a die. The die can only show the 2 in 
one way—by landing with the 2 facing 
upward. 

When the die falls, any one of the 6 
faces can fall facing upward. These six 
faces are the possible events. The possible 
events are all those cases that may occur, 
and among which at least one must oc- 
cur. Thé total number of possible events 
in the throw of a die is therefore 6. (A 7 
cannot appear because the number sim- 
ply does not appear on any of the faces.) 
The probability of a chance event oc- 
curring is given by the quotient of the 
number of successful cases divided by 
the number of all possible events. 

In this example, the lucky cases total 1, 
and the possible event, 6. This therefore 
yields a probability of % (— 0.1667) that 
the desired event will actually happen. 
Because the lucky cases are chosen from 
among all the possible ones, they are 
always fewer than or, at the most, equal 
in number to the possible ones. 

The number expressing a probability 
must, therefore, lie between 1 (the maxi- 
mum probability, when all outcomes are 
lucky, as, for example, when any num- 
ber, from 1 to 6, is desired) and 0, when 
there can be no lucky case, as, for exam- 
ple, if 7 were the number desired. In the 
first case, instead of saying that the event 
has a probability of 1, it could be said 
that the event is certain to occur. In the 
second case, rather than saying the prob- 
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ANEUTRON’S PATH THROUGH 
MATTER — The illustration 
shows schematically a neu- 
tron's path through a sub- 
stance. The movement of this 
uncharged particle is condi- 
tioned by its casual collisions 
with the atoms of the sub- 
stance, shown here as white 
dots. It is possible to calculate 
the probability that a neutron 
will go back on its track after 
covering a certain distance. 


ability is 0, it could be said that the event 
is impossible. 


PROBABILITY AND FREQUENCY 


Suppose a die is thrown a large number 
of times and the number of times a chosen 
number—for example, the 5—comes up is 
counted. If the number of times the 5 
comes up is divided by the number of 
times the die is thrown—for example, if 
the 5 appears 17 times out of 100 throws 
—the frequency of the lucky event in this 
case is 0.17. 

It can be shown that as more and more 
tests are made, the frequency of the lucky 
case gets increasingly close to the the- 
oretical probability that the lucky case 


CONTESTS IN PREDICTION—Totocalcio and 
Totip are two contests in prediction used in 


will occur. In the case of the example, 
the frequency gets increasingly close to 
Y% (— 0.1667). 

Calculating the probability tells what 
chance there is of an event taking place 
without making all the many experi- 
ments that would be needed to measure 
the actual frequency of the event. For 
example, suppose it is necessary to know 
how often a neutron launched through a 
graphite block will tum back into the 
block. The neutrons movement and 
changes of direction depend on its chance 
collisions with the carbon atoms in the 
graphite. By calculating probabilities of 
such collisions, the frequency of the event 
in question would be known without 
costly experiment. An important part of 


Italy. If a team's or a horse's previous record 
is known, the chances of winning are higher. 
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the planning of nuclear reactors is done 
by making use of this principle, 


MATHEMATICAL HOPE AND 
ITS COST 


Suppose a lottery ticket is purchased for 
which the single prize at stake is worth 
$10,000, and 100,000 tickets have been 
sold. The buyer obviously bought a ticket 
in the hope of winning, but what is the 
hope really worth? 

The calculation of the chances will help 
answer this question. It will give a num- 
ber called mathematical hope. In this 
particular case, it is the product of the 
amount the buyer hopes to win, and the 
probability of winning. The amount hoped 
for is $10,000, and the probability of 
winning is 1 divided by 100,000, (This is 
one lucky case—the ticket the buyer has 
—divided by the number of possible cases 
—the 100,000 tickets sold.) The mathe- 
matical hope is therefore: 

1 
$10,000 c gg = 10¢ 

What does the mathematical hope rep- 
resent? It represents what would be won 
on the average if one ticket at a time were 
bought in hundreds of thousands of lot- 
teries one after the other, or else the sum 
that could be won per ticket if all of 
them were bought in order to be certain 
of winning. 

Whoever organized the lottery worked 
out the mathematical hope of the contest 
before the buyers did. After calculating 
the amount of 10 cents, he will put the 
tickets on sale for 20 cents. The difference 
—10 cents—is the organizer's profit and, 


Reproduced below are forms on which to fill 
in facts helpful in making selections, 
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knowledg the factors involved—the 
form of a r the prowess of a sports 
team—wil the mathematical hope 
in their f bringing its value above 
the value would apply if the out- 
come wer ly a matter of chance. 
Generally ing, however, the bank 
comes out winner. It is only rarely 
that a sy: c better makes up the 
difference ‘ween the mathematical 
hope and ast of the bet. 

COMPOL PROBABILITIES 

On the ba f the simple concepts ex- 


it is possible to work out 
winning at cards or dice, 


plained so 
the chance 


to mention examples. Taken case by 
case, thes: fairly simple problems. 
Many scie: and technical problems 
require th lication of more complex 
concepts. < of the more complicated 


cases of tl 
arises whe 
events occ: 


;cepts already explained 
> probability of several 
together must be calcu- 


lated. For iple, the following prob- 
lem might posed: What is the prob- 
ability tha: e will turn up a 4 twice 


> calculation involves a 
t. When the die is thrown 
only one outcome of six 
possibilitie: possible. But this lucky 
case is of interest only if, in the previous 
throw, the one lucky case out of 6 oc- 
curred. Thus, the chance for the combina- 
tion of the two throws to be successful is 
one in six for the second throw, provided 
the first throw, with also a chance of one 
in six, was already successful or, in other 
Words, one chance out of 36 possible 
Combinations of outcomes. In general, 
the Probability of two or more joint 
events equals the product of their sepa- 
tate probabilities, In this example the 
Probability for each separate event hap- 
Pens to be 1, and the joint probability of 
the two events is therefore 14 X Y, = la. 

Since probabilities are measured in 
numbers smaller than 1, the product of 
two probabilities is a number much 
smaller than either one of the two. That 
is. the probability of a complex event is 
much smaller than that of either of the 


in a row? 
simple arg 
the seconc 


simple events of which it is made up. 
The probability of a joint event is known 
as compound probability. 


PROBABILITY IN MORE 
COMPLEX SITUATIONS 


To illustrate the mathematical argu- 
ments, very simple examples such as the 
throwing of dice have been used. The 
extreme simplicity of the examples should 
not be misleading; the same reasoning 
can be used to evaluate more complicated 
situations. 

Consider the collisions a neutron un- 
dergoes as it passes through matter. It 
collides with the nuclei of the atoms it 
approaches, and each collision causes a 
change in the direction of its path. The 
angle between the neutron’s direction be- 
fore and after a collision depends partly 
on the neutron’s initial speed and partly 
on its line of approach to the nucleus, 
which is a matter of chance and cannot 
be measured or known in advance, If it 
is moving at a high speed, there will be 


HOW MANY BOMBS WILL HIT THE TARGET? 
—These bombs have been dropped by an air- 
plane. The probability that they will hit the 


WHO WILL READ THE POSTER?—The chance 
that a passerby will stop to read the poster can 
be calculated according to the laws of proba- 
bility. 


only a small deviation, though this de- 
pends also on the degree of departure 
from being a head-on collision or on the 
manner in which the neutron comes into 
contact with the nucleus. If the question 
is how many collisions are needed to 
give a certain probability that the neu- 
tron eventually returns in the direction 
from which it originated, the problem 
becomes one of compounding probabili- 
ties. The solution depends on the fact 
that with each collision the neutron has 
to be deviated a certain amount, but 
always in the same direction. There is, 
therefore, an analogy with the problem 
of obtaining the same number from a die 
thrown several times in succession. 

An important difference between the 
two problems is that while throwing a 
die can give only one whole number from 
among six possibilities, the angular devia- 
tion of the neutron with each collision 
can leave any value from among the in- 
finite number of values between 0° and 
180°. 

These few examples show how very 
simple arguments may be used to deal 
with complex situations in the calculation 
of probabilit If, instead, the phenom- 
ena were studied experimentally, much 
time, money, and effort would be spent 
unnecessarily. 
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PROBABILITY IN 


GAMES OF CHANCE | 


Games of chance were what originally 
stimulated studies on the calculation of 
probabilities. Historians date the birth 
of this branch of mathematics to the ex- 
change of letters between Pascal and 
Fermat in 1654. But 134 years earlier in 
1520 Girolamo Cardano published a book 
with the title “De ludo aleae," which can 
be considered as the first attempt to ana- 
lyze in mathematical terms the most fa- 
mous game of chance in antiquity: the 
game of dice. 

Later, the calculation of probabilities 
made possible the construction and in- 
vention of many other games of chance. 
The analysis of games of chance is of 
interest because they often represent sit- 
uations analogous to those found in real 
life. 

Take a card game for example. Card 
games are not true games of chance like 
dice, roulette, or the lottery; neverthe- 
less, some aspect of a card game is usu- 
ally governed by chance. In some card 
games, victory is predominantly deter- 
mined by the luck of the player in draw- 


ing the cards; in others the player's skill 
—that is, his choice of strategy—is more 
important. For this reason, not all card 
games should be considered games of 
chance. Very many human situations are 
similar to card games in that they evolve 
toward some outcome that depends partly 
on chance and partly on strategy. 

Strategy means a long-term plan of 
conduct prepared to meet all contingen- 
cies. When the situation is determined by 
chance, it is clear that the moves sug- 
gested by the strategy will depend on 
the possible alternative events. 

This article examines some famous 
games of chance and shows how the bank 
normally wins. 


TYPES OF GAMES 


For these purposes, it is not of much 
value to give a rigorous classification of 
games of chance, though some subdivi- 
sion among the fundamental types is use- 
ful. First it should be noted that some 
games with two or more players give all 


ROULETTE—This game of chance is of French 
origin. It requires a perfectly balanced wheel 
revolving horizontally about a vertical axle 
protruding from a concave bowl. The circum- 
ference of the wheel is divided into 37 com- 
partments numbered from 0 to 36 and alter- 


nately colored red and black, as shown in the 
illustration. The wheel is set spinning and a 
ball is thrown onto the spinning wheel. When 
the wheel stops, the ball will come to rest on 
some number with a certain color. The game 
consists of guessing the number and the color. 
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by which the stake is multiplied is ex- 
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ability of winning. 

As already noted, in the game of rou- 
lette, the ball can stop on either the rec 
or the black, on odd or even numbers. 
The chance of winning is 1/2 and, in the 
event of winning, the stake is multiplied 
by exactly 2, which is the inverse of 1/2. 
The game is therefore fair and, if a gam- 
bler continued to play without limit 0 
capital or time, he would end up by 
neither winning nor losing money. 

In an unfairly weighted game, how- 
ever, a gambler gambling for an um 
limited time with unlimited capital would 
—on the average—continue to lose in pro 
portion to the capital staked, and to the 
ratio between the inverse of his probabil- 
ity of winning and the coefficient used to 
multiply the stake in the event of win- 
ning. It should be remembered that ideal 
players with unlimited capital and abso- 
lutely no feelings simply do not exist, and 
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continue for ng series of games to win 
back his lost money. It should be noted 
that the series of losses may be long. An 
equally long series of wins may therefore 
be needed, which means having a very 
large amount of capital if he is to make 
sure of not losing, In any case, the profit 
's extremely small with respect to the 
capital used, This is, thus, certainly not 
4 tactic that will give the gambler an 
advantage, 
_ On the average, what usually happens 
is that the player gives up at the point 
when he starts to think that luck is against 
im. In this case, he abandons his stakes 
to the bank, The bank's advantage lies in 
the fact that players systematically with- 
draw from the game because they think 
they are unlucky, or because they cannot 
» 9n losing at the same rate, or because 
d do not have the time to go on bet- 
us The system of playing described 
“ove is rarely used by professional 
Bamblers, 


The system of doubling up the stake is 


THE LOTTERY—The game consists of trying 
to predict a single number or a combination 
of numbers that are drawn at random in cer- 
tain localities. The available numbers range 
from 1 through 90. The receipt shown in the 


R 873672 | 


sisi | 


illustration confirms that the bet has been 
made and gives the player the right to collect 
the prize if he wins. The lottery is thought to 
have originated in Rome. 


used frequently. The player stakes one 
unit (abbreviated to “1”) on the red and 
loses. At the next spin of the wheel, he 
stakes 2. Suppose that he has a series of 
unlucky bets, and the black continues to 
come up for the next 9 games. He keeps 
on doubling his stakes, and the series of 
bets will be: 


Tos dL 6 32 
22112 7 64 
yer 8 128 
41018 9 256 
5 16 10 512 


In total, 10 bets will have been made, 
and all the stakes will total 1023. If the 


ooo 


SOLITAIRE—This term is usually used to in- 
dicate a game of cards played by only one 
person. Normally, the probability of certain 
combinations of cards has more effect on the 


outcome of the game than the player's ability. 
Many games of solitaire are known, some of 
them of ancient origin. 
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KNUCKLE BONES—This illustration shows a 
knuckle bone from all angles. It is a bone of 
the foot that was used in antiquity for various 
games, one of them similar to the game of 
dice. The knuckle bones used were usually 
those of a goat or a ram. The origin of the 
game is attributed to the Lydians. Possibly in 
Homer's time it passed on to Greece from 
where it eventually reached Rome. 

Knuckle bones were also used as necklaces. 


red comes up with the tenth spin of the 
roulette wheel, the win is double the last 
stake, that is 2x 512 — 1024. But this 
amount must make up for all the earlier 
losing bets, that is a total of 1023. The 
total profit is therefore 1 on a capital of 
about 1000. 

At this point, it should be observed 
that the chance of running into a series 
of 10 losing bets is (1/2)'* = 1/1024; that 
is, about once in a thousand games, a 
fairly large chance. The first condition for 
overcoming this problem is to make small 
bets, otherwise the player may not have 
enough capital to continue betting through 
a long series of losses. 

Once a gambler has decided on the 
maximum number of losing bets he can 
afford, he is forced to stop playing when 
the series goes beyond that point. By 
calculating the chances of this losing 
series, it can be shown that—in the long 
and medium term—the player will lose 
his small winnings obtained from the 
shorter series of bets in his favor. On 
average, then, even under this system he 
winds up with the same probability of 

winning as in the previously discussed 


This belief is based on the fact that some of 
them have been found with holes bored 
through them. These holes can plausibly be 
explained by assuming that the bones were 
worn as earrings or threaded on a string. 

The knuckle bone was also used for divina- 
tion. This may be the reason why many ancient 
pictures show knuckle-bone players in front of 
a god. Examples are found on some coins 
from Samos and Ephesus. 


case of identical stakes without doubling. 
But with this system the gambler may 
easily be forced to give up because of the 
growth in the size of the stake. 


EQUALLY PROBABLE 
OUTCOMES 


Describing the case of a series of bets on 
red or black with the stake always falling 
on the red is not a unique situation. 
Everything would be exactly the same 
if the stake were placed on red and 
black alternately, or even at random. In 
fact, even if a color has come up, or has 
not come up, for a large number of times 
in succession, the probability of the other 
eveńt occurring does not increase. In 
spinning a coin, the probability of get- 
ting heads or tails is exactly 1/2, irrespec- 
tive of the outcome of the preceding 
spin. It is commonly believed that—in the 
lottery for example—one ought to bet on 
numbers that have not come up for some 
time, or—in roulette—on colors that have 
not come up for several spins of the 
wheel. This belief works in favor of an 
increase in bets—with a strong probability 
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CARD GAMES 


The case of card games is different, Bet- 
ting on the outcome of a game of cards is 
like betting on the result of a sports com- 
petition, provided that the strategy of 
playing is more important than receiving 
favorable cards. In its turn, strategy may 
be of two different kinds. In one case, it 
is based on the player's capacity for 
coupling cards in such a way as to block 
the moves of the adversary. This is à 
game in which chance is not a determin- 
ing factor. In other games, like some 
games of solitaire, the outcome depends 
most of the time on how the cards come 
out of the pack. Here, chance is a deter- 
mining factor. ] 

In still other card games such as poker, 
strategy is of outstanding but not decisive 
importance in the outcome of the gang 
The strategy is based on the players ca- 
pacity of affecting the other players PSY” 
chologically. 
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st at a certain rate of 

The total interest 
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is the interest earned 
inly—where, for exam- 
nterest on a bank ac- 
n as soon as it is earned, 
original capital to ean 
oxt year. 
iterest is the amount 


earned on the sum of the original capital 
and the previously earned interest— 
where, for example, each year's interest 
on a bank account is left in the account 
to earn interest on itself along with inter- 
est on the capital. 

A related problem is the way that a 
loan is repaid. A sum of money, the prin- 
cipal, can be lent for an agreed length 
of time, and it can be repaid at the end 
of this period along with all the interest 
due. As an alternative, the loan principal 
can be repaid in instalments with a frac- 


'—One of the least compli- 

financial mathematics is 
simple interest; the compu- 
raphically here. A certain 
: invested at a specific rate 
means that it increases at 
fic period of time by a cer- 
value. The period of time 
it could be six months, but 
horter. If C is the capital, / 


the rate of interest—that is the fraction by 
which the capital increases at the end of the 
fixed time period, n the number of periods of 
time, and / the total amount of interest, the 
relation between these factors is: 


1=Cxnxi. 


For example, if $100 is invested for 5 years 
at 5% per year, then C = 100; n= 5; and 
| = 0.05. The total interest, /, equals 100 x 


YEARLY COMPOUNDED INTEREST—If capital 
invested in such a way that its earned interest 
is, itself, caused to earn interest, the value of 
the sum of the interest and the capital in- 


years 


ANCIAL MATHEMATICS | 


tion of the interest paid with each instal- 
ment, Other alternatives of repayment 
are possible—for example, the interest can 
be paid in instalments and the loan prin- 
cipal can be paid at the end of the time 
agreed upon by the creditor and the 
borrower. 

The following illustrations and detailed 
descriptions set forth some of the meth- 
ods that are used to calculate interest 
that may be earned on capital and to ex- 
plain various types of loan amortization, 
or repayment. 


5 x 0.05, or $25. The assumption made here 
is that the interest earned at the end of each 
year is not itself reinvested to earn interest. 
This assumption is made only for simple- 
interest calculations. 

In Illustration 1, the x, or horizontal, axis is 
the measure of time subdivided into years. 
The y, or vertical, axis represents the capital, 
the original amount of which is Co. The value 
of Co remains unchanged until the last day of 
the first year. On the last day of each year, 
the capital is increased by the amount of in- 
terest earned that year; for the first year, the 
interest is $5. When this amount is added to 
the $100, the new value of the capital is $105. 
(The amount by which the original capital, Co, 
grows each year is shown in lighter color on 
the illustration.) 

Another increase of $5.00 will follow at the 
end of the second year, making the capital 
then $110. Note that each year the capital is 
increased by the same amount of interest 
earned, assuming that the interest itself does 
not earn interest. The simple interest for the 
third year is also computed on the basis of 
the initial capital, so it, too, is $5.00, making 
the sum of capital and interest for three years 
equal to $115. Five dollars is added the fourth 
year, the fifth year, and so on. At this rate, the 
capital doubles in 20 years. That is, the initial 
capital of $100 when added to the simple in- 
terest earned in 20 years equals $200. 


creases more quickly than In the case shown 
in Illustration 1. 

In the case of compound interest a capital 
of $100 becomes $105 at the end of the year 
as it did in the case of simple interest, but 
after the first year the similarity between sim- 
ple and compound earnings ceases. For the 
second year, the capital is $105, and interest 
is earned on this amount (not on $100 as in 
the case of simple interest); at the end of the 
second year the earned interest is $5.25 (not 
$5.00 as in the case of simple interest). The 
extra $0.25 may not seem to be much, but each 
year this extra amount increases, and it grows 
rapidly with the years. With compound inter- 
est, capital invested at 5% doubles in about 
14 years. With simple interest it takes 20 years 
to double. With compound interest, by the 20th 
year, capital has grown to about 2.5 times its 
original. 

In Illustration 2, compound interest is shown 
in increasing amounts for each year. The com- 
pound, or additional, interest is shown as an 
amount above the simple interest. 
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FREQUENTLY COMPOUNDED INTEREST— 
Suppose a certain amount of capital has been 
invested at a 5% interest rate. The interest 
is paid annually once a year. When com- 
pounded, the interest will effectively be rein- 
vested at the end of each year, and will earn 
interest itself, thus increasing the rate of 
growth of the capital that is earning interest. 
The interest-earning capital is the value of 
capital and earned interest as it varies through. 
time. 

Suppose that the 5% annual interest is paid 
every six months, each payment of which is 
3 


time 


THREE TYPES OF LOAN AMORTIZATION—A 
loan is the transfer of a sum of money from a 
creditor to a borrower. A loan can be made for 
an agreed period of time at the end of which 
the sum lent must be paid back with the in- 
terest that has accrued. Repayment, or amor- 
tization, may be made in various ways. The 
illustrations, in which each arrow represents a 
payment on a loan, show three methods of 
amortization. 

Illustration 4a shows an amortization plan 
with a single repayment. At the end of the 
loan period, the loan is paid back in a lump 
sum with the interest that has accrued. For 


2.5% instead of one payment each year of 5%. 
There are investment advantages to this ar- 
rangement. Instead of waiting until the end of 
the year, some interest will be available at the 
end of a six months period. Interest at only 
half the annual rate will be available, but it 


will be available earlier. And what is more 
important, this interest paid in the middle of 
the year increases the amount of capital on 
which interest is computed at the end of the 
year. 

Imagine that the interest payment period is 
quarterly—paid every three months. In this 


example, $1,000,000 has been loaned at simple 
interest for 10 years at 7% per year. At the 
end of ten years, the debtor pays back $1,700,- 
000; the yearly accumulation of interest, 
$70,000 per year, is shown as the Steps in the 
diagram. 

Illustration 4b shows an amortization plan 
with equal periodic payment. Interest for the 
entire period of the loan is added to the 
amount borrowed, and the sum is divided by 
the number of payment periods. 

Illustration 4c shows an amortization plan 
with decreasing repayment of capital and in- 
terest. Each year accrued interest is paid on 
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initial capital, e is the bē 
logarithms (2.718), n is the 
fractions of years, and / is ti 
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Under actual investment 
calculations are modified ^ 


'ions, interest. 
act that there 


frequently is a value of cay iow which in- 
terest is not paid. There : »9 other spe- 
Cial conditions, such as rates of in- 
terest, to complicate the s n further. To 
simplify calculations, intere: əs have been 


compiled and are often usc 
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the loan along with part of the loan itself. The 
balance due on the loan decreases each year, 
so that the amount on which interest accrues 
also decreases each year. 

Generally speaking, an amortization plan 
must allow for repayment of the capital and 
payment of the interest on it, so that both the 
capital debt and the interest debt are liqui- 
dated, that is, paid completely. Formulas have 
been tabulated for working out the complete 
structure of an amortization plan. They are 
somewhat more complicated than those re 
quired for capitalization. 
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Now suppo = that a factory worker is 
using the sav: ichine to produce iden- 
tical mecha: parts—the pistons of an 
automobile zine for example. The 
pistons must ove smoothly within the 
cylinder’s | They must therefore 
have precis ontrolled and identical 
diameters. lathe used to turn the 
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measures tl 


ed to be dependable, so 
produced by it have ex- 
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extremely. ; se and sensitive instru- 
ment that co 'asure differences of one 
thousandth ; millimeter, one invari- 
ably notes tho «mong a large number of 


manufactur pistons no two are exactly 
alike, One piston may have a diameter of 
64.753 millimeters, another 64.752 milli- 
meters, a third 64,748 millimeters, and so 
on, The machine had been adjusted to 
turn out a diameter of 64.750 millimeters, 
but imponderable and unforeseeable 
causes led to small variations in this 
value, so that the pistons produced were 
slightly smaller or slightly larger. The 
engineer must know the exact diameter 
9f each piston in order to be able to 
select those he can use. They must not be 
too small or they will not function prop- 
erly in retaining and compressing the 
gases in the cylinder. Their diameter 
must not be too large or they will rub 
a the cylinder lining and bind. How 
" it happen that pistons produced by 
€ same machine have different diam- 
eters? 
ame that the error is very small 
p: does not exceed a few thousandths 
a millimeter, there may be many causes. 
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Perhaps one piston was made at a time 
of day when the workshop was hotter 
than usual; even if the piston had the 
right diameter when hot, it subsequently 
shrank as it cooled, Perhaps it was made 
just after the cutting tool had been sharp- 
ened, or just before; this factor too might 
have caused variations in the diameter. 
The lathe may have been slightly off level 
or misaligned, so that irregular vibrations 
caused the cutting tool to dig more or 
less deeply into the metal. All these fac- 
tors which may affect the dimensions of 
the piston cannot be foreseen before the 
work has been carried out. Although each 
of these possible causes for the discrepan- 


number of measurements 


THE SPEED OF THE WIND — Suppose one 
measures the speed of the wind from the top 
of a lighthouse on an island in the middle of 
the ocean and finds that the wind blows all 
day with a steady speed of about 50 kilometers 
(about 30 mi) an hour. The instrument at the 
disposal of the person in the lighthouse en- 
ables him to measure the wind's speed with a 
precision of a fraction of a kilometer per hour. 
He makes a measurement each minute and 
records the measurement on a chart. A few 
minutes are enough to show that the wind 
does not blow at a constant speed; its speed 
changes from minute to minute. After taking 
measurements for a whole day one can draw a 
graph, letting the divisions on the horizontal 
axis represent the wind speeds in kilometers 
per hour. Theoretically, the wind speed could 
have ranged from zero to hundreds of kilome- 
ters per hour. One may then plot the frequen- 
cies of specific wind speeds, as actually 
measured every minute, for the whole day. For 
example, if a certain wind speed has been re- 
corded five times during the day, one would 
mark off five units (of, say, two millimeters 
each) in the vertical direction opposite this 


cies in the dimensions of the pistons (vi- 
brations, heat expansion, the length of 
the cutting tool's edge) are well under- 
stood, none could be foreseen and none 
could have been controlled by the ma- 
chinist, no matter how careful and con- 
scientious he might have been. It is for 
these reasons that the variations in the 
dimensions of the pistons are said to be 
subject to chance. 

All kinds of measurements in science 
and engineering are, to some degree, sub- 
ject to uncontrollable variations. In each 
specific case the random variability of the 
measured phenomenon is directly a mat- 
ter of chance. The role of chance in all 
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particular wind speed. The graph may be com- 
pleted by drawing a smooth curve through all 
points plotted. It will then be noted that the 
curve representing the frequency distribution 
of wind speeds has the shape of a bell. Such 
a bell-shaped curve is known as a Gaussian 
curve after the mathematician who first ex- 
plained its special shape. A careful examina- 
tion of the Gaussian curve enables one to 
understand some characteristics of the dis- 
tribution of the wind's speed, which is clearly 
a matter of chance, The wind speed corre- 
sponding to the highest point of the curve is 
the most frequent speed, and It is very close 
to the average speed, 50 kilometers per hour. 
Speeds greater or smaller by the same amount 
than the average speed have the same fre- 
quency. For example, during the day, it may 
have been found that the wind blew the same 
number of times at 45 kilometers per hour as 
it did at 55 kilometers per hour. On rare occa- 
sions there were also gusts much stronger 
than the average—75 km/hr, for example. 
Similarly, the wind dropped below 25 km/hr 
only a limited number of times. The curve is 
perfectly symmetrical. 
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situations is so important that mathema- 
ticians have made a very careful study of 
the laws governing those phenomena 
that, in any given situation, cannot be 
controlled. Until the end of the 1700s, 


chance events were not studied by math- 
ematicians, who thought it was inher- 
ently impossible to deal with chance in a 
systematic manner. It was Johann Karl 
Friedrich Gauss who formulated many of 


the laws of chance slight -nore than 150 
years ago. Some of the damental no- 
tions applying to chanc enomena will 


follow. 


E 


See 


number of individuals 


THE HEIGHT OF A POPULATION—Suppose 
one measures the height of all the male adults 
living in a town and draws a graph similar to 
the one for wind speeds in Illustration 1. In 
this case, too, one would obtain a Gaussian, 
or bell-shaped, curve. This means that the 
height of the men in the town is governed by 
chance. But there is a very precise value, 
marked here by a dotted line, that occurs most 
frequently. This value is known as the mode of 
the distribution and is very close to the aver- 
age height, or mean height. To compute the 
mean height arithmetically, one would have 
to add all the values of height listed in the 
chart in which the individual measurements 
were originally recorded and divide the sum 
by the total number of men whose height was 
measured. In the present case, the mean 
height is rather high: 1.75 m. Suppose that 
now one draws a similar graph representing 
the frequency distribution of the heights of all 
the adult men and all the women as well. Such 
a graph (b) would differ from the previous 
graph (a). The distribution of the heights is 


no longer represented by a bell-shaped curve 
but looks rather like the back of a Bactrian 
camel. It is made up of two overlapping Gaus- 
sian curves. 

This is easy to interpret. Usually, women 
have a lower average height than men; so 
measuring men and women actually involves 
two populations. In order to compute the aver- 
age height of all persons, regardless of sex, 
one would follow the procedure outlined 
above, adding all the heights recorded in the 
chart and dividing the sum by the number of 
Persons whose height had been measured. In 
this case, the average value (represented by 
the dotted line) falls between two bell-shaped 
curves, which means that the number of per- 
sons of average height is relatively small. The 
value for the average height is, thus, not the 
most frequent value; in this distribution, there 
are two values with greater frequency. The 
curve has not one but two modes and is there- 
fore said to be bimodal. 

The Gaussian curve plays an extremely im- 
Portant role in all kinds of research. If the 


height 


height of the individuals in a population e 
pended only on chance, the curve representi b 
the distribution of heights would be a sms 
bell-shaped, or Gaussian, curve; and the me " 
would coincide with the mode—the et 
most frequent value. In the case of a m 
male and female population, however, Ta 
mean does not coincide with the mods m 
curve representing the distribution of hei i 
is not Gaussian, and the variation of heig a 
from the mean value does not depen E 
Chance. There are precise reasons, in aod 
why males are expected to differ from femal 
in average height. 1 

In En Sh a study of the distribution a 
the dimensions of individuals of a given Ur 
cies has led to the discovery that the spen 3 
is not really homogeneous but is a mo 
two or more subspecies. Such cases fur! Mos 
practical examples of how the study of a P d 
nomenon that does not depend on precise 
may actually lead to the discovery of a he 
In another chapter, other applications o! 
Gaussian curve are discussed. 


ACTUARIAL MATHEMATICS 


viewpoint, one can say 
second only to credit in 
rial mathematics deals 


From a finans 
that insuranc’ 


importance. 

with the pr s of insurance, or the 
problems in i in taking risks. The 
whole deve! it of modern society is 
based on re the risks that individ- 


; must assume in under- 
taking some project. To get a grasp 
of the signi e and scope of insur- 
ance, it is u 0 consider some exam- 
ples of situ normally encountered 
in everyday 


uals or instit 


RISKS IN AND BUSINESS 
ACTIVITI; 

The most : ion case of risk is the 
sudden dea: : person. To evaluate its 
material sig ince, suppose that the 
person in 4 on is a professional man 
who has jus rted on some activity that 


has require: 
He is still y 


ı to invest some money. 
x and expects, in time, to 


get his mo jack. Even though—the- 
oretically : ing-he has a long life 
ahead of h cannot be ruled out that 
he will dic ier than would be pre- 
dicted fron iverage life-span of per- 
sons of his ground, This could tum 
out to be ‘tunate since his heirs 
might find selves paying interest on 
a loan, ore — having to pay if off with 
reserves th d been put aside for their 
own futur his risk could discourage 
the investi; 

On the av: ave, a large number of peo- 
ple living uwer the same conditions run 


— 
——— 


peer INSUR \NCE—Goods transported by a 
ae usu insured. It is difficult to evalu- 
a e probability of a theft. The probability 
pends, not only on the kind of goods, but 
also on the ports visited during the voyage. 


ie 


PASSENGER INSURANCE—An aircraft like the 
one shown in the illustration costs millions of 
dollars. It can carry about 360 passengers plus 


anticipating the 
unforeseen 


the crew. All passengers must be insured. On 
certain international flights, the insurance costs 
thousands of dollars. 


i Ė— 


the same risks. For example, doctors start 
a practice at the age of 30 with expensive 
equipment, and all have the same prob- 
ability of surviving the average life-span 
or dying earlier relative to the average 
life-span. If each doctor makes an an- 
nual payment corresponding to a fraction 
of the value of the commodities he has 
bought and commensurate with his 
chances of escaping an early death, a cer- 
tain amount of capital will accumulate 
and be available to compensate his heirs 
in case of his early death. The doctor's 
heirs will then be able to complete the 
payments for his equipment. 

The criteria used to decide how much 
must be paid annually to cover the risk 
will be described here. The institution 
that collects the payments and guaran- 
tees compensation in the event of early 
death is called the insurer. The sum paid 
to the insurer is called the premium. In- 
surance can be bought for a large range 
and variety of risks. The insurers work 
is often specialized; that is, there are in- 
surance companies that specialize in 
covering only the risks of certain kinds 
of activity. 

Someone buying a life insurance policy 
leaves his heirs a certain amount of capi- 
tal in case of death. Another common 
type of insurance is automobile insur- 
ance. There are insurance policies that 
risks in all kinds of industrial 
activities. For example, a firm may have 
contracted to supply a certain product 
by a specific date, but the firm fears that 


cover the 


unusual circumstances may prevent the 
delivery of the product in time. The firm 
can cover itself against having to pay a 
penalty for nondelivery by buying an in- 
surance policy. Maritime risk consists of 
the danger that a ship may run aground, 
become involved in a collision, sink in a 
storm, or be delayed by a breakdown in 
the engine room. 

Insurance risks may reach colossal 
proportions; for example, when the cov- 
erage is written for the operation of a 
nuclear power station. In such cases, the 
insurance company must, in the case of 
an accident, be prepared to pay out 
enormous sums, 


CRITERIA FOR INSURANCE 


A simple example may be useful to illus- 
trate the problem of insurance, Suppose 
the driver of a private automobile wants 
to buy insurance for damage he may in- 
advertently cause to other persons or 
inanimate objects. The insurance com- 
pany knows the total of damage caused 
by all drivers annually in the country 
under consideration. Suppose that the 
total damage amounts to $600 million 
for 2 million drivers. Each driver there- 
fore causes, on the average, about $300 
of damage per year. The insurance com- 
pany must therefore try to collect a pre- 
mium of about $300 per year. 

There are other factors that influence 
the calculation of the exact premium. 
The insurance company has additional 
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expenses such as those involved in evalu- 
ating the damage, collecting the pre- 
miums, paying for damages, and the like. 
The company must make a profit on its 
activity. These two factors and others 
tend to push the insurance premium 
above that for the annual average of 
damage caused. 

On the other hand, the company col- 
lects the annual premium from its clients 
in order to pay damages throughout the 
year. The company, therefore, has large 
amounts of liquid capital, which, except 
for a certain portion determined by regu- 
lations imposed by law, it can handle in 
the same way as a bank. 

An insurance company must have a 
large number of clients to avoid its ex- 
posure to a large divergence from the 
annual average of accidents. An automo- 
bile insurance company with only five 
clients might find itself paying colossal 
damages in an unfortunate year when 
only one of them was involved in a very 
serious accident. But with a large num- 
ber of clients, even though the probabil- 
ity of a serious accident increases, there 
is a smaller probability that a large num- 
ber of drivers will have a serious accident 
simultaneously. 

Apart from ordinary considerations of 
business competition, the need for having 
a large number of clients will induce in- 
Surance companies to keep premiums 
low, and this can only be done if there 
are cases where the risk is less. For ex- 
ample, if the national average for dam- 
ages is $300 per client, the average in a 
region with intense traffic is, in general, 
greater than the average in a region with 
little traffic. Hence, a vehicle from the 
latter region should pay a smaller pre- 
mium than one from the former because, 
on the average, it will be involved in a 

smaller number of accidents. 
Clear mathematical reasoning can be 


found in the clauses making up all insur- 
ance contracts; for example, the clause 
that states that if the client is involved in 
a serious accident, the company reserves 
the right to cancel the contract. This is 
because the driver's behavior might be 
such as to favor accidents. Drivers of this 
Kind cause more accidents than would be 
predicted from the national average. The 
premium is also varied according to the 
vehicle’s category, such as speed, loading 
capacity, age, and similar characteristics, 


LIFE INSURANCE 


Life insurance offers a more complicated 
case, The simplest among the many cases 
that may arise is that of a person wanting 
his heirs to have a certain amount of 
money at their disposal when he dies. He 
is ready to pay a reasonable price for 
this advantage, and the insurance com- 
pany must determine how to cover itself 
for the risk it is running, 

The insurance company consults the 
mortality tables for the region in which 
the client lives, These tables give infor- 
mation that allows the determination of 
the client’s chances of dying based on the 
age he has reached in the year in which 
he decides to take out his policy. The 
chance of dying, or the probability of 
death, at a given age is least in youth and 
increases with age, reaching high values 
after middle age. 

The statistical probability of death in 
the year under consideration, multiplied 
by the amount of money to be paid out 
by the insurance company in the actual 
event of death yields the premium the 
client would be required to pay. The 
insurance company’s operating costs and 
profit are then added to the premium, 

If the insurance premium is to be fair, 
the premium must be worked out on the 
basis of mortality tables. The insurance 


INSURANCE OF MARITIME 
RISKS—AII shipping companies 
are insured against risks at sea 
such as the danger of Collision, 
shipwreck, engine breakdowns, 
and fire. 


————— 
company could be certain of not losing 
only if it were to insure every person in 
the nation. But, given that life insurance 
policies are taken out only by some in- 
dividuals, there is always the suspicion 
that only those who insure themselves are 
those who fear for their lives, perhaps be- 
cause they are in ill health. To cover itself 
against the risk that only sick people, 
rather than an average sample of the pop- 


ulation, would buy life insurance, the in- 
surance company reserves the right to in- 
sure only those who are examined by a 


doctor of its own choice. In addition, the 
ay refuse to insure 


ous sports, or work in a field that offers 
particularly risky situations, As an alter- 
native, the insurance company may agree 
to insure such persons at higher than 
normal premiums. 


CONTRIBUTING INSURANCE 


The client must always pay his premium 
before the start of the period for which 
he wants his policy to be valid, which 
causes the insurance company to be al- 
ways in debt to its client. In some cases, 
however, the client wants to be insured 
by paying his premium but wants to get 
back what he has paid at the end of a 
specific period of insurance if he is still 
alive at that time. Although the insurance 
company always has a debt to its client, 
the debt is usually payable only when 
the event against which the client has in- 
sured himself occurs. When the client 
wants to be paid back at the end of an 
agreed period, the company is also in 
debt in the event he survives. In this case, 
the agreement is called contributing in- 
surance, or savings insurance. 
Generally speaking, the insurance com- 
panies protect themselves against any 
future increases of the risks of accidents 


vents by using mortality 
»g into account the trend 
rage life, the company's 


or unforesec: 
tables, but t 
of increasing 


risk tends t rease with time. This 
discussion e» les considerations of the 
inflation or iuation of money. 

LIFE ANNU UES 

An annuity. © simplest sense of the 
word, deno: payment made yearly, 
as, for exar: under a contract to pro- 
vide retiren icome, The term is also 
applied to series of periodic pay- 
ments mad regular, fixed intervals. 
Thus, an an y may be payable every 
two years, year, every half year, 
quarterly, : hly, or at other intervals. 
The length » the interval is called the 
annuity per The size of an annuity 
may be described by referring either to 
the amount cach payment or to the 
amount pa in a year, the latter 


alled the annual rent. For 
cular annuity may be de- 
annuity calling for pay- 


amount be: 
example, a 
scribed as 


ments of $ ery quarter or a quarterly 
annuity wi: nual rent of $100. 

In techn» terminology an annuity is 
said to be ble during a given status, 
this being vord equally appropriate 
when the av: vity is payable for a definite 
term of ye and when payment is de- 
pendent on some contingency. The most 


general d: on of an annuity is, there- 
fore, a series of payments made at regu- 
lar interval: during the continuance of a 
given statu 


_ There are two main classes of annui- 
ties: annuities certain and contingent an- 
nuities, Under an annuity certain, the 
payments are to continue for a specified 
number of payments, and calculations 
àre based on the assumption that each 
payment is certain to be made when due. 
With a contingent annuity, each pay- 
ment is contingent on the continuance of 
à given status. The most common form of 
contingent annuity is a life annuity, under 
Which each payment is contingent on the 
Survival of one or more specified persons. 
The person to whom an annuity is pay- 
able is the annuitant and the life involved 
is the nominee. A person who purchases 
an annuity on his own life is both annui- 
tant and nominee. 

Life annuities represent a case in which 
the problems of insurance and finance 


interact. Someone may have a sum of 
money that will yield, for example, a 
profit of 6 percent per year if he invests it 
in fixed-interest bonds. However, the in- 
dividual may be approaching old age and 
expects to live only a few more years, say, 
five. Obviously, he cannot risk using up a 
fifth of his capital each year, because he 
will have nothing left if he continues to 
live into the sixth year or longer. On the 
other hand, if he died shortly after invest- 
ing the capital, he would only have used 
up a part of it. 

An insurance company can offer him 
a life annuity to solve his problem, Under 
a whole life annuity (or straight life an- 
nuity), payments are made for the life 
of the specified person. The term “life 
annuity” almost always means a whole 
life annuity on a single life. Under a 
temporary life annuity, each payment is 
contingent on the survival of a specified 
person and, in addition, the total pay- 
ments are limited to some fixed number. 
Thus, in an annual 15-year temporary life 
annuity, no more than 15 payments will 
be made by the company even if the 
person survives beyond the 15-year 
period. The company estimates the per- 
son’s chances of survival and accepts the 
capital; in return, it pays the client an 
annual premium equal to the amount of 
capital divided by the number of years 
that the client is expected to survive. 

In the case of ordinary insurance, the 
company would like its client to be in ex- 
cellent health, Paradoxically, in the case 
of life annuities, the company is at an ad- 
vantage if the client is sick. More complex 
cases of actuarial calculation arise when 
someone insures his life under the con- 
tributing insurance system and, when the 
contract expires, seeks a life annuity in- 
stead of repayment of his capital. 


ESTABLISHING THE RISK 


It is obvious from the above discussion 
that, in order to calculate the premium, 
the insurer must know the risks he is tak- 
ing. The more accurately the risk is 
known, the less the premium that will be 
needed for the insurance. Providing in- 
surance is therefore not just a problem of 
capital; it also involves extremely ac- 
curate studies of the market and of the 
situations in which one is operating. 
While it seems relatively simple to evalu- 


LIFE INSURANCE—To calculate the premium 
that an insurance company must charge, ref- 
erence is made to mortality tables. One such 
calculation worked out is the probability that 
a certain individual of a certain age will survive 
the year in which he buys life insurance. The 
illustration shows two classes of children of 
obviously different ages. The probability of 
survival will be greater for the children that 
are younger. 
—————— 
ate the mortality tables for a given popu- 
lation, arriving at the probability of thefts 
of maritime cargoes lying in a port is 
more difficult and involves a large num- 
ber of factors, For example, consider the 
possible variations in probability of theft 
for a ship putting in at a number of ports 
in a voyage from London to the Far East. 

New kinds of risks—such as those that 
arose when the first nuclear power sta- 
tions went into operation—are equally 
intricate, As there was no experience to 
fall back on, the probability of an acci- 
dent causing harm was simply not known. 
When the first airplanes of large capacity 
went into service, it was equally difficult 
to arrive at an insurance premium for 
damages to third persons, those other 
than members of the airline, and passen- 
gers. To properly evaluate the safety of 
these planes, if was first necessary to 
know the probability of accidents, and 
their relative seriousness. 
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EXPONENTIAL GROWTH 


The way in which capital grows when 
invested at compound interest and the 
way in which the number of neutrons in- 
crease in a nuclear chain-reaction have 
something in common: both are described 
by an exponential function. This same 
function can describe the way in which 
the intensity of light decreases as it pene- 
trates the depths of the sea, the way in 
which a colony of bacteria grows from a 
single bacterium, and many other diverse 
phenomena. All of these phenomena de- 
pend on the same simple mathematical 
law described by the exponential func- 
tion, Although the exponential function 
has frequent applications in higher math- 
ematics, the function itself is extremely 
simple to understand. 


THE GROWTH OF CAPITAL 


Perhaps the simplest and most familiar 
example of the exponential function is the 
growth of capital. Many people invest 
capital, or money, at a certain rate of 
interest, This can also be looked at as 
lending this money—to a bank, a private 
individual, a company, or the govern- 
ment. The organization or individual re- 
ceiving the money will for the time that 
the loan is in effect pay the lender a sum 
equivalent to a fixed percentage of the 
capital received. For example, someone 
depositing money in a bank might re- 
ceive $5.00 interest per year for every 
$100 lent; if he spends that $5.00, the 
capital does not increase, If he leaves the 
$5.00 in his account, he then has $105 
earning interest for him, and by contin- 
uing to allow his interest to earn interest, 
the capital continues to grow. 

Examine further the example of a de- 
posit of $100 in a bank that pays 5 per- 
cent, or $5.00 per $100, per year. Assume 
the deposit was made on January 1, 1971. 
By January 1, 1972, the capital would be- 
come $105. Leaving the $5.00 correspond- 
ing to the interest for the first year on 
deposit—that is, treating it as capital-by 
January 1, 1973, the capital would have 
produced 5 percent of $105 and grown 
to $110.25. By January 1, 1974, the capital 
would have grown to $115.76, that is, 


$110.25 plus 5 percent of $110.25. By 
January 1, 1975, the capital would have 
grown to $121.55, and so forth. The fig- 
ures expressing the successive increase in 
capital are rounded off to the second 
decimal place. 

At the end of 14 years, the initial capi- 
tal of $100 would have grown to $198. It 
can be said that less $2.00 the capital 
would have doubled in 14 years. Sup- 
pose the investment is continued in time. 
To work out the approximate growth of 
the capital, it can be said that it doubles 
every 14 years, so that in the first 14 
years, $100 earns another $100, an aver- 
age gain of $7.00 annually. 

Suppose the investment is continued 
for 2,000 years. In this time, the capi- 
tal doubles about 143 times (that is, 
2000/14). After doubling the first ten 
times, the initial capital of $100 would 
exceed $100,000, and this would be about 
140 years from the date of the initial in- 
vestment. After doubling another ten 
times, that is, after another 140 years— 
280 years from the date of the initial in- 
vestment—the capital would have grown 
to more than $100,000,000, an enormous 
sum compared to the original investment. 


THE EXPONENTIAL FUNCTION 


The problem now is to find the simple 
mathematical expression that represents 
the growth of capital. According to the 
example of $100 invested at 5 percent, it 
can be seen that to obtain the value of 
the capital after each year of investment, 
the capital of the previous year must be 
multiplied by the sum of one plus the rate 
of interest. In this case, the multiplier 
would be 1.05, because the rate of inter- 
est was 5 percent. Thus, if C, were the 
initial capital, and C, the capital after n 
years: 


C, — C,(105) 


Cn, therefore, is a variable quantity whose 
size depends on time. 

C, is a dependent variable because the 
values it takes depend on another vari- 
able; n is the independent variable. The 
dependent variable is usually indicated 


rapid chanc 
either up or 


number of fissions 


UMAASA MAMA NARAS MAAAANAAAA LARA DORA 


time 


THE DEVELOPMENT OF A CHAIN REACTION 
—A uranium nucleus may be split when bom- 
barded by neutrons; this reaction, nuclear fis- 
sion, usually takes place in a nuclear reactor 
(Illustration 1a) under carefully controlled con- 
ditions. The fission process must be started 
by some external source of neutrons; once 
started, however, the reaction can be self- 
sustained—that is, a chain reaction. During 
fission, each nucleus releases an average of 
two more neutrons, and each neutron is capa- 
ble of causing further fission on collision with 
another uranium nucleus, which in turn pro- 
duces two more neutrons. Thus, the first col- 
lision of a neutron with a nucleus produces 
two neutrons, and then those two on collision 
with nuclei produce four, those four on colli- 
sion with nuclei produce eight, and so forth. 
(Every neutron does not produce a collision; 
for every two neutrons produced, an average 
of only 1.03 collisions take place.) In the form 
of a graph (Illustration 1b), with time on the 
x axis and the number of collisions on the y 
axis, the plotted curve can be seen to be ex- 
ponential, showing that the number of colli- 
sions increases rapidly with time. Because 
billions of collisions take place each second, 
an extremely short time is required to produce 
an enormous number of collisions, 
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THE DEVELOPMENT OF A COLONY OF BAC- 
TERIA— Bacteria (Illustration 2a) reproduce by 
division. Approximately every 4 minutes, each 
bacterium of a certain strain grows and divides. 
into two. During the course of 4 minutes, the 
new bacteria mature, divide, and then the 
resulting bacteria mature and they divide, and 
so forth. Starting with a single bacterium, the 
number of bacteria in a colony after n minutes 
can be found. 


d Y 


Because the number of bacteria doubles 
every 4 minutes, they will have doubled n/4 
times after n minutes. After 4 minutes, there 
Will be a total of 2 bacteria; after 8 minutes, 
2 X 2, or 4, bacteria; after 12 minutes, 4 X 2, 
or 8, bacteria; after 16 minutes, 8 X 2, or 16, 
bacteria; after 20 minutes, 16 X 2, or 32 bac- 
teria; after 24 minutes, 32 X 2, or 64 bacteria, 
and so forth. After n minutes, the number N 
of bacteria will be: 
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N =2n⁄4 


The curve in Illustration 2b represents this 
relation, showing the number of bacteria pres- 
ent after several intervals. After a long period 
of time, the number of bacteria would be huge, 
as can be understood from the fact that the 
colony doubles every 4 minutes, as oppò te 
the 14 years in the case of invested capital 
previously considered. 


by y and the independent variable by x; 
therefore, C, is y, and n is x. C, is a con- 
stant, which for simplicity will be called 
a; 1.05 is also a constant, and it will be 
called b. The formula, therefore, becomes 


y —ab* 
Because the independent variable x ap- 
pears as an exponent in this particular 


function, the function has come to be 
called an exponential function, 


THE CHARACTERISTIC OF THE 
EXPONENTIAL FUNCTION 


Studying the growth of capital has made 
possible the identification of a funda- 
mental characteristic of the exponential 


function, a characteristic that will be 
used to find if the law governing the vari- 
ation of a phenomenon is exponential or 
not. It has been shown that an amount of 
capital invested at 5 percent interest 
grows rather slowly at the start, If only 
the first few years of its growth had been 
studied, the enormous possible growth 
would have been overlooked, particularly 
where the initial investment is relatively 
small. Absolute growth, of course, is pro- 
portional to the size of the capital. 

The potential power of exponential 
growth has been described dramatically 
many times. One legend has it that an 
Indian emperor, thoroughly intrigued by 
the newly-invented game of chess, of- 
fered its clever inventor anything he re- 


quested. The request was for one gram 
of wheat for the first square on the chess- 
board, two grains for the second square, 
four grains for the third square, eight 
grains for the fourth square, sixteen for 
the fifth square, and so forth; in other 
words, 2 to the 63rd power plus 1. Much 
to the emperors surprise, the toi 
amounted to well over 18 quintillion 
grains—over 18,000,000,000,000,000,000. 

One characteristic is common to all the 
phenomena that can be described by the 
exponential function. This characteristic 
is that the rate of growth is proportiona 
to the amount of product present at E 
given time. Examples of the developmen 
of three such phenomena are explaine 
here. 
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THE 
ing AESORFTION OF LIGHT—Light penetrat- 
the water of water is partially absorbed by 
Sioa As an approximat oim tha ae of ab- 
Which is an be taken as 1 percent per meter, 
arbitra a little more than 3 feet. Using an 
the [IY Unit of measure, it can be sald thet 
à body da of light falling on the surface of 
below th water measures 100 units. One meter 
e surface, the intensity of light is 1 


percent less, so it measures 99. Two meters 
down the intensity is 2 percent less, and the 
measure is 98 units, and so forth as the inten- 
sity of light continues to fade with increasing 
depth. The law expressing this relation of in- 
tensity to depth is exponential in nature. If the 
intensity of light found at depth m is indicated 
by /m, and the intensity of light striking the 
surface of the water as lo, the intensity is given 


by: 
Im = 190(0.99) ^ 


This exponential relation Is similar to those in 
the previous examples, except that in this case 
a quantity decreases exponentially—while the 
others increased exponentially. The graph 
shows the progressive reduction in intensity 
with increasing depth. 
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INTERPOLATION AND 


EXTRAPOLATION 


DIRECT INTERPOLATION—The behavior of a 
function can be shown in terms of points on 
the Cartesian plane. For the function shown 
here, for x = 1 the function takes the value 


1 


EXTRAPOLATION—Extrapolation is an opera- 
tion similar to interpolation, in the sense that 
an unknown value of a function is found using 
the known values. Interpolation provides a 


2 
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123, for x — 2 the value 135, and so forth for 
different values of x ranging from 1 to 7. Be- 
cause the value of the function for x — 5.5 has 
not been measured or calculated, no point is 
shown for x = 5.5; but a reasonable estimate 
of the value can be found from the diagram by 
means of the curve through the points, as 
shown. 

There is no specific rule for determining ex- 
actly how to draw this curve, but in general 
the curve should pass through each of the 
points indicated, or if not through them, not 
far from the path that the arrangement of the 
points suggests. This curve has been drawn 
as a continuous line, but it should be remem- 
bered that it is an arbitrary curve, as not many 
points on the curve are known. Once con- 
vinced that the curve represents in the best 
way possible the behavior of the function be- 
tween one point and the next, the curve can 
be used to solve problems graphically. 

To find the value for x — 5.5, first find 5.5 
on the x axis; then move vertically up to the 
curve and horizontally to the y axis. There, the 
value 196 is read; 196 is the approximate value 
of the function as determined by interpolation. 


method of determining a value between two 
known values, while extrapolation is the find- 
ing of a value outside the field of known 
values. 

In Illustration 2, the position of eight points 
of a hypothetical function is shown. The ar- 
rangement suggests a forecast of how the 
points would continue, even outside the field 
in which the function's values are known. The 
value of the function is known at certain 
Points between x = 10 and x = 80; but sup- 
pose the value that the function has at x = 84 
is required. A curve connecting the known 
points is drawn; it appears to be a straight 

ne. 

The value for x — 84 is estimated by ex- 
tending the line and by using the technique in 
Illustration 1; y is estimated to be 15.5. This 
value is, however, doubtful. There is always 
some doubt about how well a curve repre- 
sents a function, given some of its points; but 
even if the function were known perfectly, the 
accuracy of the extension is not known. Extrap- 
olation is, therefore, more uncertain than in- 
terpolation, unless there is a priori knowledge 
of the nature and behavior of the function. 


the mathematics 
of forecasting 


An economic planner making up a budget 
must have some idea how large the future 
income will be. In general, the only way 
he can proceed is to base the estimate 
on past income, This technique of fore- 
casting—based on suppositions—is called 
extrapolation. 

Suppose that a physicist has measured 
certain values of a property that changes 
and wants to know what values exist for 
conditions in between those measured. 
For example, he has found by measure- 
ment that at an altitude of 100 miles, each 
cubic centimeter of air contains 150,000 
free electrons; that at 200 miles the den- 
sity of the free electrons is 250,000; and 
that at 300 miles it is 1,500,000. How does 
he determine the number of free electrons 
at 170 miles? 

A measurement clearly would give the 
best answer, but suppose that a measure- 
ment would cost too much or would be 
too difficult to carry out. Another method 
can be used to determine a value for that 
electron density, assuming that the value 
lies between those values already mea- 
sured. This technique of estimation is 
called interpolation. 


MATHEMATICS AND THE 
ABSOLUTE 


Mathematics is usually considered the 
science of absolute truth. It deals with 
truths deduced by logic from certain defi- 
nitions, which, by agreement, are ac 
cepted without proof, and from a set of 
assumptions called axioms or postulates. 
The application of certain deductions to 
reality may give rise to wrong interpre 
tations, not because of a shortcoming in 
mathematics, but because of an erroneous 
supposition that a specific mathematical 
model can be applied to some real ob- 
ject. For example, the laws of probability 
state that the probability of the 4 turning 
up in the toss of a die is one in six. This 
does not mean that the 4 will appear 
every six throws. The rule holds only for 
the average of a large number of throws: 


2 3 
LATION—IIlustration 3a rep- 
on the graph of a function. 
us examples, the points are 
euiclstant horizontally. The pus define a 
yon Mosa curvature is slight over its length 
e o 10. 58 of the ten points lie almost 
a straight . In this graph, the ten points 


LINEAR INT: 
resents ten p 
As in the pre 


4 5 
are joined by an arc that may be used to carry 
out interpolations. Such an arc is an inter- 
polative curve. 

Illustration 3b shows the same points con- 
nected by straight-line segments. In practice, 
the difference between the two graphs is quite 
often minimal. The use of straight-line seg- 


INVERSE INTERPOLATION—This illustration 
shows an interpolative function consisting of 
eight points. The problem is to find the value 
of x for which y takes the value of 16. The 
procedure is the opposite of that followed 


7 8 9 10 
b 
7 8 1 


ments to interpolate between the tabulated 
values of a function, rather than using an inter- 
polative curve, is known as a linear interpola- 
tion. The use of logarithmic and trigonometric 
tables is based on linear interpolation. 


in Illustration 1. Move horizontally from 16 to 
meet the interpolative function, and from that 
point project downward parallel to the y axis 
to the x axis. The value of x at that point is 
the answer; this is inverse Interpolation. 
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5 
POLYNOMIAL INTERPOLATION — This illus- 
tration shows the arrangement in the Car- 
tesian plane of a few experimentally deter- 
mined points of a function. The broken-line 
segments joining the points are clearly not 
enough to give a picture of the variation of 
the function. The segments should be re- 
placed by a curve that Is not a succession 
of broken-line segments. The general rules 
require these points to be joined by a curve 
that gives a simple representation of the pos- 
sible behavior of the function to which the 
points belong. 

In a case such as this, where the segments 
show that the curve changes direction sev- 
eral times, the curve can be assumed to be 


INTERPOLATION AT UNEQUAL INTERVALS— 
The values of a function are not always distrib- 
uted at equal intervals, as is the case in the 
preceding illustrations. Often the points known 
are at widely differing distances from each 
other. Such is the case of the example shown 
here, in which a series of experimental points 
are joined by an interpolative curve. Formulas 
slightly different from those mentioned previ- 
ously must be applied; such formulas exist for 
both direct and inverse interpolation as well as 
for extrapolation. 


a polynomial of a degree equal to the number 
of times plus one that the curve changes direc- 
tion. The curve that represents the function is 
said to be an interpolating polynomial. The 
solid-line curve is the interpolating polynomial 
passing through the points. 

Interpolation formulas are available that pro- 
vide for the determination of the behavior of 
the function, using the value of the known 


Similarly, with a table ^f values that 
a function takes for giv: ~ values of the 
independent variable, i: oes not neces. 
sarily follow that the ov tion of inter- 
polation will give an e: esult, It does 
7 


points. One of these interpolation formulas is — SÉ 

known as a parabolic interpolation formula. a 

Parabolic interpolation formulas, when applied 

to tables of logarithms or trigonometric func- 

tions, lead to excellent approximations, better 

than those obtained by linear interpolation. = 
— 
stron density 


b 


o electron density 
PRECAUTIONS TO BE TAKEN IN CARRYING 
OUT INTERPOLATION—The problem of elec- 
tron density in the atmosphere, mentioned at 
the beginning of the article, is an example of 
how a substantial error can be made in in- 
terpolation and extrapolation. Illustration. 7a 
shows the values for electron density at three 
different altitudes, along with a simple inter- 
polation curve. 

Illustration 7b shows the same points with 
a different curve. If further measurements are 


not necessari 
that which v 
the value of t 
ing it (wher 
Despite st 


made of elect 
to this curve 
density of ele 
rises in ster 
simple curve | 
truth. Before 
general laws 

resented by 

A succession 
terpolation us! 
are to show t! 
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id to the same result as 


! come from calculating 


inetion or from measur- 
asuring it is possible). 
imitations, the mathe- 


sity, a distribution similar 
! be found because the 
in the upper atmosphere 
srpolation based on the 
ofore, a long way from the 
ng an interpolation, the 
ing the phenomenon rep- 
nction should be known. 
continuous data allows in- 


simple formula—if the data 
savior of the function. 


matical operations of interpolation and 
extrapolation are extremely useful, es- 
pecially if applied with caution. 
Interpolation and extrapolation are 
used in the most varied of everyday and 


Illustration 7c is an example of the graph 
of a complex function. The equation corre- 
sponding to this function is y =x” — 21x* + 
175x5 — 735x* + 1624x? — 1764x? + 725x + 
210. If the values of only a few points are 
found, the resulting interpolation curve would 
be useless; it would not reveal how the func- 
tion actually behaves. The value of the func- 
tion can be found simply for x — 0,1,2,3,4,5,6. 
These are, respectively, y = 210,215,220,225, 
230,235,240. The illustration shows these seven 


scientific applications. To understand 
these operations, the following examples 
use the graphs of functions that are dis- 
cussed, 


points, and a straight line joins them to perfec- 
tion. In actual fact, however, the function is 
not a straight Mne. If values other than x = 
0,1,2,3,4,5,6 are substituted in the equation of 
the function—say x = 0.5 or x = 7, for exam- 
ple—points would be found that would not lie 
on the line. Such points would lle on the curve 
shown, and with enough such points, the entire 
curve can be shown. 
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MAGIC 
SQUARES 


A magic square is an array of numbers 
listed in a particular arrangement of col- 
umns and rows. The number of columns 
equals the number of rows. A square is 
described as being of order n, where n is 
the number of rows or columns of the 


THE BASIC SQUARE—Given that the square 
of order 1 needs no exploration, and the 
square of order 2 does not exist, the first 
magic square worth discussing is that of order 
3. Constructing this square is easy, requiring 
a simple procedure. 


on the frontiers of the cabala 


square. The square then has n X n, or n? 
compartments. The arrangement of the 
numbers is such that the sum of the num- 
bers in any row, column, or diagonal is 
the same constant. 

The word magic, used to describe these 


squares, comes from ! iginal use of 


the squares: in early d oy were used 
as religious symbols o rms to ward 
off evil. Eventually, t! came recog- 
nized as puzzles, game curiosities, 


The study of magic s ’s is a part of 


Draw a square and divide it into 9 parts 
with 4 lines parallel to the sides as shown. 
Write in the whole numbers from 1 to 9 in the 
order shown in Illustration 1a. 1, 2, and 3 will 
be in the bottom row; 4, 5, and 6 in the middle 
one; and 7, 8, and 9 in the top one. This is 


r example, the 
| of the top one 
tarting point to 
1s of the very 
esult is shown 
ach row and of 
val is 15, which 
of order 3. In 
magic square. 


not a magic square, becau 
sum of the bottom row is € 
24. But this can be used 

obtain a magic square b 
simple transformation, wt 
in Illustration 1b. The sun 
each column and of each : 
is the constant for a sc 
general, the constant S,, 


of order n, is given by the slat 

S, = (1/2) nl ). 
For a square where n = (1/2) 3 (8? + 
1) = 15. 

The square in Illustra > is obtained 
from that in Illustration leaving the 5 
in the central compartm: 1 rotating the 
positions of the numbers i compartments 


Illustration 16. 
of the central 
ghthand com- 


according to the paths sho 
Thus the 8, which is at tt 
column, moves into the | 


partment, the 6 drops dow compartment, 
the 2 moves into the botton rand compart- 
ment, and the 4 goes up mpartment, In 
Illustration 2, other magi uares will be 


the one dealt 


obtained by transformation: 
with here. 


THE EIGHT MAGIC SQUARES OF ORDER 3— 
There are simple transformations which, when 
aplied to any magic square, preserve the 
magic in them. There are four such transfor 
mations, and they are shown here as operating 
on square a. (1) Rotation of the magic square 
around its center by any number of fight 
angles, considering only the first three right 
angles possible, because moving four right 
angles, or 360°, returns the numbers to thelr 
original positions (squares b, c, and d). (2 
Symmetry with respect to the horizontal lor 
vertical] median, that is, exchanging the pos! 
tion of the top and bottom rows (square e). o 
Symmetry with respect to the diagoan 
squares (g and h). (4) Substitution of xU 
number with its complement with respect 

n? + 1 (for a square of order 3, n? + 1 in 
the value of 10); the complement is 10 minus 
the number, and the complement transforma: 


tion is shown in square f — 


3 
THE SQUAR ORDER 4—These diagrams 
show how nstruct a magic square of 
order 4. By ns of certain methods, it can 
be used to : magic squares of a much 
higher order w a square of order 4, which 


is divided i: 5 compartments with 4 rows 


and 4 col: Then write in the whole 
numbers as 1e square of order 3, starting 
from the Ł left and working upward, 
The bottom will thus contain 1, 2, 3, 4, 
and the tor 13, 14, 15, 16, as shown in 
Illustration his starting square is then 
submitted t: formations that produce the 
magic squa! ır example, the square shown 
in lustratio is clearly magical. The sum 
of any row. column, and any diagonal is 
constant an qual to 34. 

To obtair nagic square, the procedure 
is as follow: 4 numbers in the 4 central 
compartmer ! those at the vertices of the 
square remi nare they are. The remaining 
numbers ay ;anged by means of a sym- 
metry operc vith respect to the center of 
the square »xample, the number in the 
Second cory ent from the left of the top 
TOW goes ic position of second from the 
right in the row, and vice versa. The ar- 
tows in Illu n 3c show how the square 
is obtained y others can be obtained by 
using, for o; le, the transformations shown 
in Mlustratio, Still others of a higher order 


can be obta od by certain manipulations of 
these number 


recreational mathematics, even though 
their simple ideas frequently lead to sub- 
stantial complexity. Magic squares can be 
traced back to the fourth century B.C. in 
China. They were not known in the West- 
em world until the fourteenth century 
when the mathematician Moschopoulos 
included a square in one of his publica- 
tions. But he described only one type of 
magic square, those of an odd-numbered 
order in which the square is divided into 
àn odd number of columns and rows. 
Subsequently, the theory of magic 
Squares aroused interest among other 
mathematicians, although primarily as a 
curiosity. Later, Euler studied them in 
depth, managing to make progress with 
à theoretical treatment of the subject. The 
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theory of magic squares seems at first 
sight useless to more serious mathematics 
because of the apparently recreational 
aspects of the squares, but such theory is 
similar to related branches of mathemat- 
ics such as matrices. To some people, the 
expression "magic square" refers only to 
a square of a very simple kind; more com- 
plicated squares are “diabolical” and 
“satanic.” To others, the general name, 
magic square, is used for all such squares. 

It was Euler who described the squares 
that are now said to be panmagical. 
These squares are such that not only are 
the sums of each row, column, and diag- 
onal constant, but also the sums of each 
of the pair of complementary diagonals, 
that is, lines parallel to one of the square’s 


diagonals and a given distance from it. 

Diabolical squares are those that re- 
tain their magic characteristics when split 
into a pair of rectangles parallel to the 
sides of the square and formed into new 
squares by the juxtaposition of the right 
and left rectangles. 

Satanic squares remain magical even 
if the numbers in the rows and columns 
are replaced with the squares or cubes 
of the original numbers. The theory of 
these squares requires the theory of num- 
bers for complete analysis. 


THE DIABOLICAL SQUARE — This magic 
square of order 4 is said to be diabolical be- 
cause it remains magical even If it is split into 
two rectangles—for example, by dividing it in 
half or along the parallel to the vertical as 
shown by the 2 arrows. The righthand part is 
then transposed to the left. In any case, before 
or after so dividing the square the constant 


i 
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PHILOSOPHICAL ASSOCIATIONS 
OF MAGIC SQUARES 


In the past, the amazing qualities of 
these squares led to their being called 
magical for reasons other than, their nu- 
merical properties. For example, each 
square of order 1, made up of a single 
number, is obviously magical according 
to the definition of a magic square. Ac- 
cording to some early philosophers, the 
magic square of order 1, in which the 
single compartment contains the number 
1, symbolizes unity and eternity. 

From the theory of magic squares, it is 
known that a square of order 2 cannot be 
constructed, although squares of order 
3, 4, 5, and almost all other higher orders 
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RULES FOR ODD SQUARES—The square of 
order 3 is a square of odd order, constituting a 
simple case because it is so small, The case 
of order 5 is shown here. The technique is 
as follows: The square is divided into 25 com- 


are possible. Because the square of order 
2 has 4 compartments and the ancients 
thought that there were four fundamen- 
tal elements—fire, air, water, and earth— 
the impossibility of constructing a square 
of order 2 was seen as symbolizing the 
imperfection of the four fundamental ele- 
ments, which tradition already held to be 
lacking in perfection. On the other hand, 


partments. The problem is where to place the 
number 1 and its successors. A square di- 
vided into 25, like all squares of odd order, 
has a compartment lying exactly in its center. 
The first number, the number 1, goes into the 


compartment immediately above the cem 
one and forms the starting point. Tho 
taken to position the other numbers is natis 
by the line that starts at 1 and term 


at 25. 
— 


Squares of orders from 3 to 9, two num- 
bers that the ancient cabala held to be 
perfect, were associated with the 7 plan- 
ets known to antiquity, the 7 “stars” that 
populated the Ptolemaic heaven, Thus, 
magic squares were of interest, not only 
in the history of mathematics, but also in 
other, less scientific, doctrines. 

During the late nineteenth and early 


twentieth centuries, the study of magie 
squares attracted considerable interest in 
the United States as an intellectual pas- 
time. 

This article examines some of the ín 
damental aspects of magic squares. A 
particular, the illustrations and their P 
tions present several easy ways of cO 
structing these fascinating figures. 


SYMBOLIC LOGIC 


;athematics logic is the 


In the studs 
id at least a limited 


starting-poit) 

knowledge is essential. Elementary 
ideas of 1 itical logic show that 
mathematic oning follows precise 


blished rules. By means 
c, a mathematician can 
matical statement into a 
: of an idea using sym- 
lescription is clear and 


lines and pr: 
of the rules 
translate a 1 
precise desc» 
bols only; s: 


unambiguou any other mathemati- 
cian. Despit importance of logic in 
mathematic: st courses in elementary 
as well as h mathematics are taught 
without the fit of parallel courses in 
logic. 

At a mod ly high level of logical 
reasoning t! :derstanding of the sci- 


may become quite com- 
the words and concepts 
in logic arc lated into written sym- 
bols by me: f which it is possible to 
condense | propositions into short 
formulas. “i formulas often contain 
unusual ty; symbols; sometimes or- 
dinary lette: the alphabet are written 


ence's symb 
plicated, Sc 


upside do: rotated through 90°. 
Hence, a ; standing for a logical 
proposition be difficult to under- 
stand by a who is not thoroughly 
acquainted the symbolism used in 
it, This ch: deals with fundamental 
concepts in hematical logic and the 
use of logi mbols in some elemen- 
tary applic s 

Apart fro: mathematics, logical sym- 


bolism has another practical use of out- 
standing importance: the possibility of 
writing logical equations in which the 
letters represent quantities or proposi- 
tions as well as logical symbols. For ex- 
ample, the algebraic manipulation of a 
system of logical equations formed in 
this way may establish whether they form 
4 coherent system or an incoherent one. 
The diagrams will show the practical ap- 
Plications of this logical algebra. 

Tl of the most important develop- 
n a in the field of logic is the search 
^R e basis of logic itself. Logic is a 
E os of a geometric type. The 
"ed point is a set of definitions and 
ESN ates that lead to conclusions (the- 
Te) which may be demonstrated. 
us E it would be desirable to treat logic 
eon way as geometries or arithmetic 
E les, starting with a minimum num- 
er of postulates consistent within them- 


the language 


"m. V 
FOUR GREAT PHILOSOPHER-MATHEMATI- 
CIANS—(a) Aristotle, the first philosopher to 
consider logic as a science; (b) Gottfried 
Leibniz; (c) Bertrand Russell, author of Prin- 


selves, and using alternative sets of postu- 
lates to propose other forms of logic. 
Modern logic is, however, still in a 
stage rather like that in which Euclid 
found geometry. A certain collection of 
postulates is assumed without knowing 
whether there are better ones or alterna- 
tives, It is rather as if geometers were not 
in a position to decide whether the postu- 
late of parallel lines should be chosen 
rather than other postulates. In the field 
of logic, research is therefore highly spec- 
ulative, and the difficulties that are en- 
countered serve to dissuade most mathe- 
maticians from pursuing such research. 


of mathematics 


cipia Mathematica and Nobel Prize winner for 
literature In 1950; and (d) Alfred Whitehead. 
The chief progress in mathematical logic in 
modern times is due to these men. 


These difficulties are responsible for 
the slowness with which the science of 
logic has developed through history. The 
first person to deal with it was Aristotle, 
who had the merit of having recognized 
that logic is a science in its own right, a 
science independent of the other sciences, 
which depend on logic for their basic 
premises. Aristotle did not deal specific 
ally with mathematical logic. Rather, he 
studied the logic of reasoning in general, 
even though mathematics profited from 
his deductions for almost two millennia. 
Subsequently, the science remained at an 
impasse, without any great original con- 
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RECREATIONAL 


MATHEMATICS | 


In his famous Arithmetic, Diophantus 
treated problems of a strictly recreational 
nature, Since then, many serious mathe- 
matical works, whose aim was a system- 
atic exposition of a mathematical theory, 
have contained recreational mathematics 
problems, Among these works are those 


A CLASSICAL PROBLEM — A problem that 
Gates back to Niccolo Tartaglia, who Included 
it in his General Treatise on Numbers and 
Measures, is that of the wolf, the goat, and the 


cabbage 
On the bank of a river, a man stands with a 
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a close relation of 


of Tartaglia, Fermat, Euler, and La- 
grange. It should be remembered that 
often advanced recreational problems are 
related to the theories of higher mathe- 
matics, 

Included in this article are paradoxes 
and captious problems, A captious prob- 


wolf (W). a goat (G), and a cabbage (C), as 
well as a boat to ferry them across. There is 
room in the boat only for the man and one 
of the other three. If he leaves the goat and 
the wolf together, the wolf will eat the goat. 
M the goat and the cabbage are left together, 


"serious" mathematics 


lem is one that seem ave an imme 
diate solution in the in which it i 
stated but the solutio ? fact, wrong. 
To get the correct so even though 
the amount of cak n involved i 
minimal, patience, : n sense, and 
rigorous reasoning a led. "There are 


the goat will eat the c 
shows the sequence in 
make his trips across th 
he can end up on the ot 
intact. 


» The diagram 
the man has te 
to be sure that 
Je with all three 


OBLEMS—A problem for exercis- 
9 the imagination is illustrated 
: problem of pouring, another of 
described by Niccolo Tartaglia. 
s have stolen a barrel containing 
vine, The barrel is not transpar- 
vos have a 5-gallon measure and 
»sure. Their problem is to divide 
10 into equal parts of 4 gallons 
n they n? 
might want to try to solve the 
ro looking at the solution shown 
ms. The thieves first fill the 3 
o. leaving 5 gallons in the barrel. 
must then be poured into the 
ure, after which an additional 3 
sred from the barrel into the 3- 
re. If the procedure indicated in 
is followed, the stolen wine is 
into halves. This problem may 
o complicated in terms of other 
1 other measures, 


ms that are recreational but 
wreat deal of calculation, Fi- 
1c are problems connected with 


geome and the construction of so- 
called magical, diabolical, and satanic 
square which are covered in another 
article. These squares are matrices of 


numbers in which the sum of columns, 
tows, and diagonals is always constant. 


AN ALGEBRAIC PARADOX 


An algebraic paradox is one in which the 
Presence of an error is apparent, but the 
error itself is not easily found. One para- 
dox purports to show that each number 
i equal to double itself and that all 
whole numbers are equal. Starting with 
any number a, the expressions a? — a! = 
4(a~a), and a?—a?=(a+a) (aa) 
may be written. From these two equali- 
ties, the immediate deduction is that 
(@+a) (a—a) =a(a—a). This identity 


| 


iii 
iin 
HERH 


may be divided by (a~a), and the 
equation becomes (a +4) =a, or a= 2a, 
This seems to show that each number 
is equal to double itself. It is clear that 
the demonstration has a weak point, and 
it is enough to know the elementary laws 
of arithmetic to see what it is. A number 
subtracted from itself equals zero. Hence, 
(a—a) =0, and also (a®—a*) 50. Be- 
cause the original equality was zero = 
zero, the further algebraic or arithmetic 
operations are not valid. 


THE SPEED CONTEST 


A simple arithmetical game is that of ar- 
riving first at 100 by adding any number 
between 1 and 10 to a number first stated 
by one of two contestants. The other 
then states a number that is the sum of 
the first and another number equal to or 
less than 10. The first contestant adds à 
further whole number no greater than 
10, and so on, until the first person 
reaches 100; that person wins. 

The trick needed to win is to make 
t start, Unknowing, he will 


Similar to these problems are the so 
called guessing problems, problem that 


HN 


in 


functions that knowing an age function, 
its value can be deduced for a particular 
case. 
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am 
Angstrom unit 

absolute 

alternating current (as an adjective) 
atomic mass unit 

atmosphere 

atomic weight 

astronomical unit 

avoirdupois 


one billion electron volts 
brake horsepower 


bhp-hr brake horsepower-hour 


boiling point 
British thermal unit 


temperature Celsius; temperature 
Centigrade 

candle 

calorie 

cubic feet per minute 

cubic feet per second 

centimeter-gram-second (system) 

centiliter 

centimeter 

square centimeter 

cubic centimeter 

coefficient 

cologarithm 

cosine 

cotangent 

candlepower 

cosecant 

cubic 

cubic foot 


decibel 
direct current (as an adjective) 
dozen 


electromotive force 

the base of the system of natural 
logarithms 

electron volt 


temperature Fahrenheit 
freezing point 

feet per minute 

feet per second 

foot; feet 

square foot 

cubic foot 


ABBREVIATIONS 


footcandle 
foot-pound 


universal gravitational constant 
gram 

gallon 

gram-calorie 

gallons per minute 

gallons per second 


hour 

photon energy 
horsepower 

hertz (cycles per second) 


electric current 
inside diameter 
inch 

square inch 
cubic inch 
inch-pound 
inches per second 


joule 


temperature Kelvin (absolute) 
kilocalorie 

kilogram 

kilogram-calorie 
kilogram-meter 

kilograms per cubic meter 
kilograms per second 
kilometer 

kilovolt 

kilowatt 

kilowatt-hour 


liter; lumen 

latitude 

pound 

pound-foot 

pounds per square foot 
pounds per cubic foot 
pound-inch 
lumen-hour 

linear foot 

logarithm (common) 
logarithm (natural) 
longitude 


meter; minute (time, in astronom- 
ical circles) 


VA 
Ww 
yd 


yd? 
yd? 


SCIENTIFIC SYMBOLS AND ABBREVIATIONS 


alpha particle 

beta particle 

positron 

gamma radiation 

a small change; heat 

wavelength; radioactive-decay con- 
stant 

milliampere 

microcurie 

microfarad 

microinch 

micron 

micromicron 

micromicrofarad 

frequency; neutrino 

3.14159; osmotic pressure 


= 
o 
2 


w 


AV ow 3 


l 


°< 8 R 


the sum of 

nuclear cross section ( barns); area 
electrical resistance (ohms) 
angular speed; angular velocity 
minute (angular measure) 
second (angular measure) 

male 

female 

is greater than 

is less than 

is proportional to 

infinity 

square root of 


degrees; temperature; angle measure- 
ment (example, 30°) 


ü 
+ 


square meter 

cubic meter 

milliampere 

one million ele: olts 
milligram 

millihenry 

mile 

square mile 

minute 

meter-kilogran: 

milliliter 

millimeter 

square millime 

cubic millimet: 
millimicron 

miles per hour 

miles per hou: cond 
millivolt 


Avogadro’s cor 
factorial n 


outside diamete, 
ounce 


rating on acid-;^ line scale 
parts per millio:: 

pounds per squ: ich 

pounds per squ»: ch absolute 


temperature Re» ur; resistance 
right ascension 

revolutions per ute 
revolutions pers ad 


secant; second 
sine 

specific gravity 
square 


tangent 


volt 
volt-ampere 


watt; work 


yard 
square yard 
cubic yard 


molar concentration 

positive electric charge; mixed with; 
plus 

negative electric charge; single cova- 
lent bond; minus 


equals; double covalent bond; pro- 
duces 


does not equal 

triple covalent bond 

produces; forms; chemical reaction 
reversible chemical reaction 

gas produced by a chemical reaction 


precipitate produced by a chemical 
reaction 

radioactive substance (follows sym- 
bol of element; example, Cl°) 
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ILLUSTRATED SCIENCE 
DICTIONARY 


Meson to Nickel 


KEY TO PRONUNCIATION 


The diacritical marks are: 


ə banana, abut e bet th thin 
ə preceding l, m, n ë beat th. then 

as in battle i tip ü rule, fool 
9 electric i bite à pull, wood 
or further j job, gem ue German 
a mat y sing hübsch 
à day 6 bone ue French rue 
4 cot, father ò saw, all yü union 
aù now, out ói coin zh vision 


! mark preceding the syllable with strongest stress. 
, mark preceding a syllable with secondary stress. 


The system of indicating pronunciation in these volumes is used by permission 
from Webster's Third New International Dictionary, copyright 1961 
by G. & C. Merriam Co., Publishers of the Merriam-Webster Dictionaries. 


meson 


meson \'mez-,iin\ n. ; 
puysics. A subatomic particle emitted from atomic nuclei dur- 
ing atomic reactions. The particle may be electrically neutral 
or may have a plus or minus charge. It has a half-life of 


1/100,000 second and has been considered responsible, in the- _ Cross section of leat 


ory, for holding the parts of an atomic nucleus together. oS Saas 
TOM 
D] aec 


PALISADE TISSUE 
MESOPHYLL 


SPONGY TISSUE 


The pi-meson, one of the types of known meson, has a mass 
250 times that of an electron, 


mesophyll \'mez-o-,fil\ n. 
BOTANY. The internal parenchyma between epidermal layers 
of a leaf, 


AIR SPACE 


Cells of mesoruyt are divided into two distinct layers, the 
palisade parenchyma and the spongy parenchyma. 


mesophytes \'mez-a-,fits\ n. 
BOTANY. Plants that grow in moderately-moist soil, as con- 
trasted with xerophytes and hydrophytes. 


Most common plants that grow in a forest or meadow are meso- 
PHYTES. 


Xerophytes 


metabolism \mo-'tab-9-,liz-om\ n. 
BIOLOGY and PHYSIOLOGY. All the processes, both physical and 
chemical, that are concerned with the activity, nourishment 
and growth of an organism; see anabolism and catabolism, 


METABOLISM within a cell involves both the synthesis of proto- 
plasm and the oxidation of food. 


(st 
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metal \'met-"l\ n. 
CHEMISTRY. An element that produces a shiny surface when 
freshly polished, conducts heat and electricity, loses electrons 
from its atoms in most chemical reactions and reacts with cer- 
tain acids to form salts, 


One METAL may be melted, mixed with another molten metal, 
cooled and solidified to form an alloy. 


metallic bond \mo-'tal-ik 'bàndV 
CHEMISTRY. A pair of electrons existing between two adjacent 
atoms of metal and attracted to each atom by an electrical 
force, thereby forming a link between the atoms. 


The movable nature of a MeraL.ic sonn accounts for a metals 
ability to conduct electricity and for its malleability. 
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TADPOLE 


GNEISS SLATE 


METAMORPHIC ROCK 


METAPHASE 


metathesis 


metallurgy \'met-*l-,ar-j@\ n. 
CHEMISTRY and EARTH SCIENCE. The study of metals, their 
sources, structures, special properties and uses, and ways of 
working them. 
An important part of merau.uncy is concerned with the proc- 
esses by which metals are obtained from their ores. 


metamorphic rock \,met-ə-'mòr-fik 'räk\ 
EARTH SCIENCE, Any rock that has changed in texture or com- 
position due to heat, pressure or mineral-bearing water after 
it was originally formed. 
Marble is a meramonenic nock formed by the alteration of 
limestone. 


metamorphism \,met-a-'mor-,fiz-am\ n. 
EARTH SCIENCE. A process that changes rocks physically and 
chemically through the action of heat, pressure and chemical 
solutions within the earth’s crust. 
The changing of shale into slate is an example of wrrawon- 
pHisM due mainly to pressure, 


metamorphosis V,met-o-'mór-f9-sosV n. 
BIOLOGY. A series of distinct and rapid changes in the develop- 
ment of an animal as it matures. 
Insects become adult by complete, incomplete or gradual mira- 
MORPHOSIS, 


metaphase \'met-a-,faz\ n. 
BIOLOGY, The stage of mitosis in which chromosomes lie in the 
equatorial plane of the spindle just before they separate and 
move toward the poles of the cell. 
During early meraruase, the spindle poles reach their final 
positions at opposite sides of the cell. 


metaplasm Vmet-o-,plaz-omY n. 
pioLocy. The nonliving matter, such as starch grains or pig- 
ments, that is included in the living, vital substances of a cell. 
The wETAPLASM includes nonliving substances derived from 
the protoplasm, such as cell walls, 


metathesis \mo-'tath-a-sas\ n. 
CHEMISTRY. A chemical reaction in which an atom or an ion 
of one compound trades places with an atom or an ion of an- 
other compound; double replacement. 
The chemical reaction between sodium chloride and silver 
nitrate to produce sodium nitrate and silver chloride is classi- 


fied as METATHESIS. 
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metazoan 


metazoan \,met-o-'z5-an\ n. 
zoo.ocy, Any of a group of animals that have bodies made up 
of many cells, divided into tissues and organs that serve special 
purposes. Almost all have a hollow digestive cavity. 


A METAZOAN may be a hydra, a jellyfish, a coral or any of the 
higher forms of animal life. 


metencephalon \,met-en-'sef-o-,liin\ n. 
ANATOMY and PHYSIOLOGY, A segment of the embryonic brain, 
or the portions of the brain that develop from this part of the 
embryo; sometimes called the afterbrain. 


The pons and the cerebellum develop from the mereNcern- 


ALON, | 


meteor \'mét-é-ar\ n. 
ASTRONOMY, A particle in space, composed of rock, or iron and 
nickel, or a combination of these, that, upon entering the earth's 
atmosphere, starts burning and emits light; also called shoot- 
ing star and falling star; see fireball and bolide. 


A wrrkon is usually destroyed during its passage through the 
atmosphere, 


meteorite \'mét-é-o-,rit\ n. 
EARTH SCIENCE, A meteor, or a meteor fragment, that has fallen 
on the earth's surface, 
No unknown chemical elements have been found in a ne- 
TEORITE. 


meteorologist V mét-é-o-'rül-o-jostV n. 
FAITH SCIENCE, One who makes a scientific study of the atmos- 
phere and all the conditions and occurrences that affect the 
weather. 


In order to forecast weather, a seereonovocist must collect in- 
formation regularly from a large arca. 


meteorology Vnét-&-9-"rül-o-jeV n. 
EARTH SCIENCE, The science that deals with the atmosphere and 
all weather conditions; the science of weather, 


The weather satellite has become an important tool in the study 
of METEOROLOGY. 


meter \'mét-ar\ n. 
L MATHEMATICS. The basic unit of length in the metric system, 
approximately equal to 39.37 inches, 2. ENGINEERING. An instru. 
ment, such as a voltmeter, kilowatt-hour meter or water meter, 


Ovory 


METAZOAN 
(HYDRA) 


N^ Second-largest 
meteorite found 


{molecular str 


_ HY 


METHYL ALCOHOL 


weture) 


DROGEN 
ATOM 


~ CARBON 
ATOM 

= OXYGEN 
ATOM 


LENGTH CAPACITY 
Millimeter Cubic cantimeter 
Centimeter Liter 

Meter 
Kilometer 
METRIC SYSTEM 


(units mos! commonly used) 


MASS 


Grom 
Kilogrom 


mho 


used to indicate or record the amount of something; also, some- 
times, a recording instrument only, 

The merten was intended to equal 1/10,000,000 of the distance 
{roms the equator to the North Pole, te mecrured olong a me- 


system Vmét-or 'kil-o-, 
'sek-ond 'sis-tomN n 


PHYSICS. A system of units based on the meter, and 
second as the standards for length, mass and time; abbr. mks. 


The METER-KILOGRAM-SECOND SYSTEM. of units is preferred in 
modern physics to the centimeter-gram-second system or the 


foot-pound-second system. 


methyl alcohol Vmeth-ol ‘al-ko-hol\ 
CHEMISTRY. CH;OH. A colorless, flammable liquid that is the 
simplest alcohol. Once prepared by the destructive distillation 
of wood, it is now synthesized from hydrogen and carbon 
monoxide; also known as methanol and wood alcohol, 
METHYL ALCOHOL taken internally in even small quantities can 
cause death or permanent blindness, 


metric system \'met-rik 'sis-tomV 
MATHEMATICS, A system of weights and measures that uses 
the meter as the basic unit, Based on the decimal system, it is 
used by scientists all over the world. 
The memic sysrew was created under the direction of the 
French government and was adopted by it in 1791, 


metric ton \'met-rik ‘ton\ 
MATHEMATICS, A weight equal to 1,000 kilograms, or 2,204.6 
pounds, 
Coal is sold by the mwnuc ton in Europe. 


MEV 
miysics. An abbreviation for million electron volts; a unit of 
energy equal to the kinetic energy acquired by one electron as 
a result of being accelerated through a potential difference of 
one million volts. 
Particles emitted from radioactive elements have energies 
measurable in some multiple or fractional part of the wv. 


mho VmóV n. 
vuvsics. A unit of electrical conductance that is equal to the 
reciprocal of one ohm (a unit of resistance ). 
The mmo is such a large unit that the micromho is usually used 


for practical purposes. 
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mica 


mica Vmi-keY n. 
EARTH SCIENCE. A silicate mineral that is easily separated into 
thin sheets that are transparent to translucent, are rather elas- 
tic and have electrical- and heat-insulating properties. 


The principal use of mca is as an electrical-insulating material. 


microanalysis \,mi-kr6-a-'nal-o-sas\ n. 
CHEMISTRY. The chemical determination of elements or com- 
pounds in very small samples of matter. 


MICROANALYSIS requires the use of a balance sensitive to 
1/1,000,000 gram. 


microbe \'mi-,krob\ n. 
BIOLOGY. A microscopic plant or animal usually associated with 
disease and fermentation; a germ. 


One kind of pneumonia is caused by a rod-shaped microBE. 


microbiology \ımī-krō-(,)bī-'äl-ə-jē\ n. 
BIOLOGY. The science of the nature, life and actions of micro- 
organisms, 


Researchers in MicRoBroLocv are determining the effects of 
gamma radiation on food preservation. 


microclimate \'mī-krō-,klī-mət\ n. 
EARTH SCIENCE. The climate of a small area, such as a single 
forest, hillside, valley, stream bank or lakeshore; also, local 
climate with respect to variations from the general climate. 


The mıcrocumarTe at the top of a hill is different from that at 
the bottom. 


microcosm \'mi-kra-,kiiz-am\ n. 
BIOLOGY. A very small world or a miniature of a larger environ- 
mental unit. 


A sealed bottle containing water, aquatic plants, snails and fish 
is à MICROCOSM. 


microfilm \'mi-kra-,film\ n. 
Photographic film 16 or 35 mm. wide, used to record printed 
matter on a greatly reduced scale. A projector is used to enlarge 
the image when the material is to be read. 


Bulky reference materials, such as files of old newspapers, may 
be transferred to micrornm for efficient storage and for send- 
ing through the mail. 


MICROBALANCE 


MICROANALYSIS 


BACILLI 


MICROBE 


MICROMETER 


i (CALIPER) 
BEAN SEED 
Seed coat 
Cotyledon 
Hilum 
MICROPYLE 
Shoot 


microscope 


micrometer Vmi-'krám-et-or n. 
ENGINEERING. Any one of several precision instruments used 
to measure small distances accurately. 


A MICROMETER may be used to measure the thickness of a sheet 


of paper. 


micrometeorites V,mi-kro-'mét-6-o-,ritsV n. 
ASTRONAUTICS and ASTRONOMY. Small dust-sized particles that 
move through space and around the sun. 


Although wicRoMETEORrTES will not puncture the skin of a 
spacecraft, they can wear away its surface by erosion, the way 
blowing sand wears away rock. 


micron \'mi-,kran\ n. 
MATHEMATICS. A unit of length equal to 1/1,000,000 meter, or 
0.000039 inch; symbol, p. 
Some microscopes are built with special eyepieces by which 
distances of one micron, or a multiple of the micron, can be 
measured. 


micronutrient Vmi-kro-'n(y)ü-tré-ontV n. 
sioLocv. A mineral element that must be present in very small 
quantities in the chemical intake of an organism to assure 
proper functioning of one or more life processes. 


Cobalt is a Micronutrient necessary for the synthesis of vita- 
min Bre. 


microorganism \,mi-kro-'or-ga-niz-om\ n. 
pioLocy. Any living body so small that a microscope is neces- 
sary to see it, as a bacterium or protozoan. 


A bacterium is a McRoORGANISM classified initially by its shape. 


micropyle \'mi-kra-,pil\ n. 
BIOLOGY. A small opening in the seed coat, or integument, at 
one side of the hilum; also, the opening through which the 
pollen tube enters the ovule. 
A bulge in the seed coat next to the micropyie marks the posi- 
tion of the embryonic root in a seed. 


microscope \'mi-kro-,sk6p\ n. 

‘An instrument that uses one or more lenses and enlarges ob- 
jects viewed through it; usually, an optical instrument consist- 
ing of an objective and an eyepiece plus other parts, such as 
the barrel, stage and substage mirror; see compound micro- 
scope, ultramicroscope and electron microscope. 

The magnifying power of a MICROSCOPE may range from 4 or 5 
magnifications, as in a dissecting microscope, to 100,000 magni- 
fications, as in an electron microscope. 
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microscopic 


microscopic \,mi-kro-'skiip-ik\ adj. 
Referring to something that is too small to be seen clearly 
without a microscope. 


An amoeba is a microscopic organism. 


microspore Vmi-kro-,spo(o)rV n. 
BOTANY. A spore that develops into a male gametophyte. 


Each microspore contains one haploid nucleus that soon di- 
vides into a generative nucleus and two sperm nuclei. 


microtome \'mi-kro-,tém\ n. 
BIOLOGY. A cutting instrument that is used to prepare very thin 
sections of biological specimens for study under a microscope. 


One type of mMicrotoME uses a very sharp blade, similar to a 
straight razor, while another has a rotating disk, similar to that 
found in a meat slicer, 


microwave \'mi-kra-,wav\ n. 
PHYSICS. An electromagnetic wave of short wavelength (usually 
1 mm. to 30 cm.) and high frequency (300 to 300,000 mega- 
cycles); sometimes called ultrahigh frequency. 


Radar is a microwave device, 


midbrain \'mid-,bran\ n, 
ANATOMY. A short, pillarlike portion of the brain, located above 
the medulla oblongata; the mesencephalon. 


The visual and auditory reflex centers are located in the mD- 
BRAIN, 


middle ear Vmid-?l 'i(a)r\ 
ANATOMY. The tympanum, or chamber, that includes the tym- 
panic membrane (eardrum), three small bones (the hammer, 
anvil and stirrup) and the opening of the Eustachian tube, 


Vibrations from the eardrum travel through the mmoie kan by 
movements of the hammer, anvil and stirrup. 


middle lamella \'mid-*I lo-'mel-a\ 
BOTANY. A thin membrane separating two adjacent plant cell 
walls and acting as a cementing layer. 


The MIE LAMELLA is the center of several layers in a plant 
cell wall. 


HUMAN BRAIN 


Cerebrum 


Cerebellum 
Medulla oblongata 


MIDBRAIN 


ACOUSTIC NERVES 
» A 


(Qm 
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MIDDLE EAR 


Milky Way 


Becher o SUN midnight sun Vmid-,nit 'son\ 
ASTRONOMY, The sun, visible for 24 hours a day during part 
of arctic and antarctic summers. 


The mpnicur sun results from the inclination of the earth's 
axis with respect to the direct rays from the sun. 


migration \mi-'gra-shon\ n. 
1. zootocy. The act of moving at regular periods of time from 
one geographical location to another. 2. pHysics. The move- 
ment of ions or other charged particles toward, or away from, 
an electrode. 


Recent research indicates the micration of birds may involve 
a type of celestial navigation. 


Position of earth on June 21 


CANADA GOOSE 


mildew \'mil-,d(y)ii\ n. 
BioLocy. Usually, a downy or powdery growth produced by 
fungi on the surface of organic matter, either living or non- 


Summer range living. 


MILDEW growing on a soybean leaf lives as a parasite, feeding 
on the living cells of the leaf. 


Winter range MOS 
mile Vmi(o)IN n. 
MATHEMATICS. A unit of linear measure equal to 5,280 feet, 
used in the United States, in England and in the British pos- 


sessions. 


MIGRATION 


The average person can walk one wav in fifteen to twenty min- 
utes, but a fast runner can run that distance in about four 


minutes. 


milk \'milk\ n. 
puysiotocy and zooxocy. A fluid secreted by the mammary 
glands of female mammals for the nourishment of their young. 
It contains minerals and sugar in solution and proteins and 


fats in suspension. 


An infant can live on mux alone for several months. 


milk sugar \'milk 'shüg-orV 
CHEMISTRY. Cy,H»20n. A sweet, crystalline substance occur- 
ring in the milk of all mammals; lactose. 


Cow’s milk contains about 4.5 percent of wt sucaR by weight. 
MILDEW 


Milky Way \'mil-ké 'wa\ 
ASTRONOMY. A galaxy of which the earth's solar system is a 
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millibar 


member, From the earth, it appears as a glowing band across 
the sky; also called Milky Way galaxy and Milky Way system. 


The separate stars of the wn.xv way are visible only with the 


aid of a telescope. 


millibar \'mil-9-,biir\ n. 
EARTH SCIENCE. A unit of pressure equal to a force of 1,000 
dynes per square centimeter, or 1/1,000 bar. 


The suwan is used in measuring atmospheric pressure. 


millicurie \,mil-ə-'kyù(ə)r-(,)ē\ n. 
puysics, A unit of radioactivity equal to 1/1,000 curie; also, 
that amount of radioactive substance in which there are 37 
million disintegrations per second. 


Radioisotopes for research are sold in quantities that are mul- 
tiples of the witx1cunrg. 


Millikan oil drop experiment Vmil-i-kon 'oil 'dráp ik-'sper-o- 
mont\ 
CHEMISTRY and prysics. An experiment by which the American 
scientist, Robert Millikan, determined the charge of an elec- 
tron. The experiment proved that all electrons have the same 
amount of negative charge, 


The MYLLIKAN Ort. pror EXPERIMENT led to the discovery that all 
electrons have the same mass. 


milliliter \'mil-o-,]ét-or\ n. 
CHEMISTRY, A unit equal to 1/1,000 liter, used in measuring 
volume or capacity in the metric system; abbr. ml. 


For many purposes, the wattr.rren and the cubic centimeter 
can be used interchangeably. 


millimeter \'mil-o-,mét-ar\ n. 


MATHEMATICS, A unit of length equal to 1/1,000 meter, or 
03937 inch; abbr, mm. 


The small size of the MILLIMETER is shown by the fact that 1 
inch equals about 25.4 mm. 


mimicry \'mim-i-kré\ n, 
zooLocy. The form or color of an animal that gives it the ap- 
pearance of, or a resemblance to, some other organism or 


ey in its environment, thus increasing its chances of sur- 
vival. 


The loglike appearance of a floating alligator is an example of 
aggressive MIMICRY. 


MILKY WAY 


ALLIGATOR: DE 


MIMICRY 


MAJOR ARC 


Bise 


MAJOR AXIS 


MINOR AXIS 


miscible 


mineral \'min-(ə-)rəl\ n. 
CHEMISTRY and EARTH SCIENCE. A chemical element or com- 
pound that occurs in or on the earth and that has been formed 
by inorganic processes, 
Each minena has a definite chemical composition and char- 
acteristic physical and chemical properties. 


mineral water \'min-(ə-)rəl 'wot-or\ 
CHEMISTRY, Water that contains dissolved mineral salts or gases; 
see hard water, 
There are usually enough dissolved minerals in MuNERAL WATER 
to affect the taste of the water, 


minor arc \'mi-nar 'ärk\ 
MATHEMATICS, An arc, or portion of a circle, less than a semi- 
circle. 


The measure of a miwon anc is always less than 180 degrees. 


minor axis \'mi-nor ‘ak-sas\ 
MATHEMATICS. The shorter of the two axes of symmetry of an 
ellipse; also, the shortest diameter of an ellipse. 


The mixon Axis of an ellipse is perpendicular to its major axis. 


minuend Vmin-yo-,wend n. 
MATHEMATICS, The number from which another number, the 
subtrahend, is to be subtracted. 
When arithmetic is confined to the system of natural numbers, 
the wiNUEND must be larger than the subtrahend. 


minute \'min-ot\ n; \mi-'n(y)iit\ adj. 
1, MATHEMATICS (N.). A unit of arc and angle measure, equal 
to Yo degree; also, a unit of time measure equal to 1o hour, 
or 60 seconds, 2. (Adj.). Very small. 
An angle measurement determined to the nearest wiNUTE. is 
less precise than one determined to the nearest second. 


mirage \mo-'riizh\ n. 
EARTH SCIENCE and PHYSICS, A visual image of a distant object, 
caused by the total reflection of light from the interface of 
warm and cool air masses. A mirage is usually inverted when 
compared to the object. 
A mmace can be photographed. 

miscible \'mis-a-bal\ adj. 
cuemistry and puysics. Referring to two or more fluids that 
can be mixed to form a solution. 
Ethyl alcohol and water are suscusx liquids, but gasoline and 
twater are not. 
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missile \'mis-al\ n. 
1, ASTRONAUTICS. An unmanned weapon that is self-propelled 
after leaving the launching device. A missile is not the same 
as a rocket because it may be propelled by means other than 
rocket power, and a rocket is not necessarily used as a weapon. 
2. Any object that is thrown or shot, such as a stone or bullet. 


Ground-controlled instruments are sometimes used to guide a 
MISSILE to a target. 


ANIMAL CELL 


mitochondria \,mit-a-'kin-dré-a\ n. 
BIOLOGY. Small bodies in the cytoplasm of cells, appearing as 
granules, filaments, rods and, sometimes, networks, 


Experimental evidence indicates that wrrocHoNpm have a 
relationship to the enzymes concerned with cell respiration and 
nutrition. 


mitosis \mi-'t6-sas\ n. MITOCHONDRIA 


BIOLOGY. Indirect nuclear division that precedes cell division. 
The process includes the appearance of the diploid number 
of double chromosomes that then separate and move to the 
poles of the cell. 


Mitosis results in two daughter cells, each of which normally 
contains an identical set of chromosomes, 


mixed number \'mikst 'nam-bar\ 
MATHEMATICS. A number that may be represented by a nu- 
meral consisting of two parts, one part representing a whole 


number and the other part representing a fraction. MITOSIS 
CELL BEGINS 


The mixen NuMBER represented by the numeral 4% is equiva- ANIMAL CELL TO DIVIDE 
lent to the improper fraction represented by the fractional 
numeral 134. 


mixture V'miks-chor n. 
CHEMISTRY. Particles of two or more substances intermingled 
with each other but keeping their individual properties. It may » 
appear to be a single substance ( homogeneous mixture), or DAUGHTER MO) 
there may be an apparent distinction between the kinds of — 2 MAL QRAED 


particles (heterogeneous mixture). CHROMOSOME PAIRS 
ARE FORMED AND LINE 


A saltwater solution is a typical homogeneous mixture that UP IN CENTER OF CELL 
requires no fixed proportions of salt and water, 


mks 
An abbreviation for meter-kilogram-second. See meter-kilo- 
gram-second-system. 


mm. 
An abbreviation for millimeter, See millimeter. 
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mode \'méd\ n. 
MATHEMATICS. The number, term or score that occurs most 
often in a frequency distribution. 


If the scores made by seven pupils are 70, 75, 75, 75, 80, 80 and 
85, the mone of the scores is 75. 


MOLECULAR MODEL 


model \'mid-*l\ n. 
ETHANE mE 
A description, scheme or analogy used to explain something 
Q = hydrogen not directly observable. The word sometimes refers to a physi- 
= carbon cal model that is based on a verbal or mathematical model, 
as in the case of small colored balls representing atoms of dif- 
ferent elements or atomic particles. 


MODEL 


The Copernican monet of the solar system and the Bohr model 
of the atom have similarities in that each has smaller objects 
(planets or electrons) revolving around a larger mass in the 
center. 


moderator Vmád-o-rát-orV n. 
PHYSICS. A substance that slows, but does not absorb, neutrons 


SIGNAL WAVE A n 
E EA that pass through it. Slowing is necessary to permit certain 


-+ a ain AOE aia NE d chain reactions involving nuclear fission. 


CARRIER WAVE 4 
1 Graphite or heavy water can be used as the MODERATOR in sus- 


NC NIN 
taining fission of uranium 235. 


MODULATION 


modulation \,mäj-ə-'lā-shən\ n. 
ENGINEERING and Pmysics, A process by which a characteristic 
of one wave (modulating wave) is superimposed on another 
wave (carrier wave). It usually involves varying the amplitude, 
frequency or phase of a radio wave. 


In radio broadcasting, sound converted into electrical waves by 
a microphone causes MODULATION of the radio carrier wave. 


Mohorovicic discontinuity Mmo-ho-'ró-vo-chich (,)dis-kiint- 
?n- (y)ü-at-& | 
EARTH SCIENCE. The dividing line or contact layer between the 
earth's crust and the mantle; also, the discontinuity that occurs 
at a depth of 20 to 25 miles under continents and 5 to 8 miles 
under oceans; also called the Moho. 


The Mononovicic piscontinurty was discovered by studying 
the speeds at which earthquake waves travel through the earth. 


MOHOROVICIC DISCONTINUITY Mohs’ scale \'moz 'skalV 
EARTH SCIENCE. A scale made up of ten common minerals ar- 
ranged in order of increasing hardness: 1. talc. 2. gypsum. 
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mol 


3. calcite. 4. fluorite. 5. apatite. 6. orthoclase. 7. quartz. 8. topaz. 
9. corundum. 10. diamond. 


The hardness of a mineral is determined by comparing it with 
the minerals in MORS’ SCALE. 


mol \'mél\ n. 
Another spelling of mole. See mole. 


molar \'m6-lor\ 
1. anatomy (N.). A double grinding tooth with a broad sur- 
face. 2. curmusrry. ( Adj.). Pertaining to a concentration equal 
to one mole (gram-molecular weight) of solute dissolved in 
one liter of solution. 


The third woran is commonly known as the wisdom tooth. 


molar volume Vmo-lor 'vül-yomV 
CHEMISTRY. That volume occupied by one gram molecular 
weight (mole) of a substance at 0° C. and at one atmosphere 
of pressure. 


The woran voLuMs of most gases is 22.4 liters. 


mold \'mdld\ n. 
1. mioLocv. A small, furry-appearing fungus plant that grows 
on wood, paper, leather and various food substances. 2. EARTH 
SCIENCE. A natural or artificial impression of a plant part, shell 
or other organism; also, soft, crumbly earth containing organic 
matter. 


Bread morn is one of the common molds. 


mole VmolN n. 
CHEMISTRY. One gram molecular weight of a compound or ele- 
ment; the weight, in grams, of a compound or element numeri- 
cally equal to its molecular, or formula, weight; also called mol. 


One Mote of any molecular substance always contains the 
same number (approximately 6 X 1025) of molecules. 


molecular weight \mo-'lek-ya-lor 'wāt\ 
CHEMISTRY. The weight of a molecule expressed in atomic 
weight units or the combined weights of the atoms in a mole- 
cule; also, the formula weight of a nonmolecular substance. 


A substance with a high MotecuLan WEIGHT generally has a 
higher boiling point than a substance with a low molecular 
weight. 


monatomic 


molecule Vmál-i-,kyü(o)l n. 
CHEMISTRY and PHysics. The smallest particle of a substance 
that has all the properties of the substance. It is usually com- 


O HYDROGEN ATOM posed of two or more atoms held together by one or more 
GB oxyceN ATOM covalent bonds. 
e CARBON ATOM ; 

a An oxygen MOLECULE is composed of two atoms, but a helium 


molecule is composed of only one atom. 


molting \'mlt-in\ n. 
zooLocy. The act of shedding the skin, feathers, hair or exo- 
skeleton periodically, enabling further growth or change in 


coloration. 


A soft crayfish is one that has recently completed the act of 
MOLTING. 


MOLECULE (OF GLUCOSE) 


moment \'m6-ment\ n. 
puysics. Usually, the tendency of an object to turn around an 
axis (torque); also, the product of a force and its straight-line 


istance from an axis. 
CRAYFISH PULLING dienes pu In 
AAT. PROMEDIO On a balanced teeter-totter, the clockwise woMENT is equal to 


EXOSKELETON 
the counterclockwise moment. 


moment of inertia Vmo-mont ov in-'ar-sha\ 
puysics, The sum of the products of each mass particle of a 
body multiplied by the square of its respective distance from 
the axis of rotation. The formula for the moment of inertia for 
a particle is I = m? and for a mass, I = X mr; also called ro- 
tational inertia. 


MOLTING The MOMENT OF INERTIA differs for different axes of rotation. 


momentum \mé-'ment-am\ n. 
puysics, The product of an object’s mass and its velocity; also, 
a measure of a moving object’s tendency to keep moving. 
A bus has more Momentum than a small sports car traveling 
at the same speed because the bus has a greater mass. 


Tee ft. 7 ft. b 
1 monadnock \mo-'nad-,nak\ n. 


00 Ibs. 100 Ibs. 
EARTH SCIENCE. A hill or a mountain of rock that has resisted 
erosion and stands much higher than any other part of the sur- 
rounding plateau, plain or peneplain. 


A MONADNOCK is the remnant of a former highland. 
700 ft, Ibs, =700 ft. Ibs. 


Neate ses weal eel PT 
MOMENT monatomic \,miin-a-'tam-ik\ adj. 
puysics. Referring to a molecule composed of only one atom. 


Helium and neon are Monatomic elements. 
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monaural 


monaural \(')ma-'nor-al\ adj. 
1. ENGINEERING. Referring to a method of sound reproduction 
through one channel, as opposed to binaural reproduction in 
which two channels are used to create a stereophonic effect; 
see binaural (2) and stereophonic. 2. ANATOMY and ZOOLOGY. 


Having or using one ear. 


A one-speaker phonograph is MONAURAL. 


monitor Vmàn-ot-or v. 
puysics, To observe physical events with instruments. Fre- 
quently, monitoring is done by a Geiger counter or a similar 
instrument to observe the variable radioactivity of a place or 
a thing. 
Closed-circuit television can be used to MoNrron nuclear tests 
that might be unsafe to watch directly. 


monochromatic light \,man-a-kr6-'mat-ik ‘lit\ 
puysics, Light of one color that cannot be separated into other 
colors; light of a single wavelength or frequency. 


Glass filters have been devised that permit the passage of 
MONOCHROMATIC LIGHT only. 


monocoque \'miin-a-,kok\ n. 
AERONAUTICS and ENGINEERING, A vehicle constructed so that 
a stressed outer skin contributes to structural strength, as op- 
posed to one in which the outer skin serves only as a covering. 
Race cars, trucks and railroad cars, as well as aircraft, may be 
monocoques. 


The shell of plywood, plastic or metal enclosing a MoNocoQUE 
is integral with the chassis or frame and requires a minimum of 
interior bracing. 


monocotyledon V mün-o-,kát-?]-'éd-?nV n. 
BOTANY. A plant that has only one cotyledon, or seed leaf; one 
of a large family that includes wheat, barley, corn, rye, bamboo, 
palms, lilies and orchids. 


The growth in diameter of a MoNOCOTYLEDON results from the 
enlargement of primary cells because the stem contains no 
cambium layer. 


monocular vision \mä-'näk-yə-lər 'vizh-onV 
PHYSIOLOGY and zooLocy. Vision in which the image is seen 
separately by each eye due to the location of the eyes, one on 
each side of the head; also, vision resulting from the use or 
functioning of only one eye. 


Three-dimensional vision or depth perception, is lacking in 
MONOCULAR VISION. 


MONOCOTYLEDON 


COTYLEDON ` 


PIGEON 


MONOCULAR 
VISION 


SECTION OF 
CORN STEM 


POLYMER 
(Polyethylene) 


MONOMER 
(Ethylene) 


ab 


@ Carbon atom 


O Hydrogen atom 


MONOPLANE 


ROCKET 


Payload 


Oxidizer and 
propellant combined 


Exhaust chamber 


Nozzle 


MONOPROPELLANT (SOLID) 


monsoon 


monohybrid cross V, màn-o-'hi-bred 'krósV 
BIOLOGY. A cross between individuals, each with one pair ol 
contrasting genes, that results in a phenotype ratio of 3:1, or 
a genotype ratio of 1:2:1. 


The probable ratio of offspring resulting from a woNonvsnm 
cnoss of pink four-o'clocks is one red, two pink and one white. 


monomer Vmán-o-morV n. 
CHEMISTRY. A substance composed of single, unconnected mole- 
cules; also, especially, molecules of one kind that can combine 
with others of the same kind to form long, chainlike molecules 
called polymers. 


Ethylene is the monomer of polyethylene. 


monomial \mi-'nd-mé-al\ n. 
MATHEMATICS. A polynomial consisting of a single term; also, 
a polynomial in which the coefficients of all except one term 
are zero. 


The expression 2y is a MONOMIAL. 


monoplane \'miin-a-,plan\ n. 
AERONAUTICS. An airplane that has a single pair of wings. 


Lindbergh made the first solo, nonstop, transatlantic flight in a 
MONOPLANE, "The Spirit of St. Louis." 


monopropellant \,män-5-prə-'pel-ənt\ n. 
ASTRONAUTICS. A rocket fuel combining propellant and oxidizer 
in one substance. It may be either one chemical compound or 
a mixture of two compounds. 


Gunpowder was the woNormoPELLANT used in the earliest 
rockets. 


monosaccharide V mün-o-'sak-o-rid n. 
curmistry. Any one of several simple sugars that are crystal- 
line and soluble in water and whose molecule may contain four, 
five or six carbon atoms. The general formula for a monosaccha- 
ride is C,H2,On, C;H;30; being common. 


Fructose, a MONOSACCHARIDE, gives honey and many ripe fruits 
their sweet taste. 


monsoon \miin-'siin\ n. 
FARTH SCIENCE. A wind system, prominent in tropic areas, in 
which the prevailing wind blows from sea to land for about a 
six-month period and from land to sea for the next six months; 
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month 


also, the season during which the prevailing winds are strong- 
est, as a winter monsoon. 


A monsoon is caused by seasonal differences in the tempera- 
ture and air pressure between land and sea areas. 


month \'mon(t)th\ n. 
ASTRONOMY. The period of time corresponding approximately 
to the period from the new moon to new moon, or slightly more 
than 29% days; also, one of the 12 parts into which a year is 
divided on the Gregorian calendar. 


The montu was originally based on the period of the moon's 
revolution around the earth. 


moon \'miin\ n. 
ASTRONOMY. The earth’s natural satellite that has a diameter 
of 2,160 miles, an average distance from the earth of 235,000 
miles and a period of rotation and revolution, with reference 
to the sun, of slightly more than 29% days; also, any of the 
natural satellites of other planets. 


A person weighing 120 pounds on the earth’s surface would 
weigh only 20 pounds on the moon, since the gravitational force 
of the moon is only one-sixth that of the earth. 


moraine \mo-'ran\ n. 
EARTH SCIENCE. Earth and rock debris that is deposited by the 
melting ice of a glacier; also, unstratified drift or till. 


A moraine is evidence of how far a glacier moved across a land 
area. 


mordant Vmórd-?nt n. 
CHEMISTRY. A substance that will react with a fiber, such as 
cotton or linen, and with a dye to produce a colored substance 
fixed permanently in the fiber; see lake (2). 


Colorfast material whose color will not wash out has probably 
been dyed by a process involving a MoRDANT. 


morning star \'mor-niy 'stárV 
ASTRONOMY. A planet, especially Mercury or Venus, that is seen 
in the east not long before the sun rises; also, any of the planets 
that can be seen with the naked eye (Mercury, Venus, Mars, 
Jupiter or Saturn) at sunrise. 


Venus is the planet that appears as the brightest MORNING 
STAR. 
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morphology \mor-'fil-a-jé\ n. 


1. BroLocy. The study of the form and structure of plants and 
animals, their systems, organs, tissues and cells. 2. EARTH SCI- 
ENCE. The scientific study of the forms and structures of land. 


MORPHOLOGY is concerned with form, while physiology deals 
with function. 


motor Vmot-orV 


1, ENGINEERING (N.). A machine that changes electric energy 
into mechanical energy; also, often, an internal-combustion en- 
gine, such as those in automobiles and motorcycles. 2. puvsr- 
oLocy (Adj.). Pertaining to a nerve that carries an impulse 
from the brain or spinal cord to a muscle or gland. 


Because some electric energy is always wasted as heat, no 
motor is 100 percent efficient in converting electricity into 
kinetic energy. 


motor area Vmot-or 'ar-&-oV 


ANATOMY. That part of the frontal lobe of the cerebral cortex 
of the brain that contains nerve cells that stimulate movement 
of skeletal muscles. 

Stimulation of the Motor area on the right side of the brain 
causes muscle movement on the left side of the body. 


motor nerve Vmót-or 'nərv\ 


ANATOMY and PHYSIOLOGY. A nerve that carries impulses from 
a nerve center, such as the brain or spinal cord, to a muscle. 


The axon of a Moron NERVE extends into a muscle and ends in 
the part of the muscle known as the motor end plate. 


moving cluster \'miiv-iy 'klos-terV 


ASTRONOMY. A group of stars that are moving through space in 
parallel paths and that, in many cases, are of the same spectral 


class. 


The stars of the Big Dipper, with the exception of stars on either 
end, are members of à MOVING CLUSTER. 


M-shell \'em-,shel\ n. 


cuemistry and puysics. One of the seven principal energy 
levels identified by the letters K, L, M, N, O, P and Q, that elec- 
trons may occupy in an atom; the third principal energy level 
that electrons may occupy in the Bohr model for the atom. 
The m-SHELL of atoms beyond nickel in the periodic table con- 
tains 18 electrons. 


mucus \'myii-kas\ n. 


1. puysiouocy. A glandular secretion that covers the internal 
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mud cracks 


linings of the digestive and respiratory tracts. 2. ZOOLOGY. A 
similar secretion in vertebrates; also, a slimy secretion of one- 
celled glands that moistens and lubricates the external surfaces 
of earthworms, fish and amphibians. 


One characteristic of a cold or hay fever is a heavy secretion of 
mucus in the nose. 


mud cracks Vmod 'kraks\ 
EARTH SCIENCE. The cracks caused by the drying up of a clay or 
silt deposit on the earth's surface. 


mup cracks may be preserved if, after formation, they are 
covered by sedimentary material and compacted into rock. 


mudflow \'mod-,fl6\ n. 
EARTH SCIENCE. A type of landslide or avalanche in which mixed 
earth debris and water move down a slope. 


A muprLow may occur after prolonged rain has saturated the 
soil on a hillside. 


multiple \'mal-to-pal\ n. 
MATHEMATICS, Any number that has another given number as 
an exact divisor. 


Fifteen is a wvvriPLE of three and of five. 


multiple alleles Vmol-to-pol a-'lé(a)Iz\ 
nioLocy. Three or more contrasting traits, or the genes that 
determine them, that in paired combination can produce a 
variety of hereditary traits, as in A, B, O and AB blood types. 


MULTIPLE ALLELES produce populations with wide ranges of 
variation upon which natural selection may act. 


multiplicand Vmol-to-pli-'kandY n. 
MATHEMATICS. The number or the quantity that is to be multi- 
plied by another number, the multiplier. 


In the problem 6 X 5, 5 is called the MuLTIPLICAND. 


multiplication \,mol-ta-plo-'ka-shon\ n. 

MATHEMATICS. A process or rule used for finding the product 
of two numbers or expressions. Applied to the system of natural 
numbers, the process may be conceived as a rule for repeated 
addition, the multiplicand being the number to be added and 
the multiplier showing the number of times the multiplicand is 
to be used as an addend. In other number systems, the rule is 
generally derived from that applied to natural numbers. 


MULTIPLICATION and addition are the two basic operations of 
arithmetic. 
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multiplicative identity \,mol-to-'plik-at-iv i-'den(t)-ot-& 
MATHEMATICS. That unique element of a multiplicative group 
that, when multiplied by any other element of the group, leaves 
this latter element unchanged; the unity element, 


The number 1 is the muvawiicative ikvrITY of multiplicative 
groups that are subsets of the real numbers. 


multiplicative inverse \,mal-ta-'plik-at-iv (‘)in-'vars\ 
MATHEMATICS. An element of a multiplicative group that is so 
related to a given element of the group that their product is 
the multiplicative identity. 


If a is a nonzero element of the field of rational numbers, then 
1/a is the MULTIPLICATIVE INVERSE 0f 4, 


multiplier \'mal-ta-,pli(-a)r\ n. 
MATHEMATICS, The number or quantity by which another num- 
ber (the multiplicand ) is multiplied. 


The muctipiien may be either larger or smaller than the multi- 
plicand. 


multipropellant \,mol-ti-pra-'pel-ont\ n. 
ASTRONAUTICS. A rocket fuel composed of two or more liquids 
that are kept separate and then brought together in the com- 
bustion chamber. 


One of the chemicals in a wuvrimnorktuLANT is always an oxi- 
dizer, such as liquid oxygen or liquid fluorine. 


multistage rocket \,mol-ti-'staj 'rük-otV 
ASTRONAUTICS. A rocket having two or three sections or stages, 
Each section is ejected after its fuel is used. 


Excess weight is eliminated by jettisoning the lowest stage of 
à MULTISTAGE ROCKET. 


muscle \'mas-al\ n. 
ANATOMY and zooLocv. An organ or tissue that is capable of 
contracting to produce movement of the body or of parts of the 
body. 
A muscue is composed of slender, elongated cells. 


muscular system Vmos-kyo-lor 'sis-tom\ 
ANATOMY and zootocv. All the muscles of an animal; also, the 
whole system of body organs consisting of cell fibers that are 
able to contract and produce movement. 


The wuscuLAR system of a human being includes more than 
600 muscles. 
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mutant \yery tite m) 
muy Am individhual or animal showing a new charac. 
[m olten called a sport. 


The which 
E men » a population produces a gicen MUTANT can 


mooy. An inheritable change of characteristics (that is, vary- 
ing from the charscteristies of the ) in an individual 
plant or animal A mutation i caused by chemical 
on phy vical changes of genes or 


a NM UM qu uiii 


mycelium uni sé-M-omV n. 
BOTANY, The meshwork of fine filaments that makes up the vego- 
lative portion of most fungi. 
The [reiting part of à mushroom te short-lived, but the won 
LI lioe for many years, 
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native 


high reactivity is due to the fact that atoms of the free element 
have not yet formed molecules. 


NASCENT oxygen, formed along with water molecules in the 
decomposition of hydrogen peroxide molecules, is the bleach- 
ing agent in hydrogen peroxide. 


native \'nat-iv\ adj. 
1. proLocv. Pertaining to animals and plants that are charac- 
teristically found, or originate, in a certain area; also, per- 
taining to characteristics one is born with. 2. EARTH SCIENCE. 
Referring to an element or a mineral that is found uncombined 
with other elements, such as native gold; also, rocks or minerals 
that are characteristically found in a certain area. 


Elephants native to Africa have larger ears and eyes and 


longer legs than Indian elephants. NATIVE 


natural frequency \'nach-(a-)ral 'fré-kwan-sé\ 
puysics. The wavelength with which a circuit or part of a cir- 


cuit is in tune. It is the highest wavelength with which an an- 
tenna is in tune without added capacity or inductance. 


(to India) 


Tuning will alter the NATURAL FREQUENCY of an antenna. 


natural gas Vnach-(o-)rol 'gas\ 
CHEMISTRY and EARTH SCIENCE. A flammable mixture of hydro- 
carbons, chiefly methane, that occurs naturally in rock cavities 
in the gaseous state, dissolved in water, or associated with 
petroleum deposits. It is used as a fuel. 


It is theorized that NaturaL cas has developed from organic 
remains, 


natural immunity Vnach-(o-)rol im-'yü-not-& 
BIOLOGY and MEDICINE. The inborn capacity of an organism to 
resist a particular disease. 


Í NATURAL 


ue 3 GAS 


Cats have a NATURAL IMMUNITY against German measles. 
[e]! 
natural science Vnach-(o-)rol 'si-on(t)sV 
Any of the branches of knowledge, such as biology, earth sci- 
ence, chemistry or physics, that deals with objects and phenom- 
ena, but not those that deal with subjective topics, such as phi- 
losophy and abstract mathematics. 


Herpetology, a NATURAL SCIENCE, is concerned with the study 
of reptiles and amphibians. 


natural selection Vnach-(o-)rol sa-'lek-shon\ 
BIOLOGY. The theory advanced by Charles Darwin to explain 
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the causes or mechanism of organic evolution. It states that 

individual plants and animals best adapted to a particular en- 

vironment live to become the parents of the following genera- 

NAVIGATION tion, while those less well adapted do not survive long enough 

(BysextmT to reproduce. By this natural process of sifting each generation 

for the traits with the greatest survival value, new species 

eventually arise with characteristics different from those of 
their ancestors. 


Some of the forces of NATURAL SELECTION acting on an organ- 
ism in a particular environment are climate, kinds of available 
food and types of disease present. 


nautical mile Vnót-i-kol 'mi(o)lV 
MATHEMATICS. A unit of length used in sea navigation, equal to 
approximately 6,080 feet, or 1/60 of a degree of a great circle 
of the earth. 


The NAUTICAL MILE is sometimes called the geographical or sea 
mile. 


navel \'na-val\ n. 
ANATOMY and zooLocy. The scar or depression in the middle of 
the abdomen of mammals that marks the place where the um- 
bilical cord was attached before birth; the umbilicus. 


An embryo is nourished by its mother through the umbilical 
cord that is attached at the point of the NANEL. 


NAVIGATIONAL 
SATELLITE navigation \,nav-a-'ga-shon\ n. 


AERONAUTICS and ASTRONAUTICS. The act or practice of direct- 
ing an aircraft, ship or spacecraft from one point to another; 
also, the methods by which position, course, distance and time 
are determined. 


Radar and radio play important roles in the NAVIGATION of 
commercial airliners. 


navigational satellite \nav-ə-'gā-shnəl 'sat-?l-itN 
ASTRONAUTICS. An artificial satellite designed to transmit radio 
signals from outside the earth's atmosphere as an aid to navi- 


gation. 


"Pl 


3S 


A NAVIGATIONAL SATELLITE is most valuable to a navigator when 
the sky is overcast, making sightings of the sun or stars diffi- 
cult or impossible. 


NEANDERTHAL MAN Neanderthal man \né-'an-der-,t(h)6l 'man\ 
zooLocv. The most recently extinct species of man. Nomadic 
and cave-dwelling, he used stone tools and was structurally 
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characterized by a nearly chinless jaw, heavy brow ridges, long 
arms and short legs. 


The territory of NEANDERTHAL MAN covered the African and 
Asian coasts of the Mediterranean Sea and most of Europe. 


neap tide \'nép 'tid\ 
EARTH SCIENCE. A tide that occurs during the first- and third- 
quarter moons. The high tide is lower and the low tide is 
higher than usual because the gravitational pull of the moon 
and that of the sun are at right angles to each other. 


A neap TIE has less than average tidal range. 


nearsighted \'ni(a)r-'sit-ad\ adj. 
puysioLocy. Having myopia. See myopia. 


nebula \'neb-yo-la\ n. 
ASTRONOMY. A cloudlike mass of dust and gas observable in our 
galaxy (Milky Way) and in some exterior galaxies; see also 
bright nebula and dark nebula. 


The term NEBULA was once used to designate one of those 
systems of stars that are now called galaxies. 


nebular hypothesis Vneb-yo-lor hi-'páth-o-sosV 
ASTRONOMY. A theory that the solar system was formed from 
a rotating nebula, or cloud, of hot gas and dust that threw off 
rings as it cooled and shrank. These rings eventually became 
the planets and their satellites, 


According to the NEBULAR HYPOTHEsIs, the sun was formed 
from the hot, gaseous center of a rotating nebula. 


neck \'nek\ n. 

1. ANATOMY and zooLocv. The part of the body of an animal 
that connects the head with the body or trunk; also a constricted 
or narrower section of a part, such as that in an organ or bone. 
2. EARTH SCIENCE. Solidified lava or other igneous rock that fills 
the vent in an extinct volcano and that has been exposed by 
erosion; also, a narrow strip of land connecting two ridges or 
connecting a peninsula with the mainland. 


There are seven cervical vertebrae in the Neck of man and in 
the necks of most other mammals. 


nectar \'nek-tar\ n. 


BOTANY. A sugary secretion of plants, produced by glands usu- 
ally located at the base of the pistils of flowers. 


Bees convert NECTAR into honey. 
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needle \'néd-*l\ n. 
1. BOTANY. A narrow, stiff, pointed leaf, such as that of the pine 
tree and related plants. 2. EARTH SCIENCE. Any slender, pointed 
rock structure created by erosion; also, a long, pointed snow 
or ice crystal. 


A pine NeEbte, unlike most leaves, can withstand sleet, drought 
and extreme temperatures. 


negative \'neg-at-iv\ adj. 
]. MATHEMATICS. Pertaining to an amount that is less than zero 
or that lies in a direction opposite to that said to be positive. 
2. cHEMIsTRY and pHysics. Pertaining to the type of electric 
charge carried by an electron; also, pertaining to a condition 
in which an object or an atom has more electrons than protons. 
3. BioLocy. Turning away from a source of stimulation, such 


as light or heat. 


The number —3 is a NEGATIVE number. 


negative catalyst Vneg-ot-iv ‘kat-*Lost\ 
CHEMISTRY. A substance that by its presence slows, prevents or 
stops a given chemical reaction but undergoes no permanent 
chemical change itself; sometimes called an inhibitor. 


The rubber in automobile tires contains à NEGATIVE CATALYST 
that prevents cracking of the sidewalls caused by reaction with 
atmospheric oxygen. 


negative charge Vneg-ot-iv 'chürj 
puysics. One electron or a group of electrons; also, the type of 
electric charge that results when electrons are added to a 


neutral object. 


A comb rubbed on wool acquires a NEGATIVE CHARGE. 


negative electricity \'neg-at-iv i-lek-'tris-ot-é\ 
NEGATIVE CHARGE puysics. Electricity in which the electron, or negative particle, 
is the basic unit. 
ELEGTROSCOPE An object with excess NEGATIVE ELECTRICITY 1$ negatively 
charged. 


negative ion \'neg-ət-iv ‘i-en\ 
CHEMISTRY and PHYSICS. An atom, or a group of atoms, that has 
gained one or more electrons and consequently has a negative 


charge. 
In a hydrochloric acid solution, the chloride ion is a NEGATIVE 


ION. 
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negative pole \'neg-at-iv 'polN 
PHYSICS. The terminal attached to the negative plate of a battery 
or voltaic cell; also called negative electrode. 


In a battery-powered circuit, electrons flow through the ex- 
ternal circuit from the NEGATIVE POLE toward the positive pole. 


negatron \'neg-a-,tran\ n. 
CHEMISTRY and puysics. A negatively-charged electron; see 
positron. 


A positron and a NEGATRON have the same mass. 


nekton \'nek-tan\ n. 
zooLocY. Actively-swimming organisms inhabiting the open 
ocean; also, flying creatures that bear a similar relationship to 
the terrestrial fauna, and which are called aerial nekton. 


Some nexton in dark areas of the pelagic zone are equipped 
with light-producing organs. 


Neolithic man \,né-9-'lith-ik 'manV 
zooLocy. The human being, Homo sapiens, who lived during 
the late Stone Age. He is noted for developments in pottery, 
stone tools, weaving, domesticating animals, and for generally 
advancing civilization. 


There are primitive cultures today in remote sections of Aus- 
tralia and Africa that resemble the culture of NEotrmc MAN. 


neon Vné-,ünV n. 


CHEMISTRY. A gaseous element occurring in the atmosphere in 
very small amounts (one part neon in about 65,000 parts of 
air). It does not usually react with other elements, and it pro- 
duces a bright orange-red color when an electric charge passes 
through it; see noble gases. Symbol, Ne; atomic number, 10; 
atomic weight, 20.183. 


The passage of electricity through a tube filled with Neon at 
low pressure converts about one-fourth of the electrical energy 
used into light. 


nephridium \ni-'frid-é-am\ n. 


ZOOLOGY. A small, looped, excretory tubule found in inverte- 
brates, such as the earthworm, that functions in the elimination 
of water, nitrogen and mineral wastes. 


Although the Nepurwrom resembles in structure and function 
the kidney of vertebrates, there is considerable evidence that 
this type of invertebrate kidney did not evolve into the verte- 
brate kidney. 
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nerve \'narv\ n. 


ANATOMY and PHYSIOLOGY. Any of the cordlike fibers outside 
the central nervous system, along which impulses travel be- 
tween the various parts of the body and the central nervous 
system. A nerve consists of nerve fibers, blood and lymph vessels 
and connective tissues, or sheaths. 


A motor Nerve may conduct nerve impulses to a muscle or to a 


gland. 


nerve cells Vnorv. 'selzV 


ANATOMY and pHysioLocy. Cells that make up nerve tissue. 
Each consists of a central body with a nucleus and cytoplasm 
from which project fine threadlike fibers, the axon and one or 
more dendrites; also called neurons. 


Nerve impulses travel along a path of NERVE CELLS. 


nerve center Vnorv 'sen-torV 


ANATOMY and PHYSIOLOGY. A collection of nerve cells or neurons 
within the brain or spinal cord. The nerve center controls such 
functions as breathing and swallowing. 


The nerve cENTER that controls posture and balance is located 
in the cerebellum. 


nerve fibers Vnorv 'fi-borz\ 


ANATOMY and PnvsioLocv. The threadlike parts or extensions 
of a neuron (nerve cell); the axon and dendrites along which 
nerve impulses travel. 


The nerve Fibers along which impulses travel toward the cell 
body are called dendrites. 


nervous system Vnor-vos 'sis-tomV 


ANATOMY and prysiotocy. The system made up of the brain, 
the spinal cord and the network of nerves and nerve fibers that 
conduct impulses throughout the body and integrate the activi- 
ties of the other systems of the body. 


The nervous system enables man to react to conditions in the 
environment. 


net venation Vnet va-'na-shon\ 


proLocy. A fine, interconnecting pattern of veins in the blade 
of a leaf or in the wing of an insect. 


NET VENATION appears to provide leaves and wings with re- 
inforcement. 


neural \'n(y)ar-al\ adj. 


ANATOMY and puysioLocy. Referring to a nerve or to nerves; 
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also, located on the same side as the central nervous system. 


The spinal cord is enclosed in a bony canal made up of the 
NEURAL arches of the vertebrae. 


neurology \n(y)u-'ril-o-jé\ n. 
MEDICINE. The branch of medicine that deals with all aspects 
of the nervous system, including its structure, functions, dis- 
eases and possible injuries. 


A neurologist is a physician who specializes in NEUROLOGY. 


neuron \'n(y)ii-,ran\ n. 
ANATOMY and PHYSIOLOGY. A nerve cell consisting of a central 
cell body and its threadlike projections (one or more dendrites 
and a single axon); also called neurone. 


A neuron is usually classified as efferent (motor), afferent 
(sensory) or internuncial (adjustor). 


neutral \'n(y)ii-tral\ adj. 
1, chemistry. Pertaining to a solution neither acid nor alkaline 
that has a pH value of 7.0, as pure water. 2. pxysics. Not elec- 
trically charged. 3. porANv. Having neither stamens nor pistils, 
as the flowers of the aster family. 


An acid solution added to an alkaline solution in the proper 
proportion will result in a NEvrRAL solution. 


neutralization reaction \,n(y)ii-tro-lo-'z4-shon ré-'ak-shon\ 
CHEMISTRY, The process by which an acid and an alkali in solu- 
tion react to form water and a salt, The hydrogen of the acid 
and the hydroxy] radical of the alkali react to form water, 


A NEUTRALIZATION REACTION may be regarded as a double re- 
placement reaction. 


neutrino \n(y)ii-'tré-(,)nd\ n. 
CHEMISTRY and puysics. A subatomic particle that is electrically 
neutral and has little or no mass. Neutrinos are emitted along 
with electrons from certain atomic nuclei during such nuclear 
reactions as beta decay. 


The electron and the nevtawo are produced from nuclear 
matter during beta decay by an unknown nuclear process. 


neutron \'n(y)ii-,trin\ n. 
CHEMISTRY and Pnysics. A subatomic particle with no electric 
charge but with a mass about the same as a proton (one atomic 
mass unit). It occurs in all atomic nuclei except that of the 
hydrogen isotope that has an atomic mass of one. It is emitted 
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from the nuclei of certain atoms as a result of such nuclear re- 
actions as fission, Outside the nucleus, it has a short half-life 
(about 12 minutes), after which it decays into a proton and 
an electron. 


At the right speed, a neutron can penetrate a uranium-238 
nucleus and cause the nucleus to split. 


névé \na-'va\ n. 
EARTH SCIENCE. Granular snow on top of a glacier, that forms 
when the snow is partly converted to ice and does not melt 
completely during the summer; see firn. 


névé is gradually compacted into glacial ice as additional lay- 
ers of snow accumulate, 


new moon Vn(y)ü ‘miin\ 
ASTRONOMY. The phase of the moon that occurs when the moon 
is between the earth and sun and consequently receives 
sunlight only on the side not facing the earth; also, the moon 
when seen as a slender crescent in the western sky soon after 
sunset. 


Eclipses of the sun do occur during NEW MOON, but, due to the 
inclination of the moon's orbit to the earth's orbit, each new 
moon does not cause a solar eclipse. 


Newton's laws Vn(y)üt-?nz 'loz\ 

puysics, Three principles concerning motion: (a) Every ob- 
ject remains at rest or moves at a constant speed in a straight 
line unless made to change because of some outside push or 
pull; also called the principle of inertia. (b) Change of motion 
is in direct proportion to the force producing it and is in the 
same direction as the force. (c) To every action there is a re- 
action that is equal in force and opposite in direction. 


NEWTON's LAWS of motion are still considered basic to under- 
standing the motions of everyday objects but must be modified 
when dealing with objects of subatomic size. 


niacin Vni-o-sonV n. 
Nicotinic acid. See nicotinic acid. 


nickel \'nik-al\ n. 
cnemustry. A strong, silvery metallic element that is relatively 
resistant to corrosion, has magnetic properties similar to those 
of iron and is found combined with iron in some meteorites. 
Symbol, Ni; atomic number, 28; atomic weight, 58.71. 


The principal use of NICKEL is in producing corrosion-resistant 
alloys such as stainless steel. 
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